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PREFACE. 



About ten years ago I gave a course of lectures on Trigonometric Series, 
following closely the treatment ' of that subject in Riemann's " Partielle 
Differentialgleichungen," to accompany a short course on The Potential 
Function, given by Professor B. 0. Peirce. 

My course has been gradually modified and extended until it has become an 
introduction to Spherical Harmonics and BessePs and Lam^^s Functions. 

Two years ago my lecture notes were lithographed by my class for their 
own use and were found so convenient that I have prepared them for 
publication, hoping that they may prove useful to others as well as to my 
own students. Meanwhile, Professor Peirce has published his lectures on 
•' The Newtonian Potential Function " (Boston, Ginn & Co.), and the two 
sets of lectures form a course (Math. 10) given regularly at Harvard, and 
intended as a partial introduction to modern Mathematical Physics. 

Students taking this course are supposed to be familiar with so much of the 
infinitesimal calculus as is contained in my " Differential Calculus " (Boston, 
Ginn & Co.) and my " Integral Calculus " (second edition, same publishers), 
to which I refer in the present book as " Dif. Cal." and " Int. Cal." Here, 
as in the "Calculus," I speak of a "derivative" rather than a "differential 

coefficient," and use the notation D, instead of r- for " partial derivative with 

ox 

respect to x." 

The course was at first, as I have said, an exposition of Riemann's " Partielle 
Differentialgleichungen." In extending it, I drew largely from Ferrer's 
" Spherical Harmonics " and Heine's " Kugelfunctionen," and was somewhat 
indebted to Todhunter ("Functions of Laplace, Bessel, and Lam^"), Lord 
Rayleigh ("Theory of Sound"), and Forsyth (" Differential Equations "). 

In preparing the notes for publication, I have been greatly aided by the 
criticisms and suggestions of my colleagues, Professor B. 0. Peirce and Dr. 
Maxime B5cher, and the latter has kindly contributed the brief historical 
sketch contained in Chapter IX. 

W. E. BYERLY. 
/ CAMBRii>GE, Mass., Sept. 1893. 
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CHAPTER I. 



INTRODUCTIOK. 



1. In many important problems in mathematical physics we are obliged 
to deal with partial differential equations of a comparatively simple form. 

For example, in the Analytical Theory of Heat we have for the change of 
temperature of any solid due to the flow of heat within the solid, the equation 

D,u = a\D^u + D^u + 2>>),* [i] 

where u represents the temperature at any point of the solid and t the time. 

In the simplest case, that of a slab of infinite extent with parallel plane 

faces, where the temperature can be regarded as a function of one coordinate, 

[i] reduces to 

D,u = a^D^u, [II] 

a form of considerable importance in the consideration of the problem of the 
cooling of the earth's crust. 

In the problem of the permanent state of temperatures in a thin rectangular 
plate, the equation [i] becomes 

DJiu + Dlu = 0. [Ill] 

In polar or spherical coordinates [i] is less simple, it is 

D,u = ^ ^D,(fD,u)+ ^T^ DeismODeu) + -^ D^'t^J. [iv] 

In the case where the solid in question is a sphere and the temperature 
at any point depends merely on the distance of the point from the centre 

rivl reduces to 7^ / \ 2 t\2/ \ r n 

•- -• D^(ru) = a^JJ^(ru) , [v] 

In cylindrical coordinates [i] becomes 

B.u = a«[2)> + - Aw+ 72 ^^ u + D^u] . [VI] 

In considering the flow of heat in a cylinder when the temperature at 

any point depends merely on the distance r of the point from the axis 

fvi] becomes _ ^ ^„ . 1 ^ ^ 

*■ ■' D,u = a\D^u + -D,u). [vii] 

* For the sake of brevity we shall often use the symbol V^ for the operation D^^ -\-Dy^ +I>«^; 
and with this notation equation [i] would be written D<m = a^ V^ u. 
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In Acoustics in several problems we have the equation 

Dlu = w^Dly, [VIII] 

for instance, in considering the transverse or the longitudinal vibrations of a 
stretched elastic string, or the transmission of plane sound waves through 
the air. 

If in considering the transverse vibrations of a stretched string we take 
account of the resistance of the air [viii] is replaced.by 

Dfy + 2kD,y = a^D^ij. [ix] 

In dealing with the vibrations of a stretched elastic membrane, we have the 

equation 

Dfz^i\p^z-\-D^z), [X] 

or in cylindrical coordinates 

D^z = ^{D^z + -- D,z + p, Dlz). [XI] 

In the theory of Pote,nf.uil we constantly -meet Laplace's Equation 

D:- r + i>,» r + />/ F = [xn] 

or v»r=o 

which in spherical coordhuifes becomes 

1 r _ . „ 1 ... - -. . 1 



^rD^(rV) + ^^D,(smei>eV)+^D^r^=0, [xiii] 



and in cylindrical codrdinates 

D* V+ll),V+ ^ Bl V + D! V = 0. [XIV] 

In curvilinear coordinates it is 

where /i (Xjy,z) = pi , f.^ (x,y,x) = p^ , /g (jr,y,z) = pg 

represent a set of surfaces which cut one another at right angles, no matter 
what values are given to pi, p2 > and psj and where 

7^« = (D,p,y + (D^p,y + (D^p,y 

V = (i>sPsy + {J^yPzY + (Aps)^ 

and, of course, must be expressed in terms of pi , p2 , and pg . 

If it happens that V^i = 0, V^a == 0, and V^s = 0, then Laplace's 
Equation [xv] assumes the very simple form 

h,^ 1)1 V + V i>4 V + h,'D^ r = 0. rxvi] 
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2. A differential equation is an equation containing derivatives or differen- 
tials with or without the primitive variables from which they are derived. 

The general solution of a differential equation is the equation expressing the 
most general relation between the primitive variables which is consistent with 
the given differential equation and which does not involve differentials or 
derivatives. A general solution will always contain arbitrary (i. e., undeter- 
mined) constants or arbitrary functions. 

A particular solution of a differential equation is a relation between the 
primitive variables which is consistent with the given differential equation, 
but which is less general than the general solution, although included in it. 

Theoretically, every particular solution can be obtained from the general 
solution by substituting in the general solution particular values for the arbi- 
trary constants or particular functions for the arbitrary functions; but in 
practice it is often easy to obtain particular solutions directly from the difffer- 
ential equation when it would be difficult or impossible to obtain the general 
solution. 

3. If a problem requiring for its solution the solving of a differential equa- 
tion is determinatej there must always be given in addition to the differential 
equation enough outside conditions for the determination of all the arbitrary 
constants or arbitrary functions that enter into the general solution of the 
equation; and in dealing with such a problem, if the differential equation can 
be readily solved the natural method of procedure is to obtain its general 
solution, and then to determine the constants or functions by the aid of the 
given conditions. 

It often happens, however, that the general solution of the differential equar 
tion in question cannot be obtained, and then, since the problem if determinate 
will be solved if by any means a solution of the equation can be found which 
win also satisfy the given outside conditions, it is worth while to try to get 
particular solutions and so to combine them as to form a result which shall 
satisfy the given conditions without ceasing to satisfy the differential equation. 

4. A differential equation is linear when it would be of the first degree if 
the dependent variable and all its derivatives were regarded as algebraic 
unknown quantities. If it is linear and contains no term which does not 
involve the dependent variable or one of its derivatives, it is said to be linear 
and homogeneous. 

All the differential equations collected in Art. 1 are linear and homogeneous. 

5. If a value of the dependent variable ha>s been found which satisfies a 
given homogeneous, linear, differential equMion, the product formed by multijdij- 
ing this value by any constant tmll also be a valice of tJie dependent variable 
which taill satisfy the equation. 
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For if all the terms of the given equation are transposed to the first mem- 
ber, the substitution of the first-named value must reduce that member to 
zero; substituting the second value is equivalent to iimltiplying each term of 
the resiQt of the first substitution by the same constant factor, which there- 
fore may be taken out as a factor of the whole first member. The remaining 
factor being zero, the product is zero and the equation is satisfied. 

If several values of the dependejit variable have been found ea>ch of which 
satisfies the given differential equation, their sum will satisfy the equation ; for 
if the sum of the values in question is substituted in the equation each term 
of the sum will give rise to a set of terms which must be equal to zero, and 
therefore the sum of these sets must be zero. 

6. It is generally possible to get by some simple device ^particular solutions 
of such differential equations as those we have collected in Art. 1. The 
object of the branch of mathematics with which we are about to deal is to 

I find methods of so combining these particular solutions as to satisfy any given 
J^ conditions which are consistent with the nature of the problem in question. 

V This often requires us to be able to develop any given function of the varisr 
bles which enter into the expression of these conditions in terms of normal 
forms suited to the problem with which we happen to be dealing, and sug- 
gested by the form of particular solution that we are able to obtain for the 
differential equation. 

These normal forms are frequently sines and cosines, but they are often 
much more complicated functions known as Legendre^s Coefficients, or Zonal 
Hamwnics ; Laphice^s Coefficients, or Spherical Harmonics ; BesseVs FunctionSy. 
or Cylindrical Harmonics ; Lame^s Functions, or Ellipsoidal HarTnonics, &c. 

7. As an illustration, let us take Fourier's problem of the permanent state 
of temperatures in a thin rectangular plate of breadth tt and of infinite length 
whose faces are impervious to heat. We shall suppose that the two long 
edges of the plate are kept at the constant temperature zero, that one of the 
short edges, which we shall call the base of the plate, is kept at the tempera- 
ture unity, and that the temperatures of points in the plate decrease indefi- 
nitely as we recede from the base; we shall attempt to find the temperature 
at any point of the plate. • 

Let us take the base as the axis of X and one end of the base as the origin. 
Then to solve the problem we are to find the temperature u of any point from 
the equation ^^, u + D^^u = [in] Art. 1 

subject to the conditions w = when x=zO (1) 

u = « x = 7r (2) 

w = " y = 00 (3) 

u = l " // = 0. (4>; 
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We shall begin by getting a particular solution of [m], and we shall use 
a device which always succeeds when the equation is linear and homogeneous 
and has constant coefficients. 

Assume * u = e^^'^^', where a and fi are constants, substitute in [in] and 
divide by e*"'"*'^', and we have a* + )8^ = 0. If, then, this condition is satis- 
fied u z= ^v^^' is a solution. 

Hence w = e**' * *"' t is a solution of [in], no matter what value may be 
given to a. 

This form is objectionable, since it involves an imaginary. We can, how- 
ever, readily improve it. 

Take w=:e*J'e*^, a solution of [in], and w = e*>'e~"**, another solution 
of [in]; add these values of u and divide the sum by 2 and we have 
e^^ cos aa^. (v. Int. Cal. Art. 35, [1].) Therefore by Art. 5 

u'==. ef^^ cos ax (5) 

is a solution of [ni]. Take u^zef^vef^ and tt = e^>' «"■•", subtract the 
second value of u from the first and divide by 2i and we have e^^'sincur. 
(V. Int. Cal. Art. 36, [2]). Therefore by Art. 6 

w = «•«' sin ax (6) 

is a solution of [in]. 

Let us now see if out of these particular solutions we can build up a solu- 
tion which will satisfy the conditions (1), (2), (3), and (4). 

Consider w = e**' sin ax . (6) 

It is zero when a? =: for all values of a. It is zero when a; = tt if a is a 
whole number. It is zero when y = oo if a is negative. If, then, we write 
u equal to a sum of terms of the form Ae""^^ sin mx, where m is a positive 
integer, we shall have a solution of [in] which satisfies conditions (1), (2) 
and (3). Let this solution be 

u = AiC^^ sin X -j- A^e-^^ sin 2x + A^e-^ sin 3x -f A^e~*^ sin 4a: + • • • (7) 

Ai, A^, A^y A^, &c., being undetermined constants. 
When y = (7) reduces to 

w = ^1 sin £c -|- A2 sin 2a" + A^ sin 3ar -|- -^4 sin 4a; -f • • • . (8) 

If now it is possible to develop unity into a series of the form (8), our 
problem is solved; we have only to substitute the coefficients of that series for 
Ai, A3, Ag, &c. in (7). 

* This aasamption must be regarded as purely tentative. It must be tested by sitbeti- 
tuting in the equation, and is justified if it le ads to a solution, 
t We shall regularly use the symbol i for ^ — 1. 
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It will be proved later that 

1 = -|sin a; + o sin So* + F sin 5x + ^ ^^^ 7x'+ ' ' ') 
for all values of x between and ir; hence our required solution is 



u 



= - e~' sin « 4" o «~^ sin 3x + ^ e~^ sin Bx-^- ^ ^"'^ sin Ta; + • • • (9) 



for this satisfies the differential equation and all the given conditions. 

If the given temperature of the base of the plate instead of being unity- 
is a function of x, we can solve the problem as before if we can express the 
given function of a; as a sum of terms of the form A sin m a;, where m is a 
whole number. 

The problem of finding the value of the potenticd functwn at any point of 

a long, thin, rectangular conducting sheet, of breadth ir, through which an 

electric current is flowing, when the two long edges are kept at potential zero, 

and one short edge at potential unity, is mathematically identical with the 

problem we have just solved. 

Example. 

Taking the temperature of the base of the plate described above as 100° 
centigrade, and that of the sides of the plate as 0°, compute the temperatures 
of the points 

(a)(J.l); (6)(|,2); (o) (|, s), 
correct to the nearest degree. Ans, (a) 26°; (h) 15°; (c) 6°. 

8. As another illustration, we shall take the problem of the transverse 
vibrations of a stretched string fastened at the ends, initially distorted into 
some given curve and then allowed to swing. 

Let the length of the string be /. Take the position of equilibrium of the 
string as the axis of X, and one of the ends as the origin, and suppose the 
string initially distorted into a curve whose equation y =f{x) is given. 

We have then to find an expression for y which will be a solution of the 

equation 

D,hj = a^D^y [viii] Art. 1, 

while satisfying the conditions 

^ = when a- = , (1) 

y = « ar = / (2) 

y=f(x) " ^ = (3) 

D,y = « ^ = 0, (4) 

the last condition meaning merely that the string starts from rest. 
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As in the last problem let* y = «*'+^' and substitute in [vm]. Divide 
by c**"*"^ and we have ^^=a^a^ as the condition that our assumed value of 
y shall satisfy the equation. ^ __ ^j«x*aa< /kn 

is, then, a solution of (viii) whatever the value of a. 

It is more convenient to have a trigonometric than an exponential form to 
deal with, and we can readily obtain one by using an imaginary value for a in (5). 
Replace a by ai and (5) becomes rj = e<* *««)«*, a solution of [viii]. Replace 
a by — at and (6) becomes ?/ = e-<**«*>^, another solution of [viii]. Add 
these values of y and divide by 2 and we have cos a(x ± at). Subtract the 
second value of y from the first and divide by 2i and we have sin a(x ± at). 

y = cos a(x-\' at) 
y = cos a(x — at) 
y =: sin a(x + at) 
y = sin a(x — at) 

are, then, solutions of [vm]. Writing y successively equal to half the sum 

of the first pair of values, half their difference, half the sum of the last 

pair of values, and half their dlifferenee, we get the very convenient particiQar 

solutions of [viii]. 

y ^ cos ax cos aM 

y = sin ax sin aat 

y = sin ax cos aat 

y = cos ax sin a^t . 
If we take the third form 

y = sin ax cos aat 

it will satisfy conditions (1) and (4), no matter what value may be given to 

a, and it will satisfy (2) if o = -y- where m is an integer. 

If then we take 

. . irx irat , . . 2irx 27rat . . . ^irx Sirat , 
y = Ai sin -J- cos -J — h Ai sm —j— cos —j — h -4, sm —j— cos — - — |- ' " (6) 

where A^, A^, Ag * * * are undetermined constants, we shall have a solution of 
[viii] which satisfies (1), (2), and (4). When ^ = it reduces to 

y = ^1 sm — + A^ sm —^ + A am — ^ + • ' ' (J) 

If now it is possible to develop f(x) into a series of the form (7), we can 
solve our problem completely. We have only to take the coefficients of this 
series as values of Ai, A2, A, . . . in (6), and we shall have a solution of 
[vni] which satisfies all our given conditions. 

• See note on page 6. 
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In each of the preceding problems the normal function^ in terms of which a 
given function has to be expressed, is the sine of a simple multiple of the 
variable. It would be easy to modify the problem so that the normal fomi 
sRould be a cosine. 

We shaJl now take a couple of problems which are much more complicated 
and where the normal function is an unfamiliar one. 

9. Let it be required to find the potential function due to a circular wire 
ring of small cross section and of given radius c, supposing the matter of the 
ring to attract according to the law of nature. 

We can readily find, by direct integration, the value of the potential function 
at ^y point of the axis of the ring. We get for it 

y=Zr^=, ' (1) 



Vc^+ X 



a 



where M is the mass of the ring, and x the distance of the point from the 
centre of the ring. 

Let us use spherical coordinates, taking the centre of the ring as origin and 
the axis of the ring as the polar axis. 

To obtain the value of the potential function at any point in space, we must 
satisfy the equation 

r A* (r F) + -^^ Deisin BBeV) + ~-^ D^^ V= 0, [xiii] Art. 1, 

subject to the condition 

^= /^2 ^ ^k ^^en ^ = 0. (1) 

From the symmetry of the ring, it is clear that the value of the potential 
function must be independent of <^, so that [xiii] will reduce to 

rD:-(rV) + ^^ D,(sinODeV) = . (2) 

We must now try to get particular solutions of (2), and as the coefficients 
are not constant, we are driven to a new device. 

Let * V= r'^F, where P is a function of $ only, and m is a positive integer, 
and substitute in (2), which becomes 



m 



{m + l)r'»P + -^ A (sin tfD,P) = . 



* See note on page 6 . 



Ik 
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Divide by r^ and use the notation of ordinary derivatives since P depends 
upon only, and we have the equation 

1 '^f^^*^ 

from which to obtain P. 

Equation (3) can be simplified by changing the independent variable. Let 
X = cos B and (3) becomes 

Assume * now that P can be expressed as a sum or as a series of terms 
involving whole powers of x multiplied by constant coefficients. 
Let P = S «« aj»» and substitute this value of P in (4). We get 

S [n(n — l)a^««-^— n(ii + l)a„ir« + w(/n. + l)a„a;"] = , (5) 

where the symbol 2 indicates that we are to form all the terms we can by 
taking successive whole numbers for n. 

As (5) must be true no matter what the value of x, the coefficient of any 
given power of ar, as for instance a:*, must vanish. Hence 

(A + 2)(/c + l)aA.^j — A:(^- + l)a^.+ w(m+l)a*=0 ^ (6) 

and a,^2 = (A: + l)(;k+2) ''*• "^ (^^ 

If now any set of coefficients satisfying the relation (7) be taken, P^^'Staj^xf' 
will be a solution of (4). 

Since it will answer our purpose if we pick out the simplest set of coefficients 
that will obey the condition (7), we can take a set including a^ . 
Let us rewrite (7) in the form 

(k + 2)(k + l) , 

''* ~" (m — k) (m + k + 1) ^*+«* W 

We get from (8), beginning with A; = 7?i — 2, 

7// (m — 1) 
"«-* ^ "" 2. {2in - 1) ^'» 

_ m(ni —l)(fn — 2)(m — 3) "^ 

^'^'* "~ 2.4.(2/M— 1) (2m — 3) '^"» 

w (m — 1) (m — 2) (m — 3)(m — 4) (m — 6) 
«m-6= 2. 4. 6. (2?» - 1) (27n — 3) (2w — 5) ^"•' ^• 

* See note on page 5. 
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If m is even we see that the set will end with a© , if m is odd, with aj . 



m(m — 1) 



^ = a« [_«*" - 2.(2m - 



a?' 



m-a 



+ 



m (m — 1) (?» — 2) (m — 3) 



X 



-*-•••] 



1) •" ^ 2.4.(2w — 1) (2w — 3) 

where a^ is entirely arbitrary, is, then, a solution of (4). It is found con- 
venient to take a^ equal to 

{2m — 1) (2m — 3) • • • 1 



mi 



and it can be shown that with this value of a„ JP = 1 when a; = 1. 

P is a function of x and contains no higher powers of x than x^, 
usual to write it as P^ (x). 

We proceed to compute a few values of P^ (x) from the formula 

(2m — 1) (2m — 3) ' • • 1 r m(m — 1) ^_^ 



It is 



We have: 



,(2m — 1) 

^(^~l)(^-2)(m-3) n 

^ 2.4.(2m-l)(2m-3) * J' 



(^) 



(10) 



Po{x) = 1 or Po(cos &) — ! 

p^x) =x " Pi(cos B) = costf 

p,(x) = J (3a« — 1) « P2(cos ^) = i (3 cos«^ — 1) 

P,(jc) = ^ (5a;« — 3a;) " P8(cos d) = i (5 cos»d — 3 cos S) 

P^(x) == 1^ (35a;* — 30x« + 3) or 

P^(cos *) = ^ (35 cos* tf — 30 cos« tf + 3) 
P^(x) = i (63x* — 70a:« + 15a;) or 

P6(cos ^) = i (63 cos*^^ — 70 cos«tf + 15 cos 0) . 

We have obtained P = P^(x) as a particular solution of (4) and 
P = P^(costf) as a particular solution of (3). Pm(^) or P^(cos tf) is a 
new function, known as a Legendre's Coefficient, or as a Surface Zonal Hai' 
monicy and occurs Eis a normal form in many important problems. 

r= r«P,„(cos $) is a particular solution of (2) and r^P^(cos ff) is some- 
times called a Solid Zonal HarmArnvG, 

We can now proceed to the solution of our original problem. 

r=-4or«Po(cos d) +^irPi(cos ff) + A^r^ P^(qo^ ff) +A^i^P^{go^ ff) -\ (11) 

where -4o, -4i, -4a, &c., are entirely arbitrary, is a solution of (2) (v. Art. 5). 
When ^ = (11) reduces to 

since, as we have said, P^ (x) = 1 when a; = 1, or P^ (cos d) = 1 when tf = 0. 
By our condition (1) ,-- 



r= 



when d = 0. 



(c'^+r*)* 
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By the Binomial Theorem 

if + r^)* — "7 L 2 c*"^ 2.4 c* 2.4.6 ? "^ J 

provided r < c. Hence 

»'=7[A(COS6»)-^^^P,(CO8 0)+g^P,(COS«)-g|^P,(CO8<>) + -"](12) 

is our required solution if r < c ; for it is a solution of equation (2) and satis- 
fies condition (1). 

Example. 

Taking the mass of the ring as one pound and the radius of the ring as one 
foot, compute to two decimal places the value of the potential function due to 
the ring at the points 

(«) (r = .2,^ = 0); {d[) (r=^ .6,^ = 0); (/)(r = .6, ^ = ~); 

(/>) (r = .2,0 = ly, (e) (r = .6,0 = g); ((j) (r = .6, ^ =0; 

(e) (r = .2,0 = % ^''^' ('') -^8; (*) -^^5 (^) ^'^^'^ (^ '^^5 

V -^^ (^) .90; (/) 1.00; (g) 1.10. 

The unit used is the potential due to a pound of mass concentrated at a point 
and attracting a second pound of mass concentrated at a point, the two points 
being a foot apart. 

10. A slightly different problem calling for development in terms of Zonal 
Harmonics is the following: 

Required the permanent temperatures within a solid sphere of radius 1, 
one half of the surface being kept at the constant temperature zero, and the 
other half at the constant temperature unity. 

Let us take the diameter perpendicular to the plane separating the unequally 
heated surfaces as our axis and let us use spherical coordinates. As in the 
last problem, we must solve the equation 

rD,\ru) + g-r^ A (sin ^ Deu) + ^^ D^u = [xiii] Art. 1 

which as before reduces to 

rD^{nC) + -^^^ DeismODeu) = (1) 

from the consideration that the temperatures must be independent of 4>. 
Our equation of condition is 

u = l from ^ = to = ^ and u = from ^ = ^ to ^ = tt , (2) 
when /• = 1. 
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As we have seen u = r'"P„(co8 $) is a particular solution of (1), ?» being 
any positive whole number, and 

u = Ao T^Fo (cos 0) + Ai rPi (cos 0) + A^ r^P^ (cos B) + A^ r^P^ (cos 0)^ (3) 

where A^, Aiy A^y A^ * - - are undetermined constants, is a solution of (1). 
When r = 1 (3) reduces to 

U — AoPo(COSe) + ^iPi(C08fl) + ^P2(cos^) + ^P8(costf) H (4) 

If then we can develop our function of which enters into equation (2) in 
a series of the form (4), we have only to take the coefficients of that series 
as the values ot A^jAifA^, &c., in (3) and we shall have our required solution. 

11. As a last example we shall take the problem of the vibration of a stretched 
circular membrane fastened at the circumference, that is, of an ordinary drum- 
head. We shall suppose the membrane initially distorted into any given form 
which has circular symmetry * about an axis through the centre perpendicular 
to the plane of the boundary, and then allowed to vibrate. 

Here we have to solve ♦ 

n.^z = c« (d^^z + ^D^z+j^ D^'z^ [XI] Art. 1 

subject to the conditions 

z =/(?•) when f = (1) 

2),« = " ^ = (2) 

«==:0 " r=za, (3) 

From the symmetry of the supposed initial distortion z must be independ- 
ent of <^, therefore [xi] reduces to 

D;^z = e'(D^^z + \D^z) (4) 

and this is the equation for which we wish to find a particular solution. 

We shall employ a device not unlike that used in Art. 9. 

Assume t z = E,T where -R is a function of r alone and T is a function of 
t alone. Substitute this value of z in (4) and we get 

The second member of (5) does not involve t, therefore its equal the first 
member must be independent of t The first member of (6) does not involve 

* A function of the coordinates of a point hsa circular aymmetry about an axis when its 
value is not affected by rotating the point through any angle about the axis. A surface has 
circular symmetry about an axis when It is a surface of revolution about the axis. 

t See note on page 5. 
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r, and consequently since it contains neither t nor r, it must be constant. Let 
it equal — /i*, where fi of course is an undetermined constant. 
Then (5) breaks up into the two differential equations 

-^- + MVr=0 (6) 

(PR IdR ^ 

^+i;^ + M'/? = 0. (7) 

(6) can be solved by familiar methods, and we get T = cos iict and T = sin fict 
as simple particular solutions (v. Int. Cal. p. 319, § 21). 

To solve (7) is not so easy. We shall first simplify it by a change of inde- 

pendent variable. • Let r = - • (7) becomes 

d^R IdR ^ 

Assume, as in Art. 9, that R can be expressed in terms of whole powers of 
X. Let -R = 2 «„«*• and substitute in (8). ' We get 

S [n(n — l)a„a;"-* + na„x''-^ + ««a!"] = , 

an equation which must be true no matter what the value of x. The coeffi- 
cient of any given power of x, as ar*"".*, must, then, vanish, and 

k(k — l)aj^ + kdj^ + a^^j = ^ 
or ]^at + «jt_2 = 

whence we obtain ait-2 = "" ^^^* (9) 

as the only relation that need be satisfied by the coefficients in order that 
i? = 2 a^ar* shall be a solution of (8). 

If A: = 0, ajt__2=0, afc_4=0, &c. 

We can then begin with A; = as our lowest subscript. 

From (9) a, = -^' 

Then «s = — oa 



a4 = 



2^ 



22.48 



«6 - - 2^r4rg7 » ^- 

S ^4 ^6 



Hence ^ = ao 1 — 22 + 224"^ "" 2g.4g6' + * " 

where Oq may be taken at pleasure, is a solution ot (8), provided the series is 
convergent. 
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Take ao = 1, and then B^Jq (x) where 

Jo(x) = 1 — ^^ + ^5^ — 22425s + 2a.4«6^.8* ■" ' ' • (1^) 

is a solution of (8). 

Jq (x) is easily shown to be convergent for all values real or imaginary of x. 
since the series made up of the moduli of the terms of Jo(x) (v. Int. Cal. 
Art. 30) 

1 I 02 "T 02I12 T osITas « 



• • 



22 -r 2«.42 -r 22 4».6^ ^ ' 

where r is the modulus of x, is convergent for all values of r. For the ratio 
of the n + 1 st term of this series to the n th term is — -^ and approaches 

zero as its limit as n is indefinitely increased, no matter what the value of r. 
Therefore Jq (x) is absoltUely convergent, 

Jq (x) is a new and important form. It is called a BesseVs Function of the 
zero th order, or a Cylindrical Harmonic, 

Equation (8) was obtained from (7) by the substitution of a = /Ltr, therefore 

■ti — ^o{f^^) — ^ 2'^ "r 2*^.42 2^.4^6'^ -^ • • • 

is a solution of (7), no matter what the value of ft, and z = Jq (fir) cos fict 
or z = Jq (fxr) sin fJLCt is a solution of (4). 

z = Jq (fir) cos fict satisfies condition (2) whatever the value of fi. In 
order that it should also satisfy condition (3) fi must be so taken that 

Jo(Ma)=0; (11) 

that is, fi must be a root of (11) regarded as an equation in fi. 

It can be shown that Jq(x) = has an infinite number of real positive 
roots, any one of which can be obtained to any required degree of approxima- 
tion without serious difficulty. Let Xi, x^, iCaj * ' ' ^ these roots. Then if 

Xl X2 iCg « 

-=/*!, ■^=./^. a=^»' ^«- 

z =:^ AiJq (fiir) COB fiiCt + AiJQ(fiir) cos fiiCi + Aji Jo (fi^r) cos fiiCt-\ , (12) 

where Ai, A^, A^, &c., are any constants, is a solution of (4) which satisfies 
conditions (2) and (3). 

When t = (12) reduces to 

z=^AjJo(fiir) +A^Jo(fi^r) + A«^(M8^) H • (13) 

If then f(r) can be expressed as a series of the form just given, the solution 
of our problem can be obtained by substituting the coefficients of that series 
for ^1, Aiy ^8, &c., in (12). 
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Example. 

The temperature of a long cylinder is at first unity throughout. The convex 
surface is then kept at the constant temj)erature zero. Show that the tem- 
perature of any point in the cylinder at the expiration of the time t is 

where Ah; /^^ &c., are the roots of JqQk^) = 0, and where 

1 z=zA^J^{ii^r) + ^2t7o(/A,r) + A^J^^fi^r) H , 

c being the radius of the cylinder. 

12. Each of the five problems which we have taken up forces upon us the 
consideration of the development of a given function in terms of some normal 
form, and in two of them the normal form suggested is an unfamiliar function. 
It is clear, then, that a complete treatment of our subject will require the inves- 
tigation of the properties and relations of certain new and important functions, 
as well as the consideration of methods of developing in terms of them. 

13. In "each of the problems just taken up we have to deal with a homo- 
geneous linear partial differential equation involving two independent vari- 
ables, and we are content if we can obtain particular solutions. In each case 
the assumption made in the last problem, that there exists a solution of the 
equation in which the dependent variable is the product of two factors each of 
which involves but one of the independent variables, will reduce the question 
to solving two ordinary differential equations which can be treated separately. 

If these equations are familiar ones their solutions can be written down at 
once; if unfamiliar, the device used in problems 3 and 5 is often serviceable, 
namely, that of assuming that the dependent variable can be expressed as a 
sum or series of terms involving whole powers of the independent variable, 
and then determining the coefficients. 

Let us consider again the equations used in the first, second and third 
problems. 

(a) D^u + D^u = (1) 

Assume m = X F where X involves x but not y, and Y involves y but not x. 

Substitute in (1), YD; X + XD^ T = 0, 

or, since we are now dealing with functions of a single variable, 

1 ^X \ ^ _r. 

XOx" + Ydy^' ""^^ 

1 (£^F_ 1 cPX 
^^ Y dtf^ Xdx^' (^) 



16 INTRODUCTION. [Art. 13. 

Since the first member of (2) does not contain a;, and the second member 
does not contain y, and the two members must be identically equal, neither of 
them can contain either x or y, and each must be equal to a constant; say a*. 

ft 

Then ___„,r = (3) 

cPX 

and -^7 + a^^=0; (4) 

and if (3) and (4) can be solved, we can solve (1). They have for their com- 
plete solutions Y ^ ^^^ + Be-^^^ 

and X = C sin oa; + i> cos oo; . (v. Int. Cal. p. 319, § 21.) 

Hence Y=€f^^ and y=e-*y are particular solutions of (3), X=^6max 
and X = cos ax are particular solutions of (4), and consequently 

u = (?*y sin ax , u = e^^ cos ax , w = e~**' sin ax , and tc = e~*«' cos ax 

are particular solutions of (4). These agree with the results of Art. 7. 

(b) D,hj = a^DJ^y (1) 

Assume y= T,X where T is a function of t only and X a function of x 
only; substitute in (1) and divide by a^TX, We get 

1 d^^T _1 ^X 

1 cPX 
hence as in the last case -y'jZA ^^ a constant; call it — a*, and (2) breaks 

up into cPX . 

tPT 

-^ + a^a^T=0. (4) 

The complete solutions of (3) and (4) are 

X= A sin ax -)r B cos a>x 
and T= C sin aat + D cos aat^ (v. Int. Cal. p. 319, § 21). 

y = sin ax cos aat, y = sin ax sin aat, y = cos ax cos aa^, y = cos ax sin aat 

are particular solutions of (1), and agree with the results of Art. 8. 

(c) rDXrr)+-^^J),(ameDeV)=0. ' (1) 

Assume F= R.® where R involves r alone, and © involves ^ alone; sub- 
stitute in (1), divide by R,®, and transpose; we get 

(d®\ 
^'""^W 

R dr* ~ ©sin« d$ ' (2) 
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Since by the reasoning used in (a) and (b) each member of (2) must be a con- 
stant, say a*, we have 



'' rfr* 



= a^R ' (3) 

■ 

inr^ — Te — +«'®=o. (4) 

(3) can be expanded into 

IcPE , ^ dE ^ \ 

(6) can be solved (v. Int. Cal. p. 321, § 23), and has for its complete solution 

where wt = — ^ + Va*+ i and n = — ^ — Va*+ i • 

Hence n = — m — 1, and a* may be written m(m + 1), m being wholly 

arbitrary; and 

E = Ar^ + Br-"^-^ . 

E=^r^ , and E = 

are, then, particular solutions of 



j»m-k-l 



drE dE 1/ 



With the new value of a* (4) becomes 

/ . d®\ 
1 H^'^'^de) 
iEtf-Stf + m(m + l)® = 0. (7) 

which has been treated in Art. 9 for the case where w is a positive integer, 
and the particular solution © = P^ (costf) has been obtained. 

Hence V = r"»P^ (cos 6) 

and V=^-i^^P^(Qose) , 

m being a positive integer, are particular solutions of (1). The first of these 
was obtained in Art. 9, but the second is new and exceedingly important. 

14. The method of obtaining a particular solution of an ordinary linear 
differential equation, which we have used in Articles 9 and 11, is of very 
extensive application, and often leads to the general solution of the equation 
in question. 
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As a very simple example, let us take the equation Art. 13 (a) (4), which 
we shall write 

^, + a^. = 0. (1> 

Assume that there is a solution which can be expressed in terms of powers 
of X] that is, let z = 'Sfa^x'*, where the coefficients are to be determined. 
Substitute this value for z in (1) and we get 

S ln{n — l)a„x*-'^ + a«a«x»] = . 

Since this equation must be true from its form, without reference to the value 
of X, that is, since it must be an identical equation, the coefficient of each 
power of X must equal zero, and we have 

(/i + l)(n + 2)a,^, + a«a, = 0; 

(n + l)(n + 2) 
whence «„ = 2 ^« + 2 

is the only relation that need hold between the coefficients in order that 
« = 2 a„a?" should be a solution of (1). 

If n + 2 = or 7i + 1 = , a„ will be zero and a„_2, a^-4, &c., will be 
zero. In the first case the series wiU begin with ao, in the second with ai . 

— « g' 

'*" + 2~ (n + l)(n + 2)^»- 

If we begin with ao we have 

^ ~ TT + "4! er + " 7 ^^^ 

or . z = a^Gos ax (3) 

is a particular solution of (1). 
If we begin with ai we have 

_ a^ _a* ' _ «' 

^8 — 31 ^1 ' ^^ — 5! ^^ ' ^ — 7!! ^^ ' *' * ' ' 
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is a solution of (1); Oi can be taken at pleasure. Let a^ = a, (4) becomes 

a V aV a"x^ 
« = aa: — 3T + '5! TT "^ 

or « = sin ax 

which, then, is a particular solution of (1). 

« = -4 sin ax -^ B cos olx (5) 

is, then, a solution of (1), and since it contains two arbitrary constants it is 
the general solution. 

15. As another example we will take the' equation 

a:«^, + 2a!^-m(m + l)« = 0, (1) 

which is in effect equation (6), Art. 13 (c), and let m be a positive integer. 
Assume « = 2 a„a;*» and substitute in (1). We get 

S [n(n + 1) — m(m + 1)] a„ jj" = . 
This is an identical equation, therefore 

[n(n + 1) — m(m + l)]an = ^ • 
Hence a« = for all values of n except those which make 

n(n + 1) — m(m + 1) = , 
that is, for all values of n except n = m and n = — m — 1 , Then 

z = Ax"*' + Bx-"^-^ (2) 

is the general solution of (1) and 

z^x"^ and « = ^+i 

are particular solutions. If m is not a positive integer this method will not 
lead to a result, and we are driven back to that employed in Art. 13 (c). 



16. Let us now take the equation 

A 
dx 



[(l-a;«)^]+m(m+l)* = (1) 

which is in effect equation (4), Art. 9, and is known as Legendr^s Equation, 
(1) may be written 

cPz dz 

(i-3^^^-2x^- + m(m + l)z = 0. (2) 
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Assume « = S a^a?" and substitute in (2). We get 

S {n(n — l)a« x"-« 4- [m(m + 1) — n(n + l)]a„a;«} = . 
Hence (n + l)(n + 2)a„^.2+ [m(m + 1) — w(7i + l)]an= 0, 

(n + l)(n + 2) _ „^r.' •'•■ „, 

°' "•" »i(w + i) — n(» + i) *"+«• "- y^^ 

If a„ = 0, then ^nls = 0, a„ _4 = 0, &c. ; but a„ = if n = — 2 or ri = — 1. 

For the first case we have the sequence of coefficients 

m(m + 1) 

w(m — 2) (m + 1) (fn + 3) 

^4 ^f '^O 

m(ni — 2) (m — 4) (m + 1 ) (wi + 3) (m + 6) 

ttfl = -n] do f &C. 

Let us take ao> which is arbitrary, as 1. Then z=^p^ (x) where 

r m(m+l) ni(m,-^2)(m + l)(m + 3) "i 

/>m(aj) = [_1 2! ^ ■* 4! ^ J W 

is a solution of Legeudre's Equation if ^^ (ar) is a finite sura or a convergent 
series. 

For the second case we have the sequence of coefficients 

_ (m — 1) (m + 2) 

(m — 1) (m — 3) (7w. + 2)(ni + 4) 
©5 = g7 Ol 

(w — 1) (m — 3) (w — 5) (rn + 2)(m + 4) (m + 6) 
a^ ^ i =1 a-i , &c. 

■ 

Let us take ai , which is arbitrary, as 1. Then z = q^^i^) where 

(m — 1) (m + 2) (m -- 1) (m — 3) (tw. + 2) (w + 4) 



m 



(x) = [.- ^"~-^yi"-^"V + ^"~'^^"~'^^77"^^"-^"^ :e«---](5) 



is a solution of Legendre's Equation if q^^ (x) is a finite sum or a convergent 
series. 
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If m is a positive even whole number, p^ (x) will terminate with the term 
containing «*, and is easily seen to be identical with 



m 



-C^d-)] 



( ^^^ r(m + l) ^rn(^)' 



[v. Art. 9 (9)] 



For all other values of m, p^ (x) is a series. 

The ratio of the (n + l)st term of p^ (x) to the wth, when m is not a posi- 
tive even integer, is 



(2n — 2 — m)(2n ~ 1 +m) 
(2n — 1) (271) 



x". 



Its limiting value, as n is increased, is x*, and the series is therefore con- 
vergent if — 1 < a; < 1. It is divergent for all other values of x. 

If m is a positive odd whole number q^^ (x) will terminate with the term 
containing af, and is easily seen to be identical with 

( -^^ ' r (77^ + 1) ^fni^y 

For all other values of m, q^i^) is a series, and can be shown to be con- 
vergent if — 1 < X < 1, and divergent for all other values of x. 



^ = ^Pm(^)+.^9m(^) 



(6) 



is the general solution of Legendre's Equation if — 1 < a; < 1, no matter 
what the value of m. From Art. 13 (c) it follows that 



are particular solutions of 



^'= pirn i'm (cos ^ 



(7) 



no matter what the value of m, provided cos $ is neither one nor minus one. 

In the work we shall have to do with Laplace's and Legendre's Equations, 
it is generally possible to restrict m to being a positive integer, and hereafter 
we shall usually confine our attention to that case. 
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With this understanding let us return to (3), which may be rewritten 

(m — w) (w + n + 1) 
^" + *"' (n + l)(n + 2) ^*- 

If a„ + , = 0, then a„ + 4 = 0, a^^g = 0, &e.; 

but ^11 + 8 = if w = m, or n = — m — 1. 

If in (3) we begin with n = m — 2, we get the sequence of coefficients already 
obtained in Art. 9, and we hare z = T^(x)^ where 

. . _ (2^-l)(2^-3) • • • I f - "^("^-1) ^-. 
**^ ^ m! L 2C2m — 1) 



m(m -- 1) (w — 2) (m — 3) _^ 
+ 2.4. (2m — 1) (2m — 3) ^ 



_ ,n<m~l)(m-2)(m-3)(m-4)(m~5) n 

2.4.6.(2 m - 1) (2 m — 3) (2 m - 6) ^ ^ J' W 

as a particular solution of Legendre's Equation. 
If, however, we begin with w = — m — 3, we have 

_ (m + l)(^ + 2) 
«.«-,— 2(2 m + 3) ^-"^-^ 

_ (m + l)(m + 2)(m+3)(m + 4) 
a-«,-5— 2.4.(2w + 3)(2w + 5) «-m-i 

_ (m + l)(m + 2)(m + 3)(w + 4)(7/i + 5)(m + 6) 
a-m-7— 2.4.6.(2w + 3)(2w + 5)(2m + 7) *-m-i> «c. 

a.,., may be taien at pleasure, and is usuaUy taken as 1.3,5, . ."^'^gm + 1) ^ 
and z = QJix) where 



m! , r^ 1 ( >yt + l)(^ + 2) _J. 

2.(2m + 3) af" 



m! . r 1 

GmW— (2w+l)(2m~l) • • • 1 V^^^ "^ 



•!•« 



+ 



(m + 1) (m + 2) (m + 3) (m+4) 1 



2.4. (2m + 3) (2m + 5) aJ" 



+T + • • • ] (9) 



is a second particular solution of Legendre's Equation, provided the series is 
convergent. Qm(x) is called a Surface ZonaX Hamwnic of the second kind. 
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It is easily seen to be convergent ii x <. — 1 orar>l, and divergent if 
-1< a; < 1. 

Hence if wi is a positive integer, 

z=AP„(x) + BQ^(x) (10) 

is the general solution of Legendre's Equation if ar< — 1 or x>l. 
We have seen that for — 1 < j* < 1 

= r(wi4-i) 
P„(x) = (- !)• \J \-, ,/>,.(^) (11) 

2-[r(2+i)] 

if m is an even integer, and 

2zii r Oti + 1) 

P.W = (-.,._L_^,,.(,, (.2, 

if m is an odd integer. 

If now we define Q^^ (x) as follows when — 1 < a? < 1 



if m is an odd integer, and 



e. w = c^i)^ ^^"jH-'t^-" '- <"■' 



^-[^(^)r 



(14) 



if m is an even integer, then (10) will be the general solution of Legendre's 
Equation if m is a positive integer when — 1 < ar < 1, as well as when a- < — 1 
or ar >• 1. 

17. Let us last consider the equation 

which is known as BessePs Equation, and which reduces to (8) Art. 11, 

that is, to 

rf«« 1 dz 

^^ + ^^ + ^ = ^ 
when m = 0; * (1) t5an be simplified by a change of the dependent variable. 

* This equation was first studied by Fourier in considering the cooling of a cylinder. We 
aball designate it as *^ Fourier^s Equation." 
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Let z =i Tg^v and we get 



d^v . 2m + 1 dv 

^ + -^5i + '' = « (2) 

to determine «?. 

Assume v = S a„iB", and substitute in (2). We get 

2 [n(2 r/i + n)a„a*-2 + a^o^] = 0; 

whence a„_« = — n(2 m + n)a^. 

If we begin with n = 0, then a„_2 = 0, a„_^ = 0, &c., and we have the 
set of values 



08= — 



a4 = 



2(2w + 2) ~ 2-^(w + 1) 



2.4(2m + 2)(2w + 4) "" 2*.2!(w + 1)(^ + 2) 
^•"" "" 2.4.6(2m + 2)(2w + 4)(2w + 6) "" "" 2«.3 !(m + l)(m + 2)(m + 3) ' 
whence « = «.a;«- [^1 - g.^^ + i) + 2*:2T(^H^1)(;M=^ 



.6 



^^ + • • • J ^ (3) 



2«.3!(wi + \){m + 2)(m + 3) 

is a solution of BessePs Equation, a^ is. usually taken as q^ — ^ if m is a pos- 
itive integer, or as om-r ( — 4^- ^^ ^ ^® unrestricted in value, and the second 

member of (3) is represented by %f^(x) and is called a BesseVs Function of the 
mth order, or a Cylindrical Harmonic of the wth order. 

If m = , J^ (x) becomes Jq (x) and is the value of z obtained in Art. 11 
as the solution of equation (8) of that article. 

If in equation (1) we substitute x-^v in place of a5"»v for z, we get in place 

of (2) the equation 

d^v 1 — 2m dr 

dx^ ' X dx~^ 

and in place of (3) 

z = aoor^ 1^1 - 22(1 - „,) + 2*.2!(1 - w)(2 - m) 

x^ n 

+ • • • J (4) 



2«.3!(1 — m)(2—m)(S — m) 
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If Qq is taken equal to --the second member of C4) is the same 

function of — ?« and x that J"^ (x) is of + w and ir and may be written 

Therefore z =^ AJ^(x) + BJ_^ (ar) (5) 

is the general solution of (1) imless J^i^) ^^^ ^-m(^) should prove not to be 

independent. 

It is easily seen that when //i = 0, t7L,„(aj) and Jfn(x) become identical 

and (6) reduces to 

z = (A+B)J,(x) 

and contains but a single arbitraiy constant and is not the general solution of 
Fourier's Equation (8) Art. (11). 

It can be shown that J^^(x) = (— l)^J^(x) whenever m is an integer, 
and consequently that the solution (5)^ is general only when m if real is frac- 
tional or incommensurable. 

The general solution for the important case where vi = is, however, easily 
obtained. Let F(m, x) be the value which the second member of (3) assumes 
when ao = 1 ; then the value which the second member of (4) assumes 
when Gq = 1 will be F{— m,x), and it has been shown that z = F(m,x) and 
z = F{— m,x) are solutions of Bessel's Equation; z = F(ja^x) — F^— m,x) 
is, then, a solution, as is also 

F(m,x)—F (— m, x) 

Z = Jy '■ ! > (D) 

but the limiting value which — • ^ — ^ ~ approaches as m approaches 

zero is [2>„j-F(w,x)],„^o and consequently 

' ^^ = lI>„,F(m,x)2„^o (7) 

is a solution of the equation 

(Pz 1 dz 

d^^ + xdi + '==^^ («> 

and the general solution of (8) is 

z = A Jo(x) + B [2)„. F {m, x)^^, . 



» ur* 



i^ (m, or) = ar«[l ~ 25(^T) + 2^1 



2\m + 1) ^ 2*.2!(m + l)(m + 2) 



x" 



2«.3!(7« H- l)(7/i + 2){m + 3) 



3)+---] 
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D„F(m,x) = x'n log x^l- ^,^J^ ^^ + ^« g,^^ _^-"^^^^ ^ ^^ ] 



S .>.4 



^ "■ *l\m + 1) "^ 2*.2!(m + l)(m + 2) ^ J' 

The general term of the last parenthesis can be written 

^ ^ 2". A;!(m + V)(m + 2) • • • (7/i + Aj) ' 
and its partial derivative with respect to w is 

(- 1)* — n ^ 



2-*. A;! ■^'» (m + l)(w + 2) • • • (m + A;) 

^^ ^.. + l)(m + 2)...(m + A.) = - fl^^' (- + ^) + 1^^ (- +-> + • • • 

+ log(m + /:)]. 
Take the JD^ of both members and we have 



^« (m + 1) (w + 2) • • • (m + A;) 



(7/1 + l)(m +2) • • • (m + A;) 



Lm + l ^7/1 + 2^ 7W. + A-J 



3 ^4 ^6 



r J- ^ 



2\m + 1) ^ 2*.2!(7/i + l)(w + 2) 2«.3:(^^^ + l)(w + 2)(7w, + 3) 
"• J — 22 (7W + 1)-^ 2*.2! (771 + l)(;/t + 2) Lw + 1 + WA + 2J 

, _x;; 1 r 1 4. 1 , 1 n , 

■♦'2«.3! (77i + l)(7w, + 2)(7?i + 3) Lm + l"^ 771 + 2 '^7yi+3J "'' 



and wo have 



[2>„i^(m,a:)]^^o = ^oW log x + 2«(r!)« 1 ~2\2!yAl'^2/"'"2«(3!yHl "^2"^3/ 

^(1 + 1 + 1.1)+.... 

28(4!)2\1^2^3^4/^ ' 

and « = ^ Jo (a^) + ^-K^ (») , (9) 

a; x^ /I 1\ a:® /I 1 1\ 

where iCo(«) = M^^ ^^g ^ + 2' ~ g^rja (l + 2/ + 2^« \I+ 2 + 3/ 

aj8 /I 1 1 . 1\ ' 

-2W<^l+2+3+4)+--- (1^) 

is the general solution of Fourier's Equation (8). 

^"0(0;) is known as a BesseUs Function of the Second Kind, 
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18. It is worth while to confirm the results of the last few articles by 
getting the general solutions of the equations in question by a different and 
familiar method. 

The general solution of any ordinary linear differential equation of the 
second order can be obtained when a particular solution of the equation has 
been found [v. Int. Cal. p. 321, § 24 (a)]. 

The most general form of a homogeneous ordinary linear differential equa- 
tion of the second order is 

g+p|+ey=o (1) 

where F and Q are functions of x. Suppose that 

y = t; (2) 

is a particular solution of (1). Substitute y = vz in (1) an4 we get 

cPz / dv \ dz 

dz 
Call y- = z\ Then (3) becomes 

dz^ / dv \ 

a differential equation of the first order in which the variables can be sepa- 
rated. Multiply by dx and divide by vz^ and (4) reduces to 



dz^ . dv 

-T^-2 — -^ Pdx = . 



V 



Integrate and we have 



log «' + log v^ + Cpdx = C 
or «'r« = 6^- A''* = Be-f^^ , 



dz e -/^"' 

«' = -- = J? — * 

dx v^ 

r^u — CPtix 

z^A^Byy dx', 

and y^vU+Bp^^^ds^ (5) 

is the general solution of (1), the only arbitrary constants in the second mem- 
ber of (5) being those explicitly written, namely, A and B, 

(a) Apply this formula to (1) Art. 14, 

d^z 

^. + «'* = 0; (1) 
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given; \|^ = cosaa5, as a particular solution. Substituting in (5) we have 
since P = 



s = cos oa; (^ + ^ I s — I 

\ J cos* oar/ 



z 



/ B \ 

= cos oa; I ^ H — tan ax\ 

= A cos ttx •\' Bi sin ax , (2) 

as the general solution of (1), and this aigrees perfectly with (5) Art. 14. 

(h) Take equation (1) Art. 15. 

d^z dz 

^'d^2 + 2x^'-m(m + l)z = 0; (1) 

given: z = x^, as a particular solution. 

2 /» '■fp<^ 1 

Here P = - , I Pete = 2 log a; = log «^ , and e = -j. Hence by (6) 

X J X ^ 

that is s = ^aj*" + i^ri (^^ 

is the general solution of (1), and agrees with (2) Ai-t. 15. 

(c) Take Legendre's Equation, (2) Art. 16. 

ujZ dz 

(1 - a:^ ^, - 2a; ^ + m(m + 1)« = ; (1) 

given: z = Pn^(x) , as a particular solution. 

— 2x /• ^ 1 

Here P = 5-3^ , j Pdx = log (1 — x^ , and e-f^"^ = YZT*^' 

Hence by (5) z = P„ (a;) (a + ^ J^-^— -^^^-^,) (2) 

is the general solution of (1) and must agree with (r(:) Art. 16, if m is an 
integer, and therefore 

where (7 is as yet undetermined, and no constant term is to be understood with 
the integral in the second member. 

(d) Take BessePs Equation, (1) Art. 17. 

d^ , 1 dz . / m\ 

given: z = J^(x) , as a particular solution. 
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1 r /• 1 

Here P = - , I Fdx = log a; , and e-J ^''^ = - . Hence by (6) 

is the general solution of Bessel's Equation. 

4 

If m^O (2) becomes 

z = Mx)(A+Bf^^:) (3) 

and must agree with (9) Art. 17. Therefore 

JEo(x) = CJ.(=r)/^-^;^,. (4) 

where C is at present undetermined, and no constant term is to be taken 
with the integral. 

The first considerable subject suggested by the problems which we have 
taken up in this introductory chapter is that of development in Trigonometric 
Series (v. Arts. 7 and 8). 



CHAPTER II. 

DEVELOPMENT IN TRIGONOMETRIC SERIES. 

19. We have seen in Chapter I. that it is sometimes important to be able 
to express a given function of a variable x, in terms of the sines or of the 
cosines of multiples of x. The problem in its general form was first solved 
by Fourier in his "Analytic Theory of Heat" (1822), and its solution plays a 
very important part in most branches of modern Physics. Series involving 
only sines and cosines of whole multiples of x, that is series of the form 

^0 + ^1 cos cc + Jj cos 2a; + • • ■ -|- «! sin x -\- a^ sin 2a; + * * ' 

are generally known as Fourier's series. 

Let us endeavor to develop a given function of a; in terms of sin a;, sin 2a;, 
sin 3a;, &c., in such a way that the function and the series shall be equal for 
all values of x between a; = and a; = tt. 

To fix our ideas let us suppose that we have a curve, 

given, and that we wish to form the equation, 

y =z a^ sin x -{- a2 sin 2a; + org sin 3x + * * * > 
of a curve which shall coincide with so much of the given curve as lies between 
the points corresponding to a; = and a; = tt. 
It is clear that in the equation 

1/ = Gi sin X (1) 

ill may be determined so that the curve represented shall pass through any 
given point. For if we substitute in (1) the coordinates of the point in ques- 
tion we shall have an equation of the first degree in which aj is the only 
unknown quantity and which will therefore give us one and only one value 
for »! . 

In like manner the curve 

. y = tti sin a; + «« sin 2a; 
may be made to pass through any two arbitrarily chosen points whose abscissas 
lie between and ir provided that the abscissas are not equal; and 

y = «! sin X -\- a^ sin 2a; + a^ sin 3a; + • • • + a„ sin nx 

may be made to pass through any n arbitrarily chosen points whose abscissas 
lie between and tt provided as before that their abscissas are all different. 

If, then, the given function f(x) is of such a character that for each value of x 
between a; = and a; = tt it has one and only one value, and if between 
a; = and a; = tt it is finite and continuous, or if discontinuous has only 
finite discontinuities (v. Int. Cal. Art. 83, p. 78), the coefficients in 

y =: tti sin a; + ttj sin 2a; + a^ sin 3a; ■[-••• + «« sin nx (2)* 
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can be determined so that the curve represented by (2) will pass throng] i any 
71 arbitrarily chosen points of the curve 

y = /(a^) (3) 

whose abscissas lie between and tt and are all different, and these coefficients 
will have but one set of values. 

For the sake of simplicity suppose that the n points are so chosen that their 
projections on the axis of JTare equidistant. 

Call ~4:"T = Aaj ; then the coordinates of the n points will be [Aa;,/(Ajc)], 

[2Aa:,/(2Aa;)], [3Aa;,/(3Aa;)], • • • [7iAa;,/(7iAa;)]. Substitute them in (2) and 
we have 



— f- a^ sin wAa;'^ 
• • + </„«sin 2n\x I 

y (4) 

" -]-fin sin StiAx 

■ 

1- (^^^ sin /i^Ax, J 



n • 



/(Aa;) = Oi sin Aa: + a^ sin 2Aa' -f- a^ sin SAar + 
/(2Aaj) = «! sin 2Aa; + «2 sin 4Aaj + a^ sin 6Aa; + 

/(3Ax) = ^i sin 3Aaj + «a sin 6Xc + (h sin 9Aa; + 

. . • • 

• . • • 

> . . . 

f(nAx) = tti sin nAa: + »2 sin 2nAa; + a^ sin 3/iAa; +• 

n equations of the first degree to determine the n coefficients ai, a^y a^, ' - ' a 
Not only can equations (4) be solved in theory, but they can be actually 

solved in any given case by a very simple and ingenious method due to 

Lagrange. 

Let us take as an example the simple problem to determine the coefficients 

<h.y <hf ^89 ^4> ^^^ ^&t so that 

y = «! sin a; + Os sin 2a; + a^ sin 3a; + u^ sin 4a; + ^5 sin 5x (5) 

shall pass through the five points of the line 

y = x 

. TT 27r 3-^ 47r , Btt it _ 

which have the abscissas 77 > -^y -/rt -.-> ^^^ -tt; -jt here being Aa;. 

We must now solve the equations 

TT . '"■ , . 27r . 37r . 47r , . ott 

— = «! sin «■ + rtj sin -g — |- ^8 sin -^ — [- ^4 sm -^ — |- ets sm -p- 

27r . 27r , . 47r , , Ott , . Stt . . IO.t 

-7.- = «! Sin -7. — h flta sm -^ — |- a^ sin -tj- + a* sin -^^ — f- a^ sin 



g — ^, ..^ g . ,., — g , ^^ — g . ^ g , .„, „... ^ 

37r . Stt , . Ott , . Qtt , . 127r . . IStt 

— = ai sin -g- + aj sm -g- + a, sm -g — |- ^4 sm —^ — f- a^ sm -^— 

47r . 47r , . Stt , . 127r , .• IGtt , . 207r 

— = ai sm -g — |- aj sm -g- + as sin -g — [- a^ sm -g- + ag sin — ^- 

OTT . Stt , . IOtt , . IStt , . 207r . . 257r 

— = ai sm -g- + aa sm -g — ^ a, sm — g — |- a^ sm -g — |- a^ sm ~g— 



K6) 
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TT 27r 

Multiply the first equation by 2 sin -^ , the second by 2 sin -^^ , the third 

Sir Air Stt 

by 2 sin -g- , the fourth by 2 sin -^, the fifth by 2 sin -g- and add the 

equations. 

The coefficient of Oj is 

. TT . 27r . 27r . 47r . Stt . 67r , « ^. 47r .. Sir 

2 sin g ^ "g" + 2 sin -g- sm -g- + 2 sm -g- sin -g- "r -^ siii -^ sm -^ 

57r . IOtt 
+ 2sin -g- sin-g-; 

. TT . 27r w Stt ^ 

but 2 sin g- sm -g- := cos g ~ cos -g- , &c. 

■ 

Hence the coefficient of a^ becomes 



TT 27r ■ Sir . 47r , Stt "^ 

cos g + cos -g- + cos -g- + cos -g — f- cos -g- 

Stt Gtt Ott 127r 157r 

— cos -g — cos -g cos -g cos — g cos — «— 



(7) 



and this may be reduced by the aid of an important Trigonometric formula 
which we proceed to establish. 

20. Lemma. 

e 

J j^sm(2n + l)g 

cos ^ + cos 2d + cos 3^ H h cos ?id = — o + 2 g (1) 

sin - 
2 

For let S= cos d + cos 2$ + cos 3d H h cos nS and multiply by 2 cos d. 

2*Scos d = 2 cos* $ + 2gos0 cos 2d + 2 cos d cos 3d H [-2 cos d cos nd 

= 1 + cos d + cos 2d+ • • • + cos (71 — l)d 

^4* cos 2d + cos 3d + cos 4d H h cos (n + 1)0 

= 2/^ + 1 + cos (n + 1) d — cos d — cos nO . Hence 

_ _^ 1 cos wd — cos (» + 1) ^ 
2+ 2(1- cos d) 

1 , i «in(2n +.l)| 

^="2 + 2 -d Q.E.I>. 

sin 2 
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21. Applying (1) Art. 20 to (7) Art. 19 the coefficient of a« reduces to 

. llTT . 337r 
sin ^2" "0^2 



2 sin j2 2 sin jn 

. IItt it 337r Zir 

but ^ = IT - yg , and -pg- = 37r - j2 5 

sin(7r-^) 8in(3ff-|) 

therefore ^ tfL _ '^ ^^>^ _ 1 _ i _ a 

„.■«■ „.37r ~2 2~"' 

2 sin j2 2 sm - 

and as vanishes. 

In like manner it may be shown that the coefficients of Ogj fl^4> and a^ 
vanish. 

The coefficient of Oi is 

IT ^ir 47r Stt 

2 8in» I + 2 sin« ^ + 2 sin* ~ + 2 sin* ^ /' 

o b ' o 6 

= 1 + 1 + 1 + 1 + 1 

27r 47r 6w Stt IOtt 

— cos — cos -z cos — cos — cos —T- 

6 o 6 6 6 

sin -^ sin (2ir — ^ 

2 sin ~ 2 sin — 

The first member of the final equation is 

27r . TT , „ 2'7r . 27r , ^ Stt . Stt , _ 47r . 47r , ^ 57r . 57r _- 
-g-sm-+2-8in-g- + 2-g-sin- + 2-sm- + 2-g-sm-. Hence 

»! = ^ 5) -^ sin — = - (2 + v^3) = 2 approximately. 

k=l 

2ir 
If we multiply the first equation of (6) Art. 19 by 2 sin — , the second by 

2 sin -^ , the third by 2 sin -- , the fourth by 2 sin -^ , the fifth 

IOtt 
by 2 sin — ^- , add and reduce as before we shall find 
6 

2 ^ A^TT . 2A:7r tt .., ^^ 



y 
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and in like manner we get 

2 ^A A^TT . 4Aj7r 7ri/3 

«6 = 6 Z T ^'"^ "6" "" 6 ^^ " ^^^ "" ^'^' 
Therefore 

y=^2 sin a; — 0.9 sin 2x + 0.5 sin 3ar — 0.3 sin ^x + 0.1 sin bx (1) 

,.,.,,. ^ 27r Stt 

cuts the curve y=^x at the five points whose abscissas are t > ~e" > -^ > 

47r - Stt 
-g-, and-. 

22. The equations (4) Art. 19 can be solved by exactly the same device. 
To find any coefficient a^ multiply the first equation by 2 sin mAa; , the 
second by 2 sin 2mAa;, the third by 2 sin SmAx, &c. and add. 

The coefficient of any other a as a^t in the resulting equation will be 

2 sin kAz sin m^x + 2 sin 2kAx sin 2m^ + 2 sin ^kd^x sin 3mAa; + • • • 
+ 2 sin wAjAx sin nm^x 

^ co8(w — ^)Aaj+cos2(/» — Aj)Aa;+cos3(w— A;)Aa;H |-cosn(w — A;)A« 

— cos(??i + A;) Aa; — cos 2(m + A:) Aa; — cos 3(7» + Aj) Aa? cos n(ni + A;) Aar 

sin — - — (m — Aj)Aa; sm — - — (m + A:)Aa; 

2n + l ,^ 1 ,..-.v 

Hence the coefficient of a^ may be written 

8in[(m-A:)7r- ("^-/>^ ] sin [(m + *)^ - i??i±^^] 

2 sin ("^ ~ ^^^'^ 2 sin -<^ + ^>^ 

but this is equal to o"~o0i'""9H"9 according as w — A; is odd or even 
and so is zero in either case. 
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The coefficient of a^ will be 

2 sin* m^x + 2 sm' 2m^x + 2 sin* Zm^x H \-2 sin* nmAx 

= 1 + 1 + 1 +•••+! 

— cos 2mAa; — cos ^m^x — cos 6m£kx — • • • — cos 2nni^x 

,1 sin ( 2n + l)mAz . .^x * . oa 

= ^ + s ^—^ r > by (1) Art. 20. 

'2 2 sin mAa; "^ ^ ^ 

But (2n + l)m^x = 2m(n + 1) Aa? — m£ix = 2m7r — mAaj , 

. , - sin (2n + l)mAa; sin (2m7r — mAa;) 1 

2 sin mAa; 2 sin mAx 2 ' 

and the coefficient of a^ is n + 1 . 

The first member of our final equation will be 

tan 



2 X/(^Aa;) sin A;mAa; . 



Hence 

2 *"" 



and the curve 

y = Oi sin X + a, sin 2a; + • • • + a^ sin naj , (2) 

where the coefficients are given by (1) will pass through the n points of the 

curve y =f(x) whose abscissas are Aa;, 2Aa;, 3 Ax, • • • nAx. Aa? being — pr- 

71 + 1 

It should be noted that since the n equations (4) Art. 19 are all of the first 
degree there will exist only one set of values for the n quantities ai, a^, a^, 
• • • a„ that can satisfy these equations. Consequently the solution which we 
have obtained is the only solution possible. 

23. The result just obtained obviously Aolds good no matter how great a 
value of n may be taken. 

If now we suppose n indefinitely increased the two curves (2) Art. 22 and 
y =f(x) will come nearer and nearer to coinciding throughout the whole of 
their portions between x = and a; = tt , and consequently the limiting 
form that equation (2) Art. 22 .approaches as n is indefinitely increased will 
represent a curve absolutely coinciding between the values of x in question 
with y=if(x). 
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Let us see what limiting value a^ approaches as n is indefinitely increased. 



2 '- 



dm = ;;-Trj % f{k^x) sin km\x (1) Ai-t. 22. 



/ = 1 



= ^ f{k^x) sin km^x 



= -- /(Aar) sin mAa*. Aaj+/(2Aa;) sin 2wAa.AarH |-/(^iAa:) sin wmAa;. Aa; | 

2 r/( Aaj) sin m^x, Ajt + /(2 Aa;) sin 2 //^ Ao;. Aar H -i 

^L H-/(7r— Aa;)sin7?i(7r— A.r).Aj"J 

since Aa; = — r-^ . 
. w + 1 

As n is increased indefinitely Aa; approaches zero as a limit. Hence the 
limiting value of a^ as n increases indefinitely is 

2 limit r/(Aa:) sin inAx.Ax +/(2Ax) 8in2wiAa-. Aa; -\ "] ^ 

TT Aa; = OL +/('"■ — Aa-) sin w(7r — Aar). Aa; J 

2 i^ 
= - I f(x) sin wtar.cZa;. [v. Int. CaL Arts. 80, 81.] 



Hence f(x) = ai sin a; + o^ sin 2x + «8 sin 3a; + • • •, ^U) 

where any coefficient a,„ is given by the formula 

«m = ~ J/(^) s^^ ^wa;.eia; , (3) 



is a true development of f(x) for all values of x between x = Q and a- = tt 
provided that the sei^les (2) is convergent, for it is in that case only that we can 
assume that the limiting value of the second member of (2) Art. 22 can be ob- 
tained by adding the limiting values of the several terms. 

When X = and when x = ir every term in the second member of (2) 
is zero, and the second member is zero and will not be equal to f(x) unless /(a?) 
is itself zero when a; = and a; = tt ; but even when f(x) is not zero for 
a; = and a; = tt the development given above holds good for any value 
of x between zero and tt no matter how near it may be taken to either of these 
values. 

24. Instead of actually performing the elimination in equations (4) Art. 
19 and getting a formula for a^ in terms of n, and then letting w increase 
indefinitely, we might have saved labor by the following method 

* We shall use the sign = for approaches, Az = is read Az approaches zero. 



Chap. ILJ ABRIDGED METHOD. 37 

Return to equations (4) Art. 19 and multiply the first by Ax sin m£kXy 
the second by Aa; sin 2m^x, and so on, that is multiply each equation by Ax 
times the coefficient of a^ in that equation, and then add the equations. 

We get as the coefficient of a^ 

sin k^x sin m^x. Ax + sin 2A;Ax sin 2mAx. Aar H f- sin nk^x sin nm^. Ax . 

Let us find its limiting value as n is indefinitely increased. It may be 
written, since (w + 1) Ax = tt , 

limit psinAjAxsinwAx. Ax+sin2A;Axsin2wiAx.AxH "I 

Ax = L +sinA:(7r — Ax)sin?w(7r — Ax).AxJ 

ir * 

= I sin kx sin mx, dx ; 



V tr 

but j sin kx sin rnx.dx = i \ [cos (m — k)x — cos (w. + k)x]dx 



= if m and k are not equal. 
The coefficient of a^ is 

Ax(sin^ wAx + sin^ 2mAx + sin* SmAx + * • • + sin* 7imAx) . 

Its limiting value 



limit 
Ax 



j_ .V sin*mAx.Ax + sin*2wAx.Ax + • • • + sin*m(7r — Ax) Ax I 



= j sin* mx.dx = — • 



2 



The first member is 
/(Ax) sin mXr,Ax +y(2Ax) sin 2mAx.Ax + * • • +/(nAx) sin mnAx.Ax 
and its limiting value is 

I f(x) sin mx,dx . 



Hence the limiting form approached by the final equation as n is increased is 

I /(x) sin 7nx,dx = - a^. 



Whence a^ = — I f(x) sin rax.dx as before. 



This method is practically the same as muUipliflng the equation 

f(x) = tti sin X + oj sin 2x + a, sin 3x + • • • (1) 

by sin mx, dx and integrating both members from zero to ir . 
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It is exceedingly important to realize that the short method of determining 
any coefficient a^ of the series (1) which has just been described in the itali- 
cized paragraph, is essentially the same as that of obtaining a^ by actual 
elimination from the equations (4) Art. 19, and then supposing n to increase 
indefinitely, thus making the curves (3) Art. 19 and (2) Art. 19 absolutely 
coincide between the values of x which are taken as the limits of the 
definite integration. 

26. We see, then, that any function of x which is single-valued, finite, and 
continuous between x = and a; = w, or if discontinuous has only finite 
discontinuities each of which is preceded and succeeded by continuous por- 
tions, can probably be developed into a series of the form 

f(x) = Ui sin a + «« sin 2ar + «8 sin 3x + ' * * (1) 

2 /» 2 /» 

where ^^m = " I /(^) si^ mx.dx = — j /(a) sin ma.da ; (2) 

u 

and the series and the function will be identical for all values of x between 
X = and x = tt, not including the values x = and « = tt unless 
the given function is equal to zero for those values. 

An elaborate investigation of the question of the convergence of the series 
(1), for which we have not space, entirely confirms the result formulated 
above * and shows in addition that at a point of finite discontinuity the series 
has a value equal to half the sum of the two values which the function 
approaches as' we approach the point in question from opposite sides. 

The investigation which we have made in the preceding sections establishes 
the fact that the curve represented by y==/(a;) need not follow the same 
mathematical law throughout its length, but may be made up of portions of 
entirely different curves. For example, a broken line or a locus consisting of 
finite parts of several different and disconnected straight lines can be • 
represented perfectly well by y = a sine series. 

26. Let us obtain a few sine developments. 

(a) Let ' /(^)=.^. (1) 

We have x = aisin x + a^ sin 2x + a^ sin 3a; + • • • (2) 

where «,„ = — j or sin mx,dx (3) 

* Provided the function haa not an infinite number of maxima and minima in the neigh- 
borhood of a point, v. Arts. 37-38. 
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89 



I X sin mx,dx = — ^ (sin mx — mx cos wkc), 



/ 



X sin 7710;. e2x = 



_ (— l)"«7r 



and 

{b) Let 



a? := 



„ /sin a; sin 2a; , sin Sa* sin 4a; , 



•) 



2 /• 

a^ = — I sin mx.dx ; 



(4) 
(1) 

(2) 



/ 



sin mx.dx = 



cos mx 
m 



S 



1 1 

sin mx.dx = - n — cos mir) = -[! — (— l)w] 

w m 

= if w is even 



Hence 



= - if m is odd. 
m> 

4 /sin X . sin 3a; sin 5a; sin 7x \ 



(3) 



It is to be noticed that (3) gives at once a sine development for any constant 

c. It is, 

4c /sin a; , sin 3a; , sin 5a; 



r= — f 



TT V 1 



+ 



+ ?1L^+...). 



(4) 



TT . 



If we substitute a; = — in (4) (a) or (3) (b) we get a familiar result, namely 



4"! 3^ o 7"^ 



(5) 



a fonnula usually derived by substituting a; =: 1 in the power series for 
tan-^ar. (v. Dif. Cal. Art. 135.) 

(4) (a) does not hold good when a; = tt, and (3) (b) fails when -a; = and 
when x = IT, for in all these cases the series reduces to zero. 



TT 



(e) Let f(x) = X from a; = to a; = — 



TT 



and f(x) = TT r— a; from a; = -r to a; = tt . 

That is, let y = f(x) represent the broken 
line in the figure. 

As the mathematical expression for 
/(x) is different in the two halves of the 
curve we must break up 
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8 



Cf(x) sin 7nx.dx into Cf(x) sin 7nx.dx + Cf(x) sin 7nx.dx. 

On-. 



We have, then, 



li 



T 



a^==[i X sin mx.dx + j (tt — x) sin mx.(2se 

tr 



TT 

sin m — . 



But 



TT 

Sin w -^ = 1 



W = 1 

m = 2 



it 

u 



u + 1 

U + 2 
U + S 



if w = 1 or 

= « 
= -1 « 
= " 
Hence if y =/(«) represents our broken line , 

. 4 /sin X sin Sx , sin 5a; sin Tar , \ 

TT TT 

When ar = ^ /(aj) = — and we have 



8 



1 
1' 



1 
3« 






1 
52 



((T) As a ease where the function has a finite discontinuity, let 

f(x) = 1 from a; = to 2c = ^ and 

f{x) = « 



TT 
/*. — « 



2 

a; = TT. 



y =f(x) will in this case represent the locus in the^gure. 
F As before 



IT 

2 



(1) 



(2) 



(3) 



\f(x) smmx,dx = ) /(a?) sin mx.dx 



o 



+ J/(^)si 



sin mx.dx . 



i^ 



"2 



IT 

8* 



o 9 /* 

a,„ = — I sin mx.dx + £j 0. sin mx,dx . 



(1) 
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2 f ^ 2 1/, w-\ 

a^ = — I sm mx.dx = (1 — cos w ^ I • 

TT ^ TT Wl \ J/ 

But COS w - = if w = 1 or 4A; + 1 

= — 1 « m = 2 " 4A; + 2 

= « m = 3 " 4A: + 3 

= 1 " m = 4 « 4A; 
Hence 

-^ . 2 /sin a; , 2sin2ar , sin 3a; , sinSx , 2sin6a; , sinTa; , \ 

IT 1 

If ^ == 9 t^c second member of (2) reduces to ^ , for 

and we see that the series represents the function completely for all values of 
X between x = and a? = i^ except for x = — and there it has a 
value which is the mean of the values approached by the function as x 

TT 

approaches -x from opposite sides. 

EXAMPLES. 
Obtain the following developments: — 

(1) ^' = - [(t'"!^) 8^^^ " 2" ^^^^* "^ (i" ■" 3») ^"^ ^ "" T ®^^ ^ 

(2) ^ = ;^L(t"""1^)'^^^"(2-"^)'^^^^+(3"3^)™^^ 



-(j-^8i^^+ ••]• 



sin 3a; Inr , , , sindas 



Jox -^/ \ 2 rsinx , TT . ^ sin 3a; 27r . . . 
(3) /(«) = -[_^ir + 2«8in2x ^5 -p.sin4a; + 

+ ^ sin 6ar J , 



5^ 
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TT , «, ^ ^ „ TT 



if f(x) = a: from a? = to a: = — and /(a*) = from x^=— to ^- = 77. 

,.. . 2 . r sinx 2 sin 2a; , 3sin3.r 4sin4j- , "1 

(4) sin /«, = - sin /.TT |_ jj— ^, - 2^^^, + 373- . - jnr^, + • • • J 

if /i is a fraction. 

2 n 2 .'i 

(5) e^: = - - (1 -[. gir) gin a- _[- _. n _ e»rYgin 2» + -^ (1 + e') sin 3a; 

+ j^ (1 — e') sin 4aj H J . 

ia\ ' \. 2 sinh TT rl. 2.3.^ ^.,1 "1 

(^6) smh X = : - sm a; — r sm 2.r + r-r sm 3a; — tz sm 4a! H . 

^ ^ TT L^ 5 10 I4 J 

2 ri 2 

(7) cosh a; = — - (1 + cosh tt) sin a- + p (1 — cosh tt) sin 2a; 

3 "1 

+ — (1 + cosh tt) sin 3.t + * ' • • 

27. Let us now try to develop a given function of a; in a series of cosines. 

As before suppose that f(x) has a single value for each value of x between 
a; = and a; = tt , that it does not become infinite between a* = and 
X = TT, and that if discontinuous it has only finite discontinuities. 

Assume 

f(x) = ^0 + ^1 cos a; + ^2 cos 2a; + b^ cos 3.r + • • • (1) 

To determine any coefficient i^ multiply (1) by cos mx.dx and integrate 
each term from to tt. 

ir 

j Uq cos mx.dx = 0. 



u 

IT 



I b^ cos kx cos mx.dx = ~ j [cos (m — k)x + cos (w^ + k)x'\dx 



= if m and A; are not equal. 



j 5^ cos^ mx.dx = ^ (ma; + cos m^ sin wtx), 

It 
I ^^ cos^ mx.dx z=.— h^, if 7/1 is not zero. 





2 A... . 2 ' 



Hence ^m = ~ j /(^) cos vix.dx = — j f(a) cos ma.da , (2) 



if wi is not «ero. 
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To get ^0 multiply (1) by dx and integrate from zero to tt. 



iKilx = h^TT^ 



I bj^ COS kxjlx = . 
Hence Jo = — {/{^jdx^ — yi"')^) 

. 1 < 



(3) 



which IS jnst half the value that would be given by formula (2) if zero were 
substituted for m. 

To save a separate formula (1) is usually written 

/(^) = "J^^o -h ^1 cos X + ^2 cos 2x + ^8 cos Zx -\- ' ' ' (4) 

and then the formula 



"> ^ 2 

m 



= — I /(ic) COS mx,dx = ~ ( f(p) cos ma.da (2) 



will give ^0 2is well as the other coefficients. 

It is important to see clearly that what we have just done in deter- 
mining the coefficients of (1) is equivalent to taking ?i + 1 terms of (4), 
substituting in 

• y = i^o + ^1 cos ar + ^2 cos 2x -{-''- -\- h^ cos nx (5) 

in turn the coordinates of the n -{-1 points of the curve 

whose projections on the axis of Xare equidistant, determining ^o> ^i> ^2> ' * " *» 
by elimination from the n -\-l •resulting equations, and then taking the limit- 
ing values they approach as n is indefinitely increased, (v. Art. 24.) 

TT 

— -j^ the abscissas of the n-\- 1 points used are 0, Aa;, 2Aic, 

3Aar , • • • w Aic , so that we should expect our cosine development to hold for 
a? = as well as for values of x between zero and tt. 

28. Let us take one or two examples : 

(a) .Let . f(x) =x. (1) 

TTJ^ TT 2 



2 r 2 • 2 

*m = - J ^ COS mX.dx = ^ (COS 7W - 1) = — [(- 1) '"-l]. 



If Ax= '^ 
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TT 'T 4 / , COS 3a; , cos 5x , cos 7x , \ ,„. 

Hence aj = - — - /cos a- + —^ + — ^ + — — H j . (2) 

(2) holds good not only for values of x between zero and v but for x = 
and a' = TT as well, since for these values we have 

and ^ = |+i(i + | + |,+ l, + ...) (4) 

which are true by Art. 26 (c)(3). 

(b) Let f(x) = X sin ar . (1) 

2 r ' 2 

^0 = -~ I X sin x.dx = — tt ^ 2 , 

TT J TT 

. 

2 /* . 1 /» 1 

61 = — i X sin a: cos a*.^/!?' = — i x sin 2a;.d!x = — - , 
'rrj TTj 2 



fn 



2 /» . 1 /* 

= - j a; sin a* cos trix.dx = — j [ar sin (w + l)a^ — x sin (/w — l)aj]dlaj 

u 



(m — l)(??i + 1) 
2 



(w — l)(m + l) 
Hence 



if m is odd 



if m is even. 



^ cos X 2 cos 2a; , 2 cos 33* 2 cos 4.r , ,_. 

a-sin.r = l- . ^ j^ . . . _(2) 



2 1.3 • 2.4 3.5 



If a; = ~ we have 



4 2 ^ 1.3 3.5 ^5.7 ^ ' 



EXAMPLES. 
Obtain the following developments: 
x- X v^x X 'w- 2 Fcos 2a; , cos 6x , cos lOx , cos 14a! , "I 

(1) /(=«) = 4-;;L^5- + -i7- + -6i- + -^^ + -;J - 

TT TT 

if f(x) = a; from a; = to a? = 9 and /(a;) =: tt — a; from ic = 9 to a; = w . . 
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^ X 1.2 rcos X cos 33- , cos 6x cos 7x , "l 
(2) A-) = 2 + ;;L^ 3- + ^ 7-+ -J' 



TT , ^, ^ ^ TT 



if /(x) = 1 from a = to ^r = o ^^^ /(^) = ^ from x = — to x =^ ir, 

vox • TT^ ^ rcos a* cos2ar , cos 3a; cos 4a* , "1 

(3) ** = -3-4L-li 25- + -35 i^" + ' ' ' J " 

(4) a- = ^- ^[(^- i)co8x-|5 cos 2x + (^5- i) cos 3x 

- 4i cos ^ + ( J - 54) COS 5j- j • 

(6) ^a;)=|+-U|-l) cos X - |, cos 2ar - -, ^y + 1) cos 3a: 

+ gi ^Y ~ ^) ^'o^ 5x — gi cos 6x — • • • J , 
if y(x) ^ X from x = to x = ;r and /(x) = from x = -^ to x = tt. 

(^) ^ = ^ 5 (^'-1) - r^2 (e' + l)cos a. + ^^(«-- 1) cos 2x 

— ^^x^i (^' + 1) cos 3ar H J • 

,_. , 2 sinh TT rl 1 , 1 ^ 1 « 

(7) cosh x = I o ~" o ^^s ^ « K ^^^ ^^ *" Ta ^^^ ^^ 

+ — cos 4a; — " * • 



cos X 



2 rl 1 

(8) sinh a; = - • - (cosh tt — 1) — - (coshir + 1) 

+ p (cosh TT — 1) cos 2.r — — (cosh tt + 1) cos 3ar + * * * • 

. 2/i sin fiTT r 1 cos X cos 2a' cos .V 

(9) cos/ix~ ^j^ L V "" A^^^^^' /^•'~=^' "" M^'^^' 

, cos 4.r ~| 

+ ;i5^^^- ■•J' 

if /Lt is a fraction. 

29. Although any function can be expressed both as a sine series and as a 
cosine series, and the function and either series will be equal for all values of 
X between zero and tt, there is a decided difference in the two series for other 
viedues of x. 

Both series are periodic functions of x having the period 27r. If then we 
let ]/ equal the series in question and construct the portion of the correspond- 
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ing curve which lies between the values a; = — tt aad x = tt the whole 
curve will consist of repetitions of this portion. 

Since sin mx = — sin ( — mx) the ordinate corresponding to any value of 
X between •— tt and zero in the sine curve will be the negative of the ordinate 
corresponding to the same value of x with the positive sign. In other words 
the curve 

y = tti sin X + 02 sin 2x + a^ sin Sx-\ (1) 

is symmetrical with respect to the origin. 

Since cos vix = cos (— mx) the ordinate corresponding to any value of x 
between — tt and zero in the cosine curve will be the same as the ordinate 
belonging to the corresponding positive value of a. In other words the curve 

y = ^^0 + ^1 cos X -\- b^ cos 2x + ^8 cos 3a; + • • • (2) 

is symmetrical with respect to the axis of Y, 

If then f(x) = — f( — x) , that is if f(x) is an odd function the sine series 
corresponding to it will be equal to it for all values of x between — tt and tt, 
except perhaps for the value x = for which the series will necessarily be 
zero. 

If f(x) =/( — x), that is if f(x) is an even function the cosine series cor- 
responding to it will be equal to it for all values of x between a; = — tt and 
aj = TT, not excepting the value a; = 0. 

As an example of the difference between the sine and cosine developments 
of the same function let us take the series for x . 



y 



= 2 sin x — 



sin 2a; , sin 3a; sin 4a; , "1 

-2- + -3 ^+*-J 



TT 4 r , cos 3a; , cos 5x . cos 7x , 

[v. Art. 26(a) and Art. 28(a)]. (3) represents the curve 



] 



(3) 
(4) 




and (4) the curve 

Y 
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Both coincide with yz=zx from a; = to aj = tt, (3) coincides with 
y = a; from aj = — tt to aj=z7r, and neither coincides with y = a: for 
values of x less than — tt or greater than tt. Moreover (3), in addition to 
the continuous portions of the locus represented in the figure, gives the iso- 
lated points (— 7r,0) (7r,0) (37r,0) &c. 

30. We have seen that if f(x) is an odd function its development in sine 
series holds for all values of x from — tt to tt, as does the development of 
fHx) in cosine series if f(x) is an even function. 

Thus the developments of Art. 26(a), Art. 26 Exs. (2), (4), (6); Art. 28(6) 
Art. 28 Exs. (3), (7), (9) are valid for all values of x between — ir and tt. 

Any function of x can be developed into a Trigonometric series to which it 
is equal for all values of x between — tt and tt. 

Let f(x) be the given function of x. It can be expressed as the sum of an 
even function of x and an odd function of x by the following device. 



f(^) =m±ftLEi I /fa) -/(-») 



(1) 



f(x) + f( x) 

identically; but ^-^^ — ^ is not changed by reversing the sign of x and 

is therefore an even function of x\ and when we reverse the sign of Xy 

•-L.2 — -jLi 1 is affected only to the extent of having its sign reversed and 

is consequently an odd function of x. 

Therefore for all values of x between — tt and tt 

f(x\ 4- /V— X) 1 

■ ^^ ' ^^ = o ^0 + ^1 cos a; + 6j cos 2x + i»8 cos 3a: + • • • 



2 rf(x) + /(— x) 

where 6^ = — I ^^a-^^ — -^ < cos irvx.dx ; 



•iA-^ — ^_J L = ^i^ sin a; + «j sin 2a? + <^8 sin 3a; + ' ' ' 

where «m = "" I ^^ — 9 sm itvx.dx . 


h^ and a„ can be simplified a little. 



and 



ft 



= — j /(«) cos mx.dx + j /( — x) cos 7nx,dx , 
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but if we replace x by — ar, we get 

» —IT 

j /(— X) cos 7nx.dx = — \f(^) cos ^n^-dx = I /(«) cos mx.dx , 

—IT 

W 

and we have ^m = " I /(*) cos mx.efo; . 

— IT 

* In the same way we can reduce the value of a^ to 



-//(a:) si 



sin mx.dx . 



— » 



(/(x) = -bo + bieosx + b^ cos 2a: + ft, cos 3aj H ) 

( + «! sin 35 + fltj sin 2x + a, sin 3a; + • • • ) 

ir ir 

where ft^ = — j f(x) cos mx,dx = — ( /(tt) cos ma.da . (3) 



— ir — w 

w 



and a^ = — j f(x) sin mx.dx = — j /(a) sin ma,da . (4) 



— ■" — IT 



and this development holds for all values of x between — ir and tt. 
The second member of (2) is known as a Fourier's Series. 

EXAMPLES. 

1. Obtain the following developments, all of which are valid from ar = — tt 
to a* = TT : — 

... ^ 2sinh7rrl 1 , 1 _ 1 o ■ 1 ^ . 1 

(1) e^ = — cos a; + ^ cos 2x — 7- cos 3a; + t^ cos 4a: H 

^ 7r|_2 2 5 10 li J 

. 2sinh7r rl • ^oi^o ^ - a ^ 1 

H ^ sin X — - sm 2a: + — sm 3x — — sin 4a: + " * *• - 

.c^\ ^. \ TT 2 r , cos Sx , cos 5x , cos 7x . n 

(2) /(ar) = ----[^cosa: + -^+-^ + ^;^ + - -J 

, sin a * sin 2a; , sin Sx sin 4ar 

where f(x) = from x = — tt to i = and f(x) = x from a; = to a; = tt. 
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(3) f{x) = — ^+ - Yj^ 008 oj + 2« <^« 2^ + 3« ^8 3a; + g, cos 6x 

2 n 

+ -J cos 6a: + • ■ • J 

+ ^[(t - l) sin a: - ^ sm2x + (^ + |.)8m 3a. 

37r . . , /37r 1\ . ^ "I 

__8m4a: + (---jsin6x J, 

where f{x) = x from aj^ — tt to a; = 0, f(x) = from a; = to x = -^ , 
and /(aj) = x — -^ from « = "o *o x = tt . 

2. Show that formula (2) Art. 30 can be written 

/(x) = -Co cos fio + Ci cos (x — ft) + cj cos (2x — ft) + Cg cos (3x — ft) H 

where Cm = K + *m*) and ^„ = tan-'j5. 

3. Show that formula (2) Art. 30 can be written 

/(x) = ^^0 sin ft + Gi sin (x + ft) + c^ sin (2x + ft) + c, sin (3x + ft) H 

where c« = («^ + «)* and )8„ = tan-^ ^ . 






31. In developing a function of x into a Trigonometric series it is often 
inconvenient to be held within the narrow boundaries x = — tt and x = tt . 
Let us see if we . cannot widen them. 

Let it be required to develop a function of x into a Trigonometric series 
which shall be equal to /(x) for all values of x between x ^ — c and x := c . 

Introduce a new variable 

TT 

« = — X, 
c 

which is equal to — tt when x = — c and to w when x = c . 

/(ar) =y/- «) can be developed in terms of z by Art. 30 (2), (3), and (4). 

We have 

fy- «) = o ^0 + ^i cos z-\-h^ cos 2« + ^8 cos 3.? + • • • f ^j^x 

+ ai sin « + «« sin 2» + a, sin 3« + • • • ) 

where ^m = ~" j /(■" ^) ^^^ inz.dz . . (2) 



— IT 
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and 



a^:= — I ft— z\ sin niz.dz . 



(3) 



— V 



and (1) holds good from « = — tt to z = tt , 
Eeplace z by its value in terms of x and (1) becomes 



1 



TTX 



2irx 



f(x) = - ^0 + ^>i cos — + b^ cos h h 



COS 



Sttx 



+ 



, . irx . . '^TTX , . Sttx , 

+ ai sm h «2 sin 1- a^ sin h 

c c c 



(4) 



The coefficients in (4) are the same as in (1), and (4) holds good from 
5c = — c to aj = c. 

Formulas (2) and (3) can be put into more convenient shape. 



6^ = — j yf - z) cos mz.dz = — I /(a;) cos 



mTTX IT , 

— : — ax 
c c 



or 



'm 



= -c /a-) 



COS ax 



=j^) 



COS d\ . 



(6) 



— c 



— e 



In like manner we can transform (3) into 



c c 



(6) 



— c 



— c 



By treating in like fashion formulas (1) and (2) Art. 25 and formulas (4) 
and (2) Art. 27 we get 



' V , TTX . . 27ra5 , . Sttx , 

f(x) = «! sm 1- a, sin f- a^ sm f- 

c c c 



(7) 



c 

2 /• 

where ^m = 7 I /(^j) sin 



mirx . 2 
ax 



= ; /A« 



wttX ,^ 
sm dX . 



(8) 



and f(x) =-bo + biGOQ 1- b^ cos h b^ cos - — + 

Zee 



c 



(9) 



c c 

2 /• ^. . wTra? , 2 



where ft„ = - J'/(a;) cos ^ ^ = " J'/C^) 



twttX ,^ 
cos aX . 



(10) 



and (7) and (9) hold good from .r = to x =i c . 
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EXAMPLES. 

1. Obtain the following developments: 

,^ V ^ 4 r . TTx . 1 . Sirx , 1 . dirx , T 

from a: = Otoa;=:c. , 

,o\ 2c r . irx 1 . 27rx , 1 . Sttx 1 . 47ra; , "1 

(2) 05 = — sin sin h o sm 7 sm h * " ' 

^ ^ 7rLc2 c3 c4 c J 

from ic = — c to x = c, 
c 4r r TTX . 1 Zirx . 1 &frx , 1 Tirx , H 



X = 



from 0? = to x = c . 



tt'* . 47r.r , /tt^ 4\ . oirx , "1 



Svx 
c 



7- sin 

4 

from a: = to x = c. 



- c^ 4^2 r Tra? 1 . 27rx , 1 Stto; 1 47rx , "I 
ir = « — --J cos -; -jj cos — - + -2 cos jj, cos 



from X = — c to x = c. 



,A\ ^ o r 1 + ^' Tra; , 2(1 — e*^) . 2irx 
(4) 6^= 27r a ' a si^ H a^ ■ . , sm 



, 3(1 + eO •• 37ra; , 4(1 — e^) . . ^irx , 1 

cr + 97r^ G c^ + I^tt" 6* J 



^=2c [1 



1 e^ — 1 e^ + 1 TTX , e^—1 2Trx 

cos ^^-^^^ + • ' • 



e^ + 1 37rar 



from a; = to a; = c . 

xffN ^/ \ 4:C r . TTX 1 . 37raj , 1 Sthc , "I 
(6) A^) = -. [sin- -3,8m — + 5i8m — + • • -J 

from x = to a? = c , 

c /• 

where f(x) = a: from a: = to x = ^ and /(aj) = c — x from » = ^ *^ 

« = c. 
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2. Show that formula (4) Art. 31 can be written 






where «» = ("i + *i) and j8„ = tan->r=. 

3. Show that formula (4) Art. 31 can be written 

1 iirv \ /^irx \ 

f{x) = - Co sin i8o + ^i sin ^— + ft j + r^ sin /— + ftj 



• • • 



+ ca sin y-^ + ft j + 
where e« = («i + ^i)* and ^^ = tan-^^. 

32. In the formulas of Art. 31 c may have as great a value as we please, 
so that we can obtain a Trigonometric Series for f(x) that will represent the 
given function through as great an interval as we may choose to take. If, 
then, we can obtain the limiting form approached by the series (4) Art. 31 as 
c is indefinitely increased the expression in question ought to l^e equal to the 
given function of x for all values of x. Equation (4) Art. 31 can be written 
as follows if we replace 6o> ^i> ^2> ' ' ' <h7 <Hy ' ' ' by their values given in 
Art. 31 (5) and (6). 



f{^)^)\}Jf(S)d^ 



— c 

c 



ttX irx ^^ , /•^..v 2ir\ 27nr 



f I /(A) cos — cos — «^X + I /(X) cos —^ cos dX + 



— c —c 



+ff(X) sin ^ sin ^ d\ +ff(X) sin ^ sin ?^ dX + • • •] 



— c — c 



= - J/(A)rfX \j + ^^ — cos — + sm— sm — 



— c 



, 27rA. 2irx , . 27rX . 27r.r , T 

+ cos COS + sin sm r ' * * 

r r r r _J 
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/(«) = lff(>^y^ [^ + cos J (X - x) + cos ^ (\ - x) + • • -I 



•c 
c 



= 1^ ffQC)dk fl + cos ^ (A - x) + cos y (X - a-) + • • • 

— c 

+ COS (— -I (X — aj) + cos / 1 (X — a;) + • • • I 

since cos ( — <^) = cos <^ . 

c 

/(«=)=^//(^y^[--+7«o«(-T)(^-«')+feo8(-f)(A-x) 

— c 

H COS — f X — a:) H — cos — (X —' x) 

c c ^ ^ c c ^ ^ 

+ _cos— (X-x) + --J , (1) 

As c is indefinitely increased the limiting value approached by the 
parenthesis in (1) is 



00 



I COS a(X — x),da, 

— 00 

Hence the limiting form approached by (1) is 



00 00 



f(x) = ^ J/(X)dxJ*co8 a(X - x).da , (2) 



— 00 — 00 



and the second member of (2) must be equal to f(x) for all values of x. 

The double integral in (2) is known as Fourier^s Integral, and since it is a 
limiting form of Fourier^ s Series it is subject to the same limitations as the 
series. 

That is, in order that (2) should be true f(x) must be finite, continuous, and 
single valued for all values of a;, or if discontinuous, must have only finite 
discontinuities.* 

(2) is sometimes given in a slightly different form. 

ao 00 

Since j cos a(X — x).da = | cos a(X — x),da + j cos a(X — x).da 

— 00 — X U 

and 

41 

I COS a(X — x).da = j cos ( — a)(X — x),d(— a) = — j cos a(X — x),da 



— 00 oo 



M> 00 

I COS a(X — x),da = 21 cos a(X — x).da 



— OD 

* See note on pape .38. 
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and (2) may be written 

f(x)=- Cf(\)d\Coosa(\ — x),da. (3) 

— 00 

If f(x) is an even function or an odd function (3) can be still further simpli- 
fied. 

Let /(a5)=-/(-^). 

Si^e the liniks of integration in (3) do not contain a or X the integrations 
-. nA niay be performed in whichever order we choose. That is 

J* 00 OB 00 00 

J^ j^Cr (/(^)^A. Tcos a(X — x).da = Cda Cf(\) cos a(A — x),dX . 

>w —00 — flo 

% 

Now 

00 00 

Cf(X) cos a(X — x),d\ = Cf(X) cos a(X — x).d\ + Cf(\) cos a(A — x),dk . 



•—OB — OO 



Cf(k) COS a(X — x).c?A = |/(— *X) cos a(— X — ic).rf(— X) 



— QD 00 

00 



= — |/(^) COS a(X + a).efX 



and (3) becomes 

00 00 

f(x) = - Cda Cf(k) [cos a(X — a-) — cos a(X + x)']'d\ 





00 00 



= - Cda Cf(\) sin aX sin aa;.{fX 





90 



or f(x) = — Cf(\)d\ Csin a\ sin ax.da . , (4) 



If /(a) =/(— a;) (3) can be reduced in like manner to 

00 00 

f(x) = — Cf(\)d\ j cos aX cos aa;.(fa . (5) 



Although (4) holds for all values of x only in case f(x) is an odd function, 
v« and (5) only in case f(x) is an even function, both (4) and (5) hold for all 
^ positive values of x in the case of any function. 

EXAMPLE. 
(1) Obtain formulas (4) and (5) directly from (7) and (9) Art 31. 






'y( / * / £-i *.,... w ^ -« - ^7-- 



6r/- t^ i 



CHAPTER III. 

CONVERGENCE OF FOURIEli'S SERIES. 

33. The question of the convergejice of a Fourier's Series is altogether too 
large to be completely handled in an elementary treatise. We will, however, 
consider at some length one of the most important of the series we have 
obtained, namely 

4r . , sin3ar , sin 5y , sin Tu- , n ^ _^ . ^ .».,„k ^ 

- I^sin X + — - + — ^ + -y- + • • • , [v. (3) Art. 26(^»).] 

and prove that for all values of x between zero and ir its sum is absolutely 
equal to unity ; that is, that the limit approached by the sum of n terms of the 
series 

IT «■ n 

— sin X j sin a.da + sin 2x i sin 2a.da + sin 3x j sin 3a.da + • • • L 


as n is indefinitely increased, is 1, j)rovided that x lies between zero and tt. 
Let 

iS„ = — I sin a; | sin a.da + sin 2x j sin 2a,da + sin \\x j sin ?iaMa + • • • 

00 

It 

+ sin wic j sin na.da . (1) 


Then 



ir 



iS^„ = — I [sin a sin x + sin 2a sin 2.r + sin 3a sin 3jr -| f- sin na sin ywr j^</ 



1 ' 

= — r[cos (a — a!) — cos (a + a?) + cos 2(a — .r) — cos 2(a + x)-\- • • • 





+ cos n(a — x) — cos n(a -\'x)']da 



1 ' 

= — j [cos (a — x) •\' cos 2(a — a;) + cos 3(a — x) + • • • + cos n(a — .r)^^, 



1 ' 
r[co8 (a + a-) + cos 2(a + a-) + cos 3(a + aj) + • • • + c*os w(a + x)']da . 

•^ 
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Therefore by Art. 20 (1) 

sin 



'^-"'^/[~2 + 2 -^TT^— J 



a — X 

da 



1 rr 1 i«^(2'»+i)^-, 

~^JL~2 + 2 . a + x J**- 

sin — ^— 

^"=2;;J — 71^^^ — '^~2^f — Tir+^. — **• 

sm— ;r — sm — r — 

In the first integral substitute )8 for —r — , and in the second integral sub- 
stitute )8 for — - — . 

We get 

IT X » T 

ttJ sm)3 TT./ sin)3 ^ "^ 

It remains to find the limit approached by ^S'^ as n is indefinitely increased. 

34. ; 

;8in(2n + l)^ ^^. (1) 

J Sin/? ^2 

For 

?HL(^±i)^ = ^ + cos 2/3 + cos 4)3 H + cos2w)3, by Ai't. 20. 

IT 

2 

and 



Ccos2kl3.dp=0. 





Let us construct the curve 

sin (2n + l)a ; 

sino; 

We have only to draw the curve y = sin (27i + l)ic and then to divide 
the length of each ordinate by the value of the sine of the corresponding 
abscissa. 

In 1/= sin (2n + l)x the successive arches into which the curve is 
divided by the axis of X are equal, and consequently their areas are equal. 
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v^ 



Each arch has for its altitude unity and for its base 

TT 

Oil and is symmetrical with respect to the ordi- 
nate of its highest or lowest point. 

T* £ i.1. sin (2n -\- l)x ^ 
It now we form the curve y = ^^-^ — ' — — from 



sin a? 



the curve ?/ = sin (2;i + l)a; , it is clear that, since 



TT 



sin X increases as x increases from to — , the ordi- 

nate of any point of the new curve will be shorter 
than the ordinate of the corresponding point in the 
preceding arch, and that consequently the area of 

each arch of y = K"'^)' ^-^ }^ jess than 

sin a; 

that of the arch before it. 

If tto? «i> c^2> ' • • ^n-i are the areas of the suc- 
cessive arches and a„ that of the incomplete arch termi- 

TT 

nated by the ordinate corresponding to a; = — 

n 
9 

/ sin (2fi + l)x 
^^-1 ax = do — «i + «a — as + • • • . 
sin a; 



But 



V 

2 



V 

2 




I) '^ 



Hence 



TT 

-- :t= tto — </i + «2 "~ ^h + ^^4 ""•*• + «n if w is even, 



or 

TT 



7: = (/o ~ ''1 + «2 — ^'3 + ''4 — • — ^n i^ ^ is odd. 



These equations can be written 



TT 



•^ = ^^0 + (— ^'1 + «2) + (— «8 + <*4) 

+ (— "5 + ^'e) H h (— o« - 1 + a«) 

if n is even, and 

- = ao +(—«! + ^'2) + (— "8 + «4) 

+ (— «6 + ae) H h (— «n-2 + ^«-i) + (— <*«) 

if 71 is odd. 
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In either case each parenthesis is a negative quantity since 

a© > tti ]> Oj !> ^8 • 7> a^f 

IT 

and it follows that a© is greater than -^ . 



Again 



IT 

2 = ^ ~ «l + («'2 -~ ^s) + (^4 — «6) H 1- («« -8 — «^n -l) + «• 

if n is even and 

TT 

2 = ^0 — «i + («2 — ^a) + (^4 — as) H h (a„ -1 — a«) 

if w is odd. 

In either case each parenthesis is positive and it follows that a© — «i is 

less than - . 



Since 



^® 2 ' 



77" 

tto and cf — <^i differ from — by less than they differ from each other, that 

is, by less than aj . 

In like manner we can show that a© — a^ and a^ — ai + Oj differ from 

— by less than a^\ and in general that a^ — a^ + «2 — ^s + ' * * i ^t differs 

TT 

from — by less than a^^; or even that 

Oo — «i + «a — «» H ± - 

differs from ~ by less than rt^ no matter what the value of ^, provided/? is 

greater than unity. 

35. From what has been proved in the last article it follows that 



J sm X 



where b is some value between 7: — p-r and — , differs from — by less than 

Zn -f- 1 ^ Z 

the area of the arch in which the ordinate of ?/ = ^ ^ correspond- 

•^ sm X ^ 

ing to x=:b falls if this ordinate divides an arch, or by less than the area 
of the arch next beyond the point (b, 0) if the curve crosses the axis of A' at 
that point. 
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TT 



The area of the arch in question is less than ^ — j-t7 , its base, multiplied by 

J« -)- 1 

1 



^^^(^■"2;iTi) 



, a value greater than the length of its longest ordinate. 



Therefore /- siu (2« + 1)» ^ 

J sma: 



TT TT 

differs from -jr by less than 



2n + l . 

sin 



0-2liT"i) 



If now n is indefinitely increased . r- approaches 

zero as its limit, and we get the very important result 

limit r r sin (2n + l)x ^n _;n; ^j^^ 

n=oo|_J since J 2 



if 0<^»<|. 



8 8 2^8 



36. s, = ^ pin(2n-|-l)ff 1 /> 8in(2n-|-l)^ 33 



sin/S ^ ttJ sinjS 

X £ 

2 2 



2 2 



^ 1 r sin(2» + l)^ 1 r sm(2n + l)P 

IT J sinB '^ irJ sinfi '^ 

_x ^ 

2 

ir X 

_ 1 A 8in(2n + l)ff 1 CtB^n±V^ 

IT J sin /J ^ ttJ sin)8 



IT X 

2^2 



_i pin(2n+l)ff 



This last value for S^ can be somewhat simplified. 
Substituting y = — )3 we get 

;3m(2« + l)^ ;8in(2n + l)y pin(2n+l)ff 

J 8m)8 '^ J smy 'J sin)3 



z z 

2 2 
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Substituting y = tt — /3 in 



' + ? 



J sm )8 '^ 



w 
9 

W « IT T W 

Y sin (271 + 1)P ^ y sin (2n + l)y ^ A sin(2n + l)ff 

J sin^ J ainy '^ J sin/3 " 

* "^ IT J- 



S 2 



2 2 

IT n X 

2 2 ~3 



J sin/3 J sini^ '^ 



sin/3 J sin)5 

u 

Hence 

2 r sini2n + l)p 2'r\in(2r^±r^ 2 Asin^tl)^ 

" ttJ sin/8 '^ ttJ sin/3 '^ ttJ sin/8 '^ 



pJn^^iW.,^^, ^^,^3^ 



sin^ 

'^ 



X 

2 



limit r r sin (2n + 1)/? -| __ ^ 
^=»LJ sin/8 '^'^J~2 



if < X < TT by (1) Art. 35 



and 



ir X 
2 ~2 



Therefore limit r5]==i + i_i = i if 0<sc<-r and 

4 r . .sin 3a: , sin 5x . sin 7x , "I , 

for all values of x between zero and tt. 

37. By a somewhat long but not especially difficult extension of the rea- 
soning just given it can be shown that if f(x) is single-vcdued and finite 
between a; = — tt and x^^nr^ and has only a finite number of disconr 
tlnuUIrs and of maxima and minima, between x = — tt and x = ir the 
Fourier^ 8 Series 

o ^0 + ^1 cos X + ^2 cos 2a; + h^ cos 3x + ' * * 

+ «i sin J* + r^2 sin 2x -f- aj sin 3x -J- ' ' * ' 
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where a^ = — I /(a) sin ma.da 



— IT 



ir 

and 6^ = — I f(a) cos w.a.da , 



— IT 



and that Fourier's Series only is equal to f{x) for all values of x between 
a: = — TT and x = iTy excepting the values of x corresponding to the discon- 
tinuities of f(x), and the values tt and — tt if /(tt) is not equal to /(— tt) ; 
and that if c is a value of x corresponding to a discontinuity of f(x), the value 
of the series when a; = c is 

1 limit _ ^ . N , /», I N -• 

and that if /(tt) is not equal to /(— tt) the value of the series when « = — tt 
and when a? = tt is 

|[/(-'r)+/(ir)]. 

If f(x) while satisfying the conditions named in the preceding paragraph 
except for a finite number of values of x, becomes infinite for those values, the 
series is equal to the function except for the values of x in question provided 

w 

that if(x)dx is finite and determinate, (v. Int. Cal. Arts. 83 and 84.) 



— » 



38. The question of the convergency of a Fourier's Series and the condi- 
tions under which a function may be developed in such a series was first 
attacked successfully by Dirichlet in 1829, and his ctonclusions have been 
criticised and extended by later mathematicians, notably by Riemann, Heine, 
Lipschitz, and du Bois Reymond. It may be noted that the criticisms relate 
not to the sufficiency but to the necessity of Dirichlet's conditions. 

An excellent r^sumd of the literature of the subject is >given by Arnold 
Sachse in a short dissertation published by Gauthier-Villars, Paris, 1880, 
entitled " Essai Historique ^ur la Representation d'une Fonction Arbitraire 
d'une seule variable par une S^rie Trigonom^trique." 

39. A good deal of light is thrown on the peculiarities of trigonometric 
series by the attempt to construct approximately the curves corresponding to 
them. 

If we construct y zn a^ sin x and y = n^ sin 2x and add the ordinates 
of the points having the same abscissas we shall obtain points on the curve 
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y=: ai sin x -{- a^ sin 2x . 

If now we construct y = ag sin 3a; and add the ordinates to those of 
// = cii sin a: + a, sin 2x we shall get the curve 

}j =: ai sin X -\- a^ sin 2x + a^ sin 3a;. 

Ky continuing this process we get successive approximations to 

• y = «! sin X -\- (12 sin 2x + a^ sin 3a; + a^ sin 4a; + • • • 

Let us apply this method to a few of the series which we have obtained in 
Chapter II. 
Take 

1 1 ' 

y = sin a; + - sin 3a; + ^ sin 5a; H (1) 

7J* 

= when a; = 0, ~ from a; = to a; = 7r, and when a; = 7r, 



v. Art. 26 [*](3). 

1.^.1.. 1 . 
nn X — 

= x from a; = to x = 7r, and when a; = 7r, 
Art. 26[a](4). 



^ «j ^ V 

y = 2 /sin a; — - sin 2a; + - sin 3a- — - sin 4a; + • • • j (2) 



y = - -2 sin a; — -g sin 3a; + -^ sin 5a; — -^ sin 7a; H (3) 

TT TT 

= a; from .t:=0 to a;=— , and tt — a; from a; = — to a; = 7r, 



Art. 26 [c](2). 

12 112 1 

y = - sin a; + - sin 2a; + - sin 3a; + - sin bx — - sin 6a; -f- - sin 7a; H (4) 

J. ^ O O U I 

TT *ir TT 

= when x ^ , — from a; = to a; = — , and from a; = -jr to a; = tt. 

A Ju £t 

V. An. 26 [^^](2). 

It must be borne in mind that each of these curves is periodic having the 
period 27r, and is symmetrical with respect to the origin. 

The following figures I, II, III, and IV represent th,e first four approxima- 
tions to each of these curves. 

In each, figure the curve y = the series, and the approximation in question 
are drawn in continuous lines, and the preceding approximation and the curve 
corresponding to the term to be added are drawn in dotted lines. 
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Figs. I, II, III, and IV immediately suggest the following facts: 

(a) The curve representing each approximation is continuous even when 
the curve representing the series is discontinuous. 

(b) When the curve representing the series is discontinuous the portion of 
each successive approximate curve in the neighborhood of the point whose 
abscissa is a value of x for which the series curve is discontinuous approaches 
more and more nearly a straight line perpendicular to the axis of X and con- 
necting the separate, portions of the series curve. 

(c) The curves representing successive approximations do not necessarily 
tend to lose their wavy character, since each is obtained from the preceding 
one by superposing upon it a wave line whose waves are shorter each time but 
do not necessarily lose their sharpness of pitch. This is the case in Figures 
I, II, and IV. In Fig. Ill the waves of the superposed curves grow rapidly 
flatter. 

It follows from this that in such cases as those represented in Figures I, II, 
and IV the direction of the approximate curve at a point having a given 
abscissa does not in general approach the direction of the series curve at the 
corresponding point, or indeed, approach any limiting vaFue, as the approxima- 
tion is made closer and closer; and that the length of any portion of the 
approximate curve will not in general approach the length of the correspond- 
ing portion of the series curve. 

Analytically this amounts to saying that the derivative of a function of x 
cannot in general be obtained by differentiating term by term the Fourier's *^ 
Series which represents the function. 

(d) The area bounded by a given ordinate, the approximate curve, the axis of 
Xf and any second ordinate will approach as its limit the corresponding area of 
the series curve if the series curve is continuous between the ordinates in 
question; and will approach the area bounded by the given ordinate, the series 
curve, the axis of X, any second ordinate, and a line perpendicular to the axis 
of Xf and joining the separate portions of the series curve if the latter has a 
discontinuity between the ordinates in question. 

Analytically this amounts to saying that the Fourier's Series corresponding 
to any given function can be integrated term by term and the resulting series 
will represent the integral of the function even when the function is 
discontinuous (v. Int. Cal. Art. 83). 

We may note in passing that if the function curve is continuous a curve 
representing the integral of the function will be continuous and will not 
change its direction abruptly at any point; while if the function curve is dis- 
continuous the curve representing the integral will still be continuous but will 
change its direction abruptly at points corresponding to the discontinuities of 
the given funcjjion. 
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40. The facts that the derivative of a Fourier's Series cannot in general be 
obtained by differentiating the. series term by term and that its integral can be 
obtained by integrating the series term by term are so important that it is 
worth while to look at the matter a little more closely. Let us consider the 
differentiation of the series represented in Art. 39 Figure I. 

Let 

11 1 

5, = sin a* + - sin 3a; + p sin 5a; H — • + sin (2n + 1): 

Then ^ = cos x + cos 3a; + cos 5.t + • • • + cos (2n + l)a;. 



)x. 



If x = 5 



dx 



IT 

and the curve is parallel to the axis of X for a? = -^ no matter what the 

value of n . 

If a; = or a; = tt 

JO 

^" = l + l + l + lH hl='/i + l 

dx 

and the curve !/= S^ becomes more nearly perpendicular to the axis of X 
at the origin and for a; = tt as we increase n. 

TT 



If .= 3 



dx 2 ^2^2 ^2^ 



That is ^= ^ if n = or n = Sk 

ax - 2 



1 
2 



71 = 1 " n == 3A; + 1 



= « n = 2 " 7i = 3A: + 2. 

Consequently when ^ = o y" does not approach any limiting value as n is 
indefinitely increased. Indeed, in the successive approximations the point 

TT 

whose abscissa is -^ is successively on the rear, on the front, and on the crest 

or in the trough of a wave, and although the waves are getting smaller they do 
not lose their sharpness of pitch. 

If X has any other value between and tt -j-^ will change abruptly as w is 
changed and will not approach any limiting value as n is increased. 
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41. In general if we differentiate a Fourier's Series 

/S= o ^0 + ^1 cos x + bi cos 2x + b^ cos 3» + • • • 

+ «! sin X + ajsin 2x + ag sin 3a; H 

we get 

— ^1 sin X — 2^8 sin 2x — 3^8 sin Sx — • • • 

+ aiCOsa5 + 2a,cos2a:+3a8COs3a;+ • • •. 
Differentiate again and we get 

— bi cos X — 2\ COS 2x — 3*^8 cos 3j; — • • 

— aisina;--2^aasin2a; — 3*^8siii3ar— • • •. 

We see that each time we differentiate we multiply the coefficient of sin kx 
and of cos kxhy k while the term still involves cos kx or sin kx . 
Since the series 

cos X + cos 2x + cos 3x-\- • ' • 

+ sin a; + sin 2a: + sin 3a; H — • 

is not convergent, and a Fourier's Series converges only because its coefficients 
decrease as we advance in the series, the differentiation of a Fourier's Series 
must make its convergence less rapid if it does not actually destroy it, and 
repetitions of the process will usually eventually make the derived series 
diverge. 

It is to be observed that the derived series are Fourier's Series, but of some- 
what special form, that is they lack the constant term. (v. Art. 30.) 

If now we integrate a Fourier's Series 

9 ^0 + ^1 cos X + bi cos 2x + ftg cos 3a; + • • • 
+ «! sin X + «^ sin 2a; + a^ sin 3a; + • • • 
we get (7+ o ^0^ + ^1 sin a; + - b^ sin 2x-\-'Tbi sin 3a; H 

— «! COS X — - flj COS 2a; — -ra^ cos 3a; — • • , 

a Trigonometric Series which converges more rapidly than the given series. 

It is to be observed that the series obtained by integrating a Fourier's 
Series is not in general a Fourier's Series owing to the presence of the term 
ibffic, (V. Art. 30.) 

42. We are now ready to consider the conditions under which a function of 
X can be developed into a Fourier's Series whose term by term derivative shall 
be equal to the derivative of the function. 
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« 

Let the function f(x) satisfy the conditions stated in Art. 37. Then there 
is one Fourier's Series and but one which is equal to it. Call this series S, 

Let the derivative /'(«)* of the given function also satisfy the conditions 
stated in Art. 37. Then j"(x) can be expressed as a Fourier's Series. By Art. 
39 (d) the integral of this latter series will be equal to the integral of /'(a;), 
that is to f(x) plus a constant, and one integral will be equal to f(x) . 

If this integral which is necessarily a Trigonometric Series is a Fourier's 
Series it must be identical with S, It will be a Fourier's Series only iu case 
the Fourier's Series for f\x) lacks the constant term ^ h^. 



But 



IT 

Jo =f ~ Cf(?i)dx by (3) Art. 30. 



— »■ 



4 



Therefore do = - [/(t) — /(— w) ] ; 

and will be zero if f{ir) =/(—• ir) . 

In order that f\x) shall satisfy the conditions stated in Art. 37 f(x) while 
satisfying the same conditions must in addition be finite and continuous 
between a; = — tt and a? = tt. 

If, then, f(x) is sin/jfle-valiced, fi^iite, and continuous^ and has only a finite 
number of maxima and minima^ between « = — tt and aj = tt, (the values 
ar = — IT and x = ir being included), and if f(ir) =/( — tt) f(x) can be 
developed into a Fourier's Series whose term, by tei?n derivative will be equal 
to the derivative of the function. ' ' 

It will be observed that in this case the periodic curve y = /S is continuous 
throughout its whole extent. 

43. Since a Fourier's Integral is a limiting case of a Fourier's Series the 
conclusions stated in this chapter hold, mtvtatis mutandis for j^ Fourier's 
Integral. . •-, '■• 

For example if a function of x is finite and 8ingle-^falued for all values of x 
and has not an infinite number of discontinuities or of maxima and minima in 
the neighborhood of any value of x it will be equal to the Fourier's Integral 



^A/^(^) 



— 3D 



COS a(X — x).d\ 

and to that Fourier's Integral only, and the integral .yrith respect to a; of this 
Fourier's Integral will be equal to Cf(x)dx. 

If in addition f(x) is finite and continuous for all values of x the derivative 

df(x) 
of the Fourier's Integral with respect to x will be equal to "~^ • 

* We shall regularly use the notation f(x) for -^ . v. Dif . Cal. Art. 124. 



CHAPTER IV. 

SOLUTION OF PROBLEMS IN PHYSICS BY THE AID OP POURIER'S 

INTEGRALS AND FOURIER'S SERIES. 

44. In Art. 7 we have already considered at some length a problem in 
Heat Conduction which required the use of a Fourier's Series. We shall begin 
the present chapter with a problem closely analogous in its treatment to that 
of Art. 7, but calling for the use of a Fourier's Integral. 

Suppose that electricity is flowing in a thin plane pheet of infinite extent 
and that the value of the potential function is given for every point in some 
straight line in the sheet, required the value of the potential function at any 
point of the sheet. 

Let us take the line as the axis of X and consider at first only those points 
for which y is positive : 

We have, then, to satisfy the equation 

DlV+DiV=0 (1) 

subject to the conditions 

V= when y = oo (2) 

V=f(^) " y = (3) 

where f(x) is a given function, and we are not concerned with negative 
values of y. 

As in Art. 7 we have er'^ sin ax and «""«*' cos ax as particular values of V 
which satisfy (1) and (2). We must multiply them by constant coefiicients 
and so combine them as to satisfy condition (3). 

By (3) Art. 32 

f(x) = - Cda Cf(\) cos a(k — x).d\ . 4) 



— » 



We wish to build up a value of F which will reduce to (4) when // = 
This requires a little care but not much ingenuity. 
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Take e^*^ cos ax aiid e-'^ sin ax and multiply the first by cos aX, and 
the second by sin a\ ; they are still values of V which satisfy (1). Add 
these and we get 

^""•"'co8a(A— ic), 

still a value of V which satisfies (1), no matter what the values of a and X. 
Multiply by f{\)dX and we have 

e"*»'/(A) cos a(X — x).d\ (5) 

as a value of V which satisfies (1). 

F= re-*V(^)cosa(X--a;).rfX (6) 



— ae 



is still a solution of (1) since it is the limit of the sum of terms covered by 
the form (5); and finally 

r= - Cda Ce- •«'/(X) COS a(X — x).dX (7) 



— * 



is a solution of (1) as it is — multiplied by the limit of the sum of terms 

formed by multiplying the second member of (6) by da and giving different 
values to a. 

But (7) must be our required solution since while it satisfies (1) and (2), it 
reduces to (4) when j/ = and therefore satisfies condition (3). 

If f(x) is an even function we can reduce (7) to the form 

r = - Cda Cfi- •*'/(X) cos ax cos a\.dk (8) 



and if f(x) is an odd function to the form 

2 



OD 00 



V= - Cda Ce-''yf{\) sin ax sin aX.rfX . (9) 

II II 

(7), (8), and (9) are valid only for positive values of y, but as the problem is 
obviously symmetrical with respect to the axis of X, (7), (8), and (9) enable 
us to get the value of the potential function at any point of the plane. 



EXAMPLES. 

1. Obtain forms (8) and (9) directly by the aid of (5) and (4) Art. 32. 

2. State a problem in statical electricity of which the solution given in 
' rt. 44 is the solution. 
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45. As a special case under Art. 44 let us consider the problem: — To find 
the value of the potential function at any point of a thin plane sheet of infinite 
extent where all points of a given line which lie to the left of the origin are 
kept at potential zero, and all points which lie to the right of the origin are 
kept at potential unity. 

Here /(a;) = 0.if a;<0 and f{x) = l if a:>0. 

(7) Art. 44 gives us the required solution. It is 

V=z- Cda fe— ^cos a{\ — x).d\ ; (1) 



but this can be much simplified. 
We have 



OD 00 

r=~ Cd\ Ce-'^v COS a(X^x),da. 







Now \ e^^ cos mx.dx = -z—. — s 



if a > . (Int. Cal. Art. 82, Ex. 8.) 

00 

Hence J*«— •'cosa(X-a;).Ai = ^^-— L_ 





00 



^J 2r + (A — xy TT \2 yf 



tan(|-tau-^) = ctn(tan-p = ^; 

and consequently 

r=^ (^ + tan-i^) = 1 - i tan-> ^ . (2) 

7r\2 yf TT X ^ 

1 V 

Since log z = log (x + yt) = - log (a:' + 2^0 + * ^^Ji" * - , 

[Int. Cal. Art. 33 (2)], 

i — - log«= i — -log (x + yi) = — — log (x^ + y^ + ill tan-*^) 

1 ?/ 1 

and 1 tan"" * - and — — log (x^ + y^ are conjugate functions, (v. Int. 

Cal. Arts. 209 and 210.) Hence 

Vi = -^log(x^ + y^ (3) 

is a solution of the equation 

D*Vr + D;V, = Oi (4) 
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[Art. 45. 



and the curves 



^(f+'-»-i)=« 



(5) 



and 



- — log(x2 + y^=ft 



Z.TT 



(6) 



cut each other at right angles. 

If we construct the curves obtained by giving different values to a in (5) we 
get a set of equipoterUial lines for the conducting sheet described at the begin- 
ning of this article, and the curves obtained by giving different values to (b) in 
(6) will be the lines of flow. 

Moreover since 1 i / a i 2\ /q\ 

^1=— — log(x« + y^ (3) 

is a solution of Laplace's Equation (4), the lines of flow just mentioned will be 
equipotential lines for a certain distribution of potential, for which the equi- 
potential lines above mentioned will be lines of flow. 
F=a, that is 



reduces to 



^(^+*^°"'i)=*' 



y = — X tan air . 



(5) 
(7) 



If now we give to a values differing by a constant amount we get a set of 
straight lines radiating from the origin and at equal angular intervals. 
Vi = b, that is 

-^log(x^ + !/^ = b, (6) 



27r 



reduces to 



a:^-\-y^ = e 



I— 2irb 



(8) 



If we give to ^ a set of values differing by a constant amount we get a set 
of circles whose centres are at the origin and whose radii form a geometrical 
progression. They are the equipotential lines for a thin plane sheet of infinite 
extent where the potential function is kept equal to given different constant 
values on the circumferences of two given concentric circles or where we have 

a source af the origin; and for this 
system the lines (7) are lines of flow, 
and (3) is the complete solution. 

The figure gives the equipotential 
lines and lines of flow for either sys- 
tem, but only for positive values of y. 
The complete figure has the axis of X 
as an axis of symmetry. 
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EXAMPLES- 

1. Solt-e the problem of Art. 44 for the case where 

/(a;)= — 1 if x<0 and /(x) = l if .r>0. 



Ans., p^= — tan"^- 

TT 1/ 



2. Solve the problem of Art. 44 for the case where 



f{x)^a if x<0 and f(x)=b if .r>0. 
3. Reduce (7), (8), and (9) Art. 44 to the forms 



X 



Ty. jr" + (X - a;)« ' 



r= ifjA^ If + iK-.r - y' + CX + .J ' 

respectively. 

46. An especially interesting case of Art. 44 is the following where 
/(jr) = if x<-l, f(x) = l if .-1<J-<1, and f(x)=0 if x>l. 

Here K= - ftan- ^ ?-t£ _|. tan- ^ ^^^^^l . (1) 

'Sow - log [(1 — z)i] = - log [(1 — ar — .//i) /] = - log [// + (1 — x)q 

= ^ log [(1 - x)» + y] + ^ tan-' i^ , 

if 

and 

- - log [ (— 1 — «) i] = — - log [(— l—x — yi) '] = — - log [y — (1 + ^)^'] 

JTT ^ y 

-log— :j = — log ). , (2 ' ' +- tan-^— ^- + tan-i . 

TT — 1 — « 27r (1 + ir)* + //* TT L y y -i 
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Hence 

-(tan-^— ^— + tan-^ 1 and ~ log \ , ;, _[ '\ . 

TT \ y ^ / 27r ° (1 + ic)^ + y» 

are conjugcUe functions;* and 

1 /tan-^i-±^ + tan-^ i^^) = a (2) 

is any equipotential line, and 

27r^°^(H-a;)« + y ' ^'^> 

any line of flow for the system described at the beginning of this article; and 

is the solution of a new problem for which (3) represents any equipotential 
line and (2) any line of flow. 

* The function conjugate to 

- tan-i h tan-» 

^ L y y J 

might have been found as follows. If is the required function and ^ the given function we 
have by Int. Cal. Arts. aO&, 88(^, and 310 the relations ^ , / o . -, /* t, >) "x / y / 

Djc<t> = Dfi> and Dy<t> = — T)xf ■ 

"""* ^'* = -l [(1 + x)^ + y^ "^ (1 -^'+ J 

If now we integrate Dy^/^ with respect to x treating ^ as a constant and add an arbitrary 
function of y we shall have 4> . So that 

= - ;j^ I log [(1 + x)2 + y2] - log [(1 - x)2 + 2^] [ -l-/(y) . 



^''^ "^ " T L ( 1 + X)2 + y2 "" (1 - X)2 + y2 J "^ 






Comparing this with its equal — Dxf above we find -^— ' = and f{y) = C a constant 

therefore - log i^-^-J^^^ + C , 

where C may be taken at pleasure, is our required conjugate function. 
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(2) reduces to 



2y 

2 ■ o T = tan aTT 



or 



x^-\- (i/ — ctn air)'^ = csc^air ; 



(6) 



and (3) to 






or 



(^+$^^*+^=(?±^'-' 



or 



(x + etnh ^tt)* + y^ = csch^^Tr . 



(6) 



(5) and (6) are circles. The circles (5) have their centres in the axis of Y, 
and pass through the points ( — 1,0) and (1 , 0) ; and the circles (6) have their 
centres in the axis of X, 

(4) is the complete solution, (6) is any equipotential line and (5) any line of 
flow for a plane sheet in which the points in the circumferences of two given 
circles whose centres are further apart than the sum of their radii are kept at 
different constant potentials, or where a source and a sink of equal intensity 
are placed at the points (— 1, 0) and (1, 0). An important practical ex- 
ample is where two wires connected with the poles of a battery are placed 
with their free ends in contact with a thin plane sheet of conducting material. 
The figure shows the equipotential lines and lines of flow of either system. 

The complete figure would have the axis of X for an axis of symmetry. 




r«o 



K^« K=i PT- 



r-o 



EXAMPLES. 



1. Show that if f(x) = Ui when x<, — b, f(x) = a^ when — b<,x<Cb , 
f(x) = as when x>b, 



r= 



«i + a, 



+ 



-[(««~«i) 



tan~^ + (a^ — Wg) tan"^ ^ 
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2. Show that if f(x)=0 if x<0, f(x) = a, if <a; </>i, /(«) =«, if 
bi<Cx < b^y f(x):=a^ if /-•g < a; < ^s . &c., 



tan-^ - + («i — aj) tan~* -^^ + (wj — a*) tan~^ — 

^ i/ y 



+ («,-«,) tan- '^'^+--]. 

3. Show that if /(«) = — 1 if x < — 1, /(x) =a; if — l<x<l, 
/(x) = l if a:>l, 

r=ir(l + x)tan-i±^-(l-x)tan->i^ + |logg-^4±i^n. 

4. Show that if /(a) = — 1 if a;<-l, /(x)=0 if — l<wr<l, 
f(x) = 1 if a > 1 , 

r=irtan-L±^-tan-?^^l. 

Show that the equipotential lines are equilateral hyperbolas passing through 
the points (— 1, 0) and (1, 0), and that the lines of flow are Cassinian ovals 
having ( — 1, 0) and (1, 0) as foci. The lines of flow are equipotential lines 
and the equipotential lines are lines of flow for the case where the points 
( — 1, 0) and (1, 0) are kept at the same infinite potential^ or where very small 
ovals surrounding these points are kept at the same finite potential. The case 
is approximately that of a pair of wires connected with the same pole of a 
battery whose other pole is grounded, and then placed with their ends in con- 
tact with a thin plane conducting sheet. 

5. Show that if /(a;)=0 if a:<0, /(a;)= — 1 if 0<'.7r<a, /(a;) = 
if «7<a!-<^, and /(a:) = l if x>h^ 

F=ir^-tan-^^-tan-^^^-tan-:^l. 
wL2 y y . yJ 

The conjugate function 

jr 1 1 ^' + y' 



27r ^ [(<t - xf + rj\{h - xY + f-] 

is the solution for the case where a sink and two sources of equal intensity lie 
on the axis of A", the sink at the origin and the sources at the distances a and 
b to the right of the origin. One of the lines of flow is easily seen to be the 
circle x^ -\- i/=^ah, 

47. If the plane conducting sheet has two straight edges at right angles 
with each other and one is kept at potential zero while the value of the poten- 
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tial function is given at each point of the second, that is if V = when 
x = and ^=/(J') when y = 0, the solution is readily obtained. It is 



00 a. 

V=- Cda Ce- *«'/(X) sin ax sin ak,dk . (1) 





V. (9) Art. 44. 
This reduces to 



^ OB mm. ^ 



(2) 



V. Ex. 3 Art. 45. 

EXAMPLES. 



1. If V=0 when y = and V=F(i/) when x = show that 



2 • ^ 



r= - j t/a j 6J~"" i^(X) sin a^ sin aX„d\ 



= :;;:/^W'^^ La^ + (x - y)» ~ x» + (>. + ?/)» J " 

2. If V=f(x) when y = and V=FQ/) when « = () show that 

3. If i^(y) = ^ the result of Ex. 2 reduces to 



•-- * + i/w* [^+7^^. - f+^q ■ 



4. If F(i/) = 1 for 0<2/<l and i^(?/) = for t/> 1 while /(a:) = 1 
for 0<a;<l and f(x) = for ir>l 

r= -ftan-i ?^^ - tan-^ i^ + 2 tan~» '^ 
ttL 2/ // J- 

+ tan-^ ^—^ - tan-^ ^-^^^ + 2 tan-^ -1 • 

X X 7jJ 
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5. If one edge of the conducting sheet treated in Art. 47 is insulatedi so that 
D^V=0 if x = and V=f(x) when y = 

O * OB 

V=— I da I €r^yf(>) cos ax cos dK.d\ 



48. If the conducting sheet is a long strip with parallel edges one of which 
is at potential zero while the value of the potential function is given at all 
points of the other, that is if ^^=0 when y = and V=F(x) when 
y=ib the problem is not a very difficult one. 

Since we are no longer concerned with the value of V when y = oo 
V=z e^v sin ax and ^= e*" cos ax are available as particular solutions of the 
equation 

D^V+D,'V=0 (1) 

as well as F'= e~**' sin ax and r= e~*y cos ax . 

Consequently sin ax = cosh ay sin ast [Int. Cal. Art. 43 (2)] 

and ;5 gin ax = sinh ay sin aa; [Int. Cal. Art. 43 (1)] 

and cosh ay cos oo; and sinh ay cos oo: 

are now available values of V and can be used precisely as e~*«' cos ax and 
6"**' sin ox are used in Art. 44. 

Following the same course as in Art. 44 we get 

—00 

as a solution of (1) which will reduce to ¥•=■ F(x) when y^^h 

and to F'= when y = , since sinh = — r — = , 

and (2) is therefore our required solution. 

If F is to be equal to zero when y = 6 and to f(x) when j^ = we have 
only to replace yhy h — y and F(x) by f(x) in (2). We get 

''=W'-^=5^^A*)c»».<X-«).*. ■ (3) 



^ 
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If F=/(a) when y = and V^F(x) when y = b then 



— OD 

OB OD 



sinh ay 



+^/'^/Sh3^<^)-«-(^-^)-'^ 



— » 



This can be considerably simplified by the aid of the formula 



9C 

/ 



. pir 
• -u sm-'— 
sinh»ic , TT q 
cos rar.aa: = 



V sinh gx 2q pir , , nr 
^ ' cos "* h cosh — 

if p^<iq^. [Bierens de Haan, Tables of Del Int. (7) 265] and becomes 

d\ 

TT 



F=lsin^(.-y)J>(X) ;^ 

- , COS ^ . -^^ + 



+!"■■?/'(« 



^ + cosh-(X — x) 
(2A 



OB 

_ . dX 

or 



Try , , TT ,^ ^ 
— COS -r + cosh T f A — x) 



^=l8in!Q?rT ^^ +^ ^ >. (5) 

^^ * ^, "-cosh ^ (X -*)- COS ^ cosh 1^ (X - X) + cos ^-l 



EXAMPLES. 
1. Given the formula 



— = tan-^ (\/ , , tanh ^ J if ^ > a , 

a + ftcosha: y^^a _ „« \\i + a 2/ 

show that if F'= 1 when y = and r= when y=^h V= T(b — y), 

2. Show that if r=0 when y=^b, F= — 1 when y = and 
a; < , and Fss 1 when y = and a* > 

2 r'^''^ S- 

F=-tan->' 



L ^__ TTI/ J 



TT L ^ Try 



The solution for the conjugate system, that is, for a strip having a source at 
(0, 0) and an infinitely distant sink is 



^=-|l«K[«o«h'l-«o«'^]- 
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3. Show that if F'= — 1 when 2/ = and x<.0, V=l when ^ = 
and a; > , V= — 1 when ]/ = b and x<.0 , and V= 1 when 
i/ = b and a: > , 

F= ^ tan- ' (ten g (6 - y) tenh g) + ^ ten"' (ten | y tanh g) 

sin ^ 
6 

The solution for the conjugate system, that is, for a strip having a source and a 
sink at the points (0, 0) and (0, b) is 

, TTX , Try 

. r-COSh -T- + COS -^ -_ 

r=^iog[ * — — ^1. 

TT L_ , TTX TT?/ J 

cosh —, COS -r- 

' b b 

4. If F=0 when a- = 0, r=/(a:) when ^ = and x>i), and r=0 
when f/ = b and a; > , 

r=- fda psinh a(^> - //) j-^^g ^.^ - a:) - cos a(X + a;)]/(A)rfX 
TT*/ ?/ sinh aZ» 



= 1 sin ^/ f r 1 . ^- 1/(X)rfX 

•^ cosh 7-(A — x) — cos -r cosh t (^ + ^) — cos -p -* 
€>^ b b ^ b 

for positive values of x and for values of y betweeen and b . 

5. If Fi = when x = 0, Vi = F(x) when y =b and a->0, and 
Fi = when y = and x > 

r, = 1 sin EJ^ f r 1 1 y(A)e£X 

** cosh T f A — J") + COS -r- cosh -7 (A. + au) + cos -f- 
b ^ b b ^ b 

for positive values of x and values of y between and b. 

6. If F2=0 when x = 0, Fj =/(x) when y = and x>0, and 
Fj = ii^(x) when y := ^ and x > 

F2=F+Fi for x>0 and 0<y<b. (v. Exs. 4 and 5) 

7. If one edge of the strip described in Art. 48 is insulated so that we have 
F = /(x) when y = and i)j,F=0 when y = b show that 



U — 



Chap. IV.] FLOW OF HEAT IN ONE DIRECTION. 81 

By the aid of the formula 

00 , cosh ~ cos ^ / 

/cosh^a? , IT 2q 2y -i?, ^ ^ h„ 

— r-^-- cos rsc.cfo = " P^^Mj 

cosh qx q pTT , .rw / 

cos^- — hcosh — 

[Bierens de Haan, Def. Int. Tables (6) 266] , 
reduce this to 

1 nryr /(^) ^^^^ § (^ " ^) 
F=isin^r ^-^ d\. 

_„ cosh y (X — x) — cos -J- 

8. If F'=0 when y = or h and ir< — a, ^=1 when y = or ft 
and — a<.x<iaj and ^^=0 when // = or ft and x'> a 

sinh —^ smh — ^^-y — 

r=-rtan-i + tan-i h 

TT L TT// Try J 

sin -T- sin -r 

b b 

9. If ^=0 when 2^ = or ft and «< — a, r=l when y = and 
— a<.x<.a, V=0 when y = or ft and «>«, and F'= — 1 when 
y = b and — a <[ ar < o 

tanh^^i^) ta.,h^?:^^> 

r=-rtan-^ ' + tan-» • 

TT L ^ Try ^ Try J 

tan -f^ tan -7^ 

ft ft 

10. A system conjugate to that of Ex. 9 is ^^= + 00 when y = or ft 
and 35 = — a, F'= — 00 when y = or ft and a* = a . In this case 

F=-lloK ^ ^— • 

ft ft 

49. Let us take now a problem in the flow of heat. Suppose we have an 
infinite solid in which heat flows only in one direction, and that at the start the 
temperature of each point of the solid is given. Let it be required to find the 
temperature of any point of the solid at the end of the time t. 

Here we have to solve the equation 

D,u = aWJu (1) 

[v. Art. 1 (11)] subject to the condition 

u — f(x) when ^ = 0. (2) 



1 

_> 
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As the equation (1) is linear with constant coefficients we can get a particu- 
lar solution by the device used in Arts. 7 and 8. 
Let w = e^'+'" and substitute in (1). We get 

as the only relation which need hold between /3 and a. 

Hence u:=ef^+ «**»' — ef^^ e« (3) 

is a solution of (1) no matter what value is given to a. 
To get a trigonometric form replace a by ai. 

Then u = e-«'*« e^. 

If in (3) we replace a by — al we get 

As in Arts. 7 and 8 we get from these values 

u = e-«*»" sin ax and u = e-<*^' cos ax 

as particular solutions of (1), a being wholly unrestricted. 

From these values we wish to build up a value of u which shall reduce to 
f(x) when ^ = and shall still be a solution of (1). 

We have f{x) = 1 Cda CfQC) cos a(\ — x),dX, (4) 

—00 

V, Art. 32 (3), and by proceeding as in Art. 44 we get • J 

M = i Cda fe- «^/(A) cos a(\ — x),dk (5) 

^ -00 

as our required value of u. 

This can be considerably simplified. 
Changing the order of integration 



00 » 



u — 1 CfQOdk fe-** cos a(\ — x).da . (6) 

00 

fe-^'*^ COS a(\ — x),da = Jl J^! . e" ^^^ (7) 

by the formula 



2a \t 



OD 



V^ 6» 



Hence 



Ce-"^ cos «»a;.(ix = ^ e-& [Int. Cal. Art. 94 (2)] 



00 

« = -^ r/(X) e-^^<«\. (8) 
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Let now Q = jr , 

2ayft 

then \ = x + 2asft,p 



and 






EXAMPLES. 



1. Let the solid be of infinite extent and let the temperature be equal to a 
constant c at the time f = . 

Then u = ^f^'^^P = ^ fe'^dp = ^ . 

V. Int. Cal. Art. 92 (2). 

2. Let M = a; when ^ = 0. 

oe 

Then ^ ~ ^7=^ A^ ■*" 2«V^-)8)e-^rf)8 = x . 



^. Let w = aj* when ^ = 0. 

Then u==x* + 2aH. 

4. Let M = if xK — bf w=l if —Kx^b, and w = if x'>h, 
when ^ = . 
Then 

VW V^L2aV^ 3(2aV<)' 5.2!(2av^0' -^ 

o. Let M = if a<0 and « = 1 if a;>0 when ^ = 0. 
Then 

r ac 







^1 1 r a; g* a;^ . x^ +..."1 

2 "^ V/^ l.2ayft 3.(2a^iy 5.2 l(2ay/'ty 7.3 l(2a)/'ty J ' 

6. An iron slab 10 c. m. thick is placed between and in contact with two 
very thick iron slabs. The initial temperature of the middle slab is 100% and 
of each of the outer slabs 0°. Required the temperature of a point in the 
middle of the inner slab fifteen minutes after the slabs have been put together. 
Given a« = 0.185 in C.G.S. units. Ans., 2V.6, 
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7. Two very thick iron slabs one of which is at the temperature 0** and the 
other at the temperature 100** throughout are placed together face to face. 
Find the temperature of each slab 10 c. m. from their common face fifteen 
minutes after they have been placed together. Ans., TO^.S, 29°. 2. 

8. Find a particular solution of DtU = a^D^u on the assumption that it 
is of the form u = T,X where T is a function of t alone and -ST is a function 
of X alone. 

50. If our solid has one plane face which is kept at the constant tem- 
perature zero, and we start with any given distribution of heat, the problem is 
somewhat modified. 

Take the origin of coordinates in the plane face. Then we have as before 

the equation 

D,u = aW^u, (1) 

but our conditions are 

w = when x = (2) 

n=f(x) " / = (3) 

and we are concerned only with positive values of x. 
We may then use the form (4) Art. 32 






f(x) ==— ( dai f(k) sin ax sin ak.dX, , (4) 



and proceeding as in the last section we get 

2 



= - Cda Ce-'^fiX) sin ax sin aX.d\ (6) 



as our required solution. This may be reduced considerably. 



TO OD 



M = - Cf(\)d\ re-°^'[cos a(A — ^) — cos a{\ + x)]eia, 

u 

OB 

or It = _1_^ |7(X) (e- ^r - e- ^^)rfX (6) 

by (7) Art. 49, and this may be reduced to the form 

OB X 



X X 



EXAMPLES. 
1. Let the initial temperature be constant and equal to e. 
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Then 



X X 



2oV« ios/i 



2ov'r 
2r /• .._ C 



Q_ 



=^/-'^^ " t- 



""v'^L2av^^ 3.(2aV0* 5.2!(2av/'^)'^ 7.3!(2aV0' -I' ^ 

2. Assuming that the earth was originally at the temperature 7000° Fahren- 
heit throughout, and that the surface was kept at the constant temperature 0°, 
find (1) the temperature 10 miles below the surface 10,000,000 years after the 
cooling began; (2) the temperature 1 mile below the surface at the same 
epoch; (3) the temperature 10 miles below the surface 100,000,000 years after 
the cooling began; (4) the temperature 1 mile below the surface at the same 
epoch; (5) the rate at which the temperature was increasing with the distance 
from the surface at each point at each epoch. 

Neglect the convexity of the earth's surface and take Sir Wm. Thomson's 
value of a* (400) the foot, the Fahrenheit degree, and the year being taken as 
units. (Thomson and Tait's Nat. Phil. Vol. II. Appendix.) 

Am., (1) 3114°; (2) 3S2°.S; (3)1036°; (4) 103°; (5) 1° for every 20 feet, 3° 
for every 50 feet, 1° for every 50 feet, 1° for every 50 feet. 

3. Let the initial temperature be constant and equal to — b, then by Ex. 1 



2Wt 



—T^^"' 



4. Let the temperature of the plane face be h instead of zero, and let the 
initial tempei-ature be zero. 

Then we have only to add b to the second member of the solution in Ex. 3, 
as we may since w = 6 is a solution of (1) Art. 49, and we get 

_x 
%as/t 

5. Let w = 6"*wlien a? = and u = f(x) when ^ = 0. 
Then 

X 

by (6) Art. bd} 
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6. Let u^=b when a; = and ' w = c when ^ = . 

X 

Then n=zhJ^(c-^h) J=J^~^dP' 

7. If the earth has been cooling for 200,000,000 years from a uniform tem- 
perature, prove that the rate of cooling is greatest at a depth of about 76 
miles, and that at a depth of about 130 miles the rate of cooling has reached 
its maximum value for all time. Let a* = 400. 

8. Show that if the plane face of the solid considered in Art. 50 instead of 
being kept at temperature zero is impervious to heat 

w = -^~=|/(A)(e "^^ +e *^ )d\, V. (6) Art. 50. 

51. If the temperature of the plane face of the solid described in Art. 50 
is a given function of* the time and the initial temperature is zero, the solution 
of the problem can be obtained by a very ingenious method due to Riemann. 

Here we have to solve the equation 

D^u — a^Diu (1) 

subject to the conditions 



u = F(t) when a = 
w = " 



= > 

= 0*. ). ^ 



We know that 



X _ 

2 



' 

is a solution of (1), v. Ex. 1 Art. 50. It is easily shown that 

X 

« = -^ Ce-^d^, (3) 

where c is any constant, is a solution of (1). 
Tor 

_ aa 
^21 4a«(t-c) 

Vtt 2aSt — c 

a^ — - _ ^ 

Vtt 2a\//J - c 4a\j{ - c) 2a Vtt 

and DtU = aW^u. 



I I 

I 
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Let <f>(Xj t) be a function oi x and t wJiich shall be equal to zero if t is 
negative and shall be equal to 

2 



1 - -^ Ce-f^dp 



if t is equal to or greater than zero; so that if a5 = <^(ic, f) = l and if 
/ = </»(«, 0=0. 

We shall now attack the following problem, to solve equation (1) subject to 
the conditions 

w = if i5 = 

w = i?'(0) " a; = and 0<^<t 

u^^Fikr)'' aj = " A^r < ^ <:(Jfc + 1)t, 

where k is any whole number and t is any arbitrarily chosen interval of time. 
If w^e form the value 

u = F(kr)l4>(x, t - A-r) - <l>(x, f-(k + 1)t)] (4) 

u will satisfy equation (1) since zero, unity and 



2aV/ — fcr 

-^ fe-P'dp 

are values of u which satisfy (1). u will be zero if t<.kr by the definition 
x)f the function <l>(x, t)] if a; = u = if ^ > (A; + 1)t and u = F(kT) if 

A;T<f<(A; + l)r. 
Therefore 

w = 2) i^(A;T)[<^(a;, t — kr)- ^{x, ^ - (A: + 1)t)] (5) 

is the solution of the problem stated above. 

(5) can be simplified somewhat from the consideration that for a given value 
of t ^(o*, t — kr) =0 if At > ^. If, then, wr is the greatest whole multiple 
of T not exceeding t, 

^* = 2 ^(^'' )t*(^»^ ~ ^'^^ ~ ^(''^ ^ - (^ + 1)t)] . (6) 

If now we decrease t indefinitely the limiting form of (6) will be the solu- 
tion of the problem stated at the beginning of this article. 

(6) may be written 

1.= gV(A.r) [^("'' - ^-> - ^'^ - (^ + ^>nr . (7) 

t«0 
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and if t is indefinitely decreased the limiting form of (7) is 



= — C F{\)Di,4^(x,t — \)dk . (8) 





Since t — A. is positive between the limits of integration 



2 








3f 



and Dx*(M-X) = ^e *^'~^^(«-X) «; 

2aV7r 



3fl 

_8 



and (8) may be written 

u = -^^-j=CF(\)r'^'-^\t-k)~\dX, (9) 

or if we let fi == 





X 



2ayjt — X 

EXAMPLES. 

1. If w = 7i^ when a; = and w = when ^ = 

"="('+£.)[-#'^*]-^:-""- 



2. A thick iron slab is at the temperature zero throughout, one of its plane 
faces is then kept at the temperature 100° Centigrade for 5 minutes, then at 
the temperature zero for the next 6 minutes, then at the temperature 100° for 
the next 5 minutes, and then at the temperature zero. Required the tem- 
perature of a point in the slab 6 cm. from the face at the expiration of 18 
minutes. Given; a^ = .185. -4wjf., 20M. 

3. If w = F(t) when a- = and u =f(x) when ^ = , then 

00 QB 

X 

V. (6) Art. 50. 
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4. If in Art. (51) F(t) is a periodic function of the time of period T it can 
be expressed by a Fourier's series of the form 



mssoo 



1 wA 27r^ 

F(t) = 5 ^0 + 5rf [^m ^^^ ^^^ ~^ ^m ^^^ wta^] , where a = — , 



M»l 



m ssQO 



where p,„ cos X,„ = a^ ^^^ Pm si'^ ^ = ^m • v. Art. 31 Ex. 3. 

Show that with this value of F(t) (10) Art 51 becomes 



niBX OB 



a m= 1 X 

00 



- cos (mat + X„) Je-P* sin ^ d^"! 



and that as t increases u approaches the vahie 



fR ^ 00 —~ 

t* = 2 ^0 + 2^P«, e- a^T sin (ma^ — ^^^ + A^) . 



Given that 

— * __ 

Ce-'* sin -, rfaj = ^ 6-*^«"sin6 V2 ; fe-^ cos ~^d,r=^^ e-*^«"cos ^ V^. 

« 

V. Riemannj Lin, par. dif, gL § 54. 

5. If we are dealing with a bar of small cross-section where the heat not 
only flows along the bar but at the same time escapes at the surface of the 
bar into air at the temperature zero we have to solve the differential 
equation 

D,w = a^D^u — h^u, v. Fourier, Heat § 105. 

Show that for this case 

are particular solutions, and that if u =/(a:) when ^ = 

00 00 

— X — « 



cf. (8) and (9) Art. 49. 
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If u = when .'c = and u=f(x) when t^O 

• 00 



sfir ^ _^ 

of. (7) Art. 50. 

If t* = — c~7 when f = and ?/ = when x = 



00 OB 



TT — ^ x_ 



and if t* = 1 when a; = and w = when f = we have only to add 
e""7 to the second member of the last equation, since u^=e~^ satisfies the 
equation 

If u = F(t) when a; = and u = when ^ = we can employ the 
method of Art. 51. 

_S 

2aV'7r 
and u = -A= fC^ - X)"»e-'^'-*>-i5J7^, -fWrfX , 

» 

cf. (9) Art. 51, 

2 /• „ wx« / y^ \ 



cf. (10) Art. 51. 

If F(t) is periodic and has the value taken in Ex. 4, show that the value 
approached by ?* as ^ increases is 



m = X 



t^i , / x>l2 



where p = {ji^ '\- >JJF+m^)^ and 7 = (— Z>« + y]b^ + w«a«)^ • 
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(« 



e"**~^ sin —^dx = -tt- e" ^ sm 2d 



and 
where 



.r« 2 



^'^ , V^ 



e"*^~ i« cos -2 cw; = — «~^ cos 2rt , 



c = 1? («« + Va* + b^)^ and </ = ^ (- ^/^^ + Va* + /;*)* . 



Angstrom's method of determining the conductivity of a metal is based on 
the result just given (v. Phil. Mag. Feb. 1863), and is described by Sir Wm. 
Thomson (Encyc. Brit. Article " Heat") as by far the best that has yet been 
devised. 

52. If ti is a periodic function of the time when a: = as in Art. 51 Ex. 4 
and we are concerned with the limiting value approached by w as < increases 
we can avoid evaluating a complicated definite integral if we take the following 
course. 

Since as we have seen in Art. 49 w = e^'+" is a solution of 

D,u = a}Dlu (1) 

provided only that p=.a^a^ we have 

as a solution. 

Keplacing )3 by ± ^t this becomes 

or ?f = e'»=^«*^Vfa-»o 

since >J i = ±\^Z (\ + i) 

and \/^-=±^V^(l— i). 

ml 

Hence 

. u = e:>^Uin{^ + lyJI), u = eAos (pt + lyjl) , (3) 

are particular solutions of (1). 
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From tliese we get readily 

" = /)«,«"'« 2 sin ^7w-a^ — ^^^ + \„j (4) 

as a solution. (4) reduces to 

u = p^ sin (mat + A^) when x = 

and to u = pm^'a t sin ( A.^ — -^j—) when ^ ^ 0. 

If we add a term which satisfies (1) and which is equal to zero when x = 

and to — pm^~a^ sin Ik^ VlT/ ^^^®^ ^ = (v. Art. 50) we shall 

have a solution of (1) which is zero when ^ = and which is 

p^ sin (mat + A^) when x"^ . 

The term in question approaches zero as t increases [v. (7) Art. 50] and we 
have at once the solution given in Art. 51 Ex. 4, as our required result. 

EXAMPLE. 

Show that w = e^' + " is a solution of DtU^a^D^u--h^u if fi = a'^a^ — b^ , 
and hence that 



n=z6 av'2 sin l3t± -~- 1 , and u = e^^ Wq cos lBt± -—= I , 

where 

jy = [>/p^~+b^ + b^']i and <y = [v/j^+7* - ^*]i , • 



are solutions. Hence 



^« = />m«";^sin (/^^ "" ^ + ^) 



rV2 
is a solution. 

If )3 = ma this last result reduces to u = p^ sin (wa^ + A^) when x = 

and by the reasoning of Art. 52 it must be the value u approaches as t increases 

if we have the same conditions as in the last part of Art. 51 Ex. 5. 

53. The whole problem of the flow of heat is treated by Sir William Thom- 
son (v. Math, and Phys. Papers, Vol. II), and other recent writers from a dif- 
ferent and decidedly interesting point of view, which we shall briefly sketch 
in connection with the problem of Linear Flow, 

Suppose we are dealing with a bar having a small cross-section and an adia- 
thermanous surface, and take as our imit of heat the amount required to raise by 
a unit the tem])erature of a unit of length of the bar. If at a point of tlie bar a 
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•quantity Q of heat is suddenly generated the point is called an instantaneous 
heat source of strength Q, 

If the heat instead of being suddenly generated is generated gradually and 
at a rate that would give Q units of heat per unit of time the point is called a 
permanent lieat source of strength Q, 

The temperature at any point of the bar at any time due to an instantaneous 
source of strength Q at the point x=z\ is easily found by the aid of formula 
^^ (8) Art. 49 as follows: — 

If a quantity of heat Q is suddenly generated along the portion of the bar 
from a: = X to ar = X + AX, where AX is any arbitrary length, the tem- 
perature of that portion will be suddenly raised to — , and we shall have by 
(8) Art. 49 

A + AA M-.**^ 

u = —~^ —T I « ^^^ d\ (1) 

2aS'irt ^V 

as the temperature of any point of the bar at any time t thereafter. 

If now we write u equal to the limiting value approached by the second 
member of (1) as AX is made to approach zero we get 

as the solution for the case where we have an instantaneous source at the 
point ar = X . 



It is to be observed that in (2) w = when ^ = and 



u = 



2a\l7rt 
when 03 = X and ^ > . 

If we have several sources we have only to add the temperatures due to the 
separate sources. 

Formula (8) Art. 49 may now be regarded as the solution for the case where 
we start with an instantaneous heat source of strength /(X)(?X in every 
element of length of the bar. 

A source of strength — Q is called a sink of strength Q\ and (6) Art. 50 
may be regarded as the solution for the case where we have at the start an 
instantaneous source of strength fQC)d\ in every element of the bar whose dis- 
tance to the right of the origin is X , and an instantaneous sink of strength 
f(\)dX in every element of the bar whose distance to the left of the origin is X. 

If we have an instantaneous source at the origin (2) reduces to 

U = -=.6 4u»t W 

2a\Tt 
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For a permanent source of constant strength Q at the origin (3) gives 

t 
u = r-f=f^'' i5^) (t -r)-idT (4) 



and for a permanent source of variable strength f(t) 

^ = 7— i=r«"wrr;)(^ — T)-i/(T)rfr. (5> 

In (4) and (5) u obviously reduces to zero when t = and ar > , but its 
value when a; = is not easily determined. We can avoid the difficulty by 
introducing the conception of a cUmblet, 

54. If a source and a sink of equal strength Q are made to approach each 
other while Q multiplied by their distance apart is kept equal to a constant P 
the limiting state of things is said to be due to a doublet of strength P whose 
axis is tangent to the line of approach and points from sink to source. A 
doublet of strength — P differs from a doublet of strength P only in that its 
axis has the opposite direction. 

Let us find the temperature due to an instantaneous doublet of strength P 
placed at the origin. For a source of strength Q Bt x=^rf and an equal sink 
at x = — rj we have 



or if 2r,Q = P, 



^ayj^irt 



If 17 is made to approach zero 



limit[i8inh|^]=2^, 



and u = == e" ^^ (1) 

is the solution for the temperature at any time and place due to an instantane- 
ous doublet of strength P placed at the origin. For a doublet at any other 
point ar = X we have 
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For a permanent doublet of constant strength P placed at the origin we 

have 

t 

Px /• ag _3 

w = — pJe"iS7r7)(jf — r) ^c^; (3) 



and for a permanent doublet of variable strength f(t) 

C^-^m^i (t - t)" */(r)dT , (4) 



X 






» 



or 



"=^P"''^(^-i^V^ ^'> 



X 

2aVl 



if a:>0, and 



— « 



t^ 



= „-^/"M'-4$)''^ W 



X 



u 



if a<0, ifwelet fi = - , 

2a)/t-r 

From (5) and (6) we see readily that u = when ^ = and that 

f(t) 
u = ?r2 when x = if we approach the origin from the right and that 

= — "^^ when a; = if we approach the origin from the left. 

If the point a; = is kept at the constant temperature b and we are con- 
cerned only with positive values of x we can get from (5) the solution given in 
Art. 50- Ex. 4 by supposing a permanent doublet of strength 2a*6 placed at 
the origin. 

To solve the problem treated in Art. 61 we have only to suppose a permanent 
doublet of strength 2a^F(t) placed at z = and from (6) we get at once 
(10) Art. 61. 

EXAMPLE. 

Show that if DfU=^ ctW^u — b^u and an instantaneous source of strength 
Q is placed at x^=^X 

u = — ^ e-^'-^^^ V. Art. 61, Ex. 5. 

2a)frrt 

Show that if an instantaneous doublet of strength P is placed at the point 
x = 

Px a* 



^ 
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If a permanent doublet of strength f(t) is placed at a: = 












'whence w = when < = and 3c>0 or a;<0 and w = ±,-^^ when 

a; = 0. 

Hence if we place at a: = a permanent doublet of strength 2a*F(t) we 
get the solution given in Art. 51 Ex. 5 for the case where « = F(t) when 
a? =±: and w = when ^ = provided we are concerned only with positive 
values^ of x . 

If F(t) ^ c this reduces to 

OB 






65. As another example of the use of Fourier's Integral we shall consider 
the transmission of a disturbance along a stretched elastic string. 

Suppose we have a stretched elastic string so long that we need not consider 
what happens at its ends, that is so long that we may treat its length as 
infinite. Let the string be initially distorted into some given form and then 
released ; to investigate its subsequent motion. 

Let us take the position of equilibrium of the string as the axis of X and 
any given point as origin. 

We have, then, to solve the differential equation 

D}y = a?Bly (1) 

[v. (viii) Art. 1] subject to the conditions 

y =f{x) when ^ = (2) 

D,y = " ^ = 0. (3) 

As in Art. 8 we find 

y := cos a(x ± at) and y = sin a(x ± at) 

as particular solutions of (1). 

From these we must build up a value that will reduce to 

f(x) = - Cda Cf(\) cos a(K — x),d\ (4) 

—30 
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when ^ = and will at the same time satisfy (3). 

^ y = cos aX cos a{x-\- at) + sin a\ sin a(x + at) 

or y = cos a(X — x — at) 

is a solution of (1). 

Hence , ?/ = - I rfa |/(X) cos a(X — a? — a^).rfX (5) 

is also a solution of (1). 

(5) reduces to y ==f(oc) when t = but it gives 



2),y = — Cda Cf{\) sin a(X — x).di 



— » 



when / = and consequently does not satisfy equation (3). 

If in forming (5) we use cos a(x — a£) and sin a(x — at) instead of 
cos a{x + at) and sin a(x + at) we get 

y = - 1 fl? a I /(A) cos a(A — a; + flf^).c?X , (6) 



_ 



u> 



. which is a solution of (1), and reduces to y =f(x) when ^ = , but it gives 

I>ty^= i da I /(X) sin a(X — x),dk 

when t = and does not satisfy (3). 

If, however, we take one-half the sum of the values of y in (5) and (6) we 
get 

00 oc 

Irl 



y = ^ — I da j /(X) cos a(X — x — ftf).dK 



_» 

00 OB 



H — I c?a j /(X) cos a(X — a- + a^).rfX , (7) 

-ac 

a solution of (1) which satisfies both (2) and (3), and is, therefore, our required 
solution. 

This result can be very much simplified. 

If we substitute z=zx-{-at 



a oe 

— I da I /(X) cos a(X — a: — at).d\ 



-» 

00 OB 



= -^da^f{\) cos a(X - ;3;).r/X =f{z) =f(x + ^0 ; 



— X 
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and in like manner we can show that 

- I dalf(\)QOsa(\—'X-\-<it).d\==f(x-'at). 

-00 

Hence our solution becomes 

!/=l [/(^ + ^'0 +/(^ - «0] • (8) 

This result is of great importance in the theory of elastic strings and it 
shows that the initial disturbance splits into two equal waves which run along 
the string, one to the right and the other to the left, with a uniform velocity a, 
and that there is nothing like a periodic motion or vibration of any sort unless 
the ends of the string produce some effect. 

56. If the string is not initially distorted but starts from its position of 
equilibrium with a given initial velocity impressed upon each point we have to 
solve the equation 

• D}y = aW;i/ (1) 

subject to the conditions 

y = when t = (2) 

D,y=^F(x)'' t = 0. (3) 

_^--We get by the process used in Art. 55 

but f sin a(K-x + at) ^ _ Ain a(k-x- at ) ^ ^ ^ 

if x — at<C.k-<.x-{-at, and is equal to zero for all other values of X; since 



X 







= -f if m<0 

= if m=0. 
V. Int. Cal. Art. 92 (3). - . 

z + at 

Hence y = ^FQs)d\ (4) 

is our required solution. 
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EXAMPLES. 



1. If the string is initially distorted and starts with initial velocity so that 
y=if(x) and Dty = F(x) when ^=?0 



x + ar 



y=l CA* + «') +/(' - «0] + ii^fn^)'^^ 



X - at 



2. If the initial disturbance is caused by a blow, as from the hammer in a 
piano, which impresses upon all the points in a portion of the string of length 
c an equal transverse velocity b show that the front of the wave which will be 
seen to run to the left along the string will be a straight line having a slope 

equal to — and a length equal to — V4a^ + 6^ . Of course a wave having 

a front of the same length with a slope equal to — — will be seen to run to 

the right along the string, and the effect of the two waves will be to lift the 

be 
string bodily and permanently to a distance ^ above its original position. 

57. We shall now take up a few examples of the use of Fourier^ s Series. 
In the problem of Art. 7 let the temperature of the base of the plate be a 
given function of x, the other conditions remaining unchanged. 



m = oc 



Since f(x) = ^(«,„ sin mx) 



m= I 

IT 



where «m = - ff(^^ ^^^ ma,da 



maoe 



we have ^ = — ^ ^~"^ sin mx I f(a) sin ma.da L ^ (1) 

If the breadth of the plate is a instead of tt 

JN s X a 

m = l -* 

68. If the temperature of the base is unity and the breadth of the plate is 
TT the solution is, as we have seen in Art. 7, 

7i = - e~^ sin x -\- -e"^ sin 3x -\- -e''^ sin 5x + ' • • \ . (1) 

This series can be summed without difficulty. We have the development 



z z^ . z^ z^ 



if the modulus of z is less than 1. Int. Cal. Art. 221 (4). 
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z z^ z^ 



Hence log (i -;j) =- j-- -- - ^ 

if mod. « < 1 . 

and |[log(H-*)-log(l-.?)]=|+|' + |*+--- (2) 

if mod. « < 1 . 
But 

log (! + «)= log [1 + r(cos <l> + i sin <^)] 

= 2 l^g [(1 + ^'c^s <^)«+ (r sin </»)«] + itan-* l +Tc^s <^ 

= ilog(l + 2.cos.^ + r^) + ^tan-,-^:^ 
and 

log (1 — «) = rt log (1 ~ 2r cos 6 + ^ — i* tan""* :; ^— - , 

^'^ ^2^ 1 — r cos ^ 

[Int. Cal. Art. 33 (2)], 
and (2) becomes 



1 ri , 1 + 2r cos <^ + r« , . ^ , 2r sin <^"| 
2L2^"^ l-2rcos<^ + r^ + ^'^ "T^J 

r(cos <!> 4" * sin <^) , r'(C08 3<^ + ^ 8ui 3^ ) , . 

— 1 "I 3 "r • • • (*J) 

From (3) we get two equations 

1 . 1 4" 2r cos <f> + r^ rcos <t> . r* cos 3<^ , r^ cos 5<^ , ... 

4 ^^l-2rcos<^ + ^""~T~"*' 3 •" 5 "*" " " ^ ^ 

2^^ 1-r^" 1 + 3 ^ 5 ^ ^ '^ 

both valid for all values of <l> provided r < 1 . 
e~ " is less than 1 if y is positive. 
Hence from (5) 

e" " sin X , e~^ sin 3a; , <?"*^ sin 5ar , 1 ^ , 26"" sin a; 
; 1 5 1 i r * • • = o tan"* 



and (1) may be written 



2 1 — e-^ 

1 ^ , 2 sin a* 1 ^ , sin aj 

= :z tan~ * = zz tail" * -:— : — J 

2*^ e" — e-" 2 sinhy' 



O Q1TI 3* 

u = — tan~ * - 1— • (6)« 

TT smh // 
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If we replace r by e"" and ^ by « in 

4 

log [1 + r(co8 <^ + I sin <^)] 

it becomes log [1 + e"" cos x + i e"" sin a:] 

or log [1 + cos « + i sin «] 

V. Int. Cal. Art. 35 (3) and (4) 
a function of « as a whole; and 

log [1 — r(cos ^ + * sin <^)] • 

becomes log (1 — cos z — i sin z) ; 

hence by Int. Cal. Arts. 200 and 210, ^4i^ «l..> ^ / : 

1, 1 + 2e-»' cos a; + e-«^ , 1, ,2e-''sina; 

T AOg T ; r- and — tan * -z r- 

4 ^ 1 — 2e->' cos a; + e-*' 2 1 — e-^ 

1 , cosh y + cos X , 1 , , sin x 

or 7 log — T-^ and -tan~^ . , 

4 ° cosh y — cos x 2 sinh y 

are conjugate functions, and 

1 , cosh y + cos X .„^ 

«i = - log — rf--^ (7) 

IT cosh y — cos X 

is the solution for the problem where the isothermal lines are the lines of flow 
of the present problem and the lines of flow are the isothermal lines of the 
present problehi. 

For our problem, then, the isothermal lines are given by the equation 

2 ^ , sin X 

— tan~* -r-y — = a 

IT smh y 

sin a; .air ,^., 

or . , = tan -;r- (»> 

smh y 2 

and the lines of flow by 

1 , cosh ?/ + cos X 

-log — z-"^—^ = ft, 

TT cosh y — cos X 

cosh y + cos X ^ ,^. 

or — 7-^^-! = e»6 . (9) 

cosh y — cos X 

EXAMPLES. 

1. If D^n + D^u = y and w = l when y = 0, and u^=0 when 
x = and when x = a , 

4 r ^ • ^2; ,1 Swg . t^TTX ,1 «ir« . StTJ^ , "1 

M = — «" a Sin r o «" a sm h - e~ a SlU h * * 

ttL a '3 a5 aj 

. Traj 
sin — 

— tan~* 



sinh-^ 
a 
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2. If w = 4>(x) when ^ = , u =f(f/) when x = , and u = /'(^) 
when x = a 



J x^ mnv . mTra; /^ . ,^. . mTrA ,^ 

V = - X^' a Sin I 6fX) sin dX 

ft ^^ a J ^ a 



m=\ 



+ 1 sin ^ CV—, ?— ^ 1/(X)rfX 

cosh — (A. — //) — cos — cosh - f\ + y) — cos — -' 

+ i sin ^ fr ^ ? 1/'(X)rfX . 

"-cosh - (\—t/)-f- cos — cosh - (A + y) + cos — 

CL (a/ (I (Jb 

V. Art. 48, Exs. 4, 5, and 6. 

59. If three sides of a plane rectangular sheet of conducting material be 
kept at potential zero and the value of the potential function at every point of 
the fourth side be given; to find the value of this potential function at any 
point of the sheet. 

To formulate: — 

D,«F+1>;F=0. (1) 

V=0 when ar==0. (2) 

r=0 " ar = a. (3) 

r=0 ^^ y=:b. (4) 

V=f{x) « y = (). (5) 
Working as in Art. 48 we get 

sinh — (b — ?/) 

a ^ ' . mirx 

sm 

. , rmrb a 

smh 

a 

as a value of T which satisfies equations (1), (2), (3), and (4) if m is an integer. 
Therefore 

"=* sinh ^^ (h — y) « , _ 



™ = i sinh — 

a 



is our required solution. 
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EXAMPLES. 

1. Tf f(x) = 1 Eq. (6) Art. 59 reduces to 

^ _sinh — (b — y) . sinh — (h — y) 
F= - s -, sin ho 5—7 — sin 

TT L , . TTO a O . , OTTO a 

smh — sinh 

a a 

. sinh — (h — y) ^ ^ 

+ -— sin 

5 . , hirh a J 

smn 

a 

2, If F=0 when a; = 0, F=0 when x^a^ r= when y = 0, 
and V=^F(x) when y^=b, then 

. , mTry 

m= 00 Sinn o ^ ^ 

_- 2x^r a . frifrx r„^^. . wttX ,, H 

r= - X r sin I F(X) sm d\ . 

a ^^ L . , WTTw a J ^ ^ a J 



mal 



sinh 



a 

3. If F(x) = 1 the answer of Ex. 2 reduces to 

. _sinh — ^ sinh — - . . sinh — ^ „ _ 

-^4 1 a . TTX ,1 a . Sttx ,1 a . OTra: , \ 

r= - r sin \r - r— r Sin h K F^ sm . 

smh — sinh smh 

a d a 

4. If F=0 when x = 0, F=0 when x=za, V=f(x) when y = 0, 
and V=F(x) when y^=b, then 



8inh^(i-y) 



^=«Xh° — ( .^^^^ J /(X)sin — dX 

i»=i Sinh 

a 

sinh ^ « V X -I 

sinh 

a 

5. If /(x) = F(x) the answer of Ex. 4 reduces to 

»,«« cosh ln"~2/j 1 V -1 



w=i cosh 



2a 
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6. If f(x) = F(x) = 1 the answer of Ex. 5 reduces to 

y=. — I sm 1 ^'^^ 

TT L , 7r/> a 3 . Stt^ ^ 

cosh - cosh — 



^ C08h^(|-y) g^ 



cosh 



2a 



7. If V=f{x) when y = 0, F=i^(a;) when y = h, V=ft>(t/) when 
x = 0, and V=xO/) when x==a, then 



"»= * sinh (5 — I/) " 



^=aXL«^° — ( .,W J/(X)sin — ^ 



m=i sinh " 

a 



smh 

a 



m-=« sijili _^ /fl^ — a-) ft 

«=i sinh— r- •* 



sinh —p— * 



sinh —7 — 
o 

8. If f(x) = <^(y) = and F(x) = x(//) = 1 the answer of Ex. 7 may be 
reduced to 

,, 2r,r,/ «i"h^(|-a:) cosh^(|-^ 

F= - -^ sin -7^ + sm —r^ 



TT L 26 . - Tra b 2 . 2'rra o 

smh rrr- 'cosh ^rr- 

. .Stt /a \ , 47r /a \ 

-3 .^S^a "°-r + i Hb^^ ''''~ 

smh -2^ cosh -^ 



_...]. 
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9. Find the temperature of the middle point of a thin square plate whose 
faces are impervious to heat; 1st, when three edges are kept at the tem- 
perature 0° and the fourth edge at the temperature 100°; 2d, when two 
opposite edges are kept at the temperature 0° and the other two at the tem- 
perature 100°; 3d, when two adjacent edges are kept at the temperature 0° 
and the other edges at the temperature 100°. See examples 3, 6, and 8. 

Ans., (1) 25°; (2) 50°; (3) 50°. 

60. Let us pass on to the consideration of the flow of heat in one dimension. 

Suppose that we have an infinite solid with two parallel plane faces whose 
distance apart is c. 

Take the origin in one face and the axis of X perpendicular to the faces. 
Let the initial temperature be any given function of x and let the two faces be 
kept at the constant temperature zero; to find the temperature at any point of 
the slab at any time. 

We have to solve the equation 

D,n = a^D;u (1) 

subject to the conditions 

/i = when j- = (2) 

,/ = " a' = <? (3) 

/<=/(x)" ^ = 0. (4) 

In Art. 49 we have found 

uz= «-«*«*' sin fluc 

and u ^ e-"***' cos ax 

as particular solutions of (1). 

M= e-«*«*« sin ax satisfies (2) whatever value is given to a. It satisfies (3) 

if a = provided m is an integer. Let us try to build a value of u out of 

terms of the form Ae '^ sin -^—^ whicli shall satisfy (4). 

We have 

m=l 



m ss oe r 

= ;^aL^ "^ sm -^ J /(A) sin -^ r/A J , (6) 



msoe r 

c 



reduces to (5) when ^ = and is our required solution. 
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EXAMPLES. 

1. If /(A) =^h, a constant, (6) Art. 60 reduces to 

w = — ^"""5" sm h o ^~ c«~ sin h- - e — ^r~ sin — • . 

TT L C 6 CO c J 

2. An iron slab 10 cm. thick is placed between and in contact with two 
other iron slabs each 10 cm. thick. The temperature of the middle slab is at 
first 100° throughout, and of the outside slabs 0° throughout. The outer faces 
of the outside slabs are kept at the temperature 0°. Required the temperature 
of a point in the middle of the middle slab fifteen minutes after the slabs have 
been placed in contact. Given «^ = 0.185 in G.G.S. units. Ans,, 10^3. 

3. Two iron slabs each 20 cm. thick one of which is at the temperature 0° 
and the other at the temperature 100® throughout, are placed together face to 
face, and their outer faces are kept at the temperature 0°. Find the tem- 
perature of a point in their common face and of points 10 cm. from the com- 
mon face fifteen minutes after the slabs have been put together. 

Alls., 22°.8; 15M; 17^2. 

4. One face of an iron slab 40 cm. thick is ke^^t at the temperature 0° and 
the other face at the temperature 100° until the permanent state of tem- 
peratures is set up. Each face is then kept at the temperature 0°. Required 
the tempei*ature of a point in the middle of tlie slab, and of points 10 cm. from 
the faces fifteen minutes after the cooling has begun. 

Ans., 22°.8; 15°.6; 16°.7. 

61. If the faces of the slab treated in Art. 60 instead of being kept at the 
temperature zero are rendered impervious to heat, the solution of the problem 
is easy. 

In this case we have to solve the equation 

« 

subject to the conditions 

I)yu = when x = 

D^H = « x = c 

u=f(x) " / = 0. 

We have only to use the particular solution 

7f = f?~«»^*'cos ax 

as we used u = e~"'«*' sin ax 

in Art. 60. We get 



= I [y/(X)eiA +X(e-=^ cos 'i^//-(X) cos ^ ^)] • (D 
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EXAMPLES. 

> 

1. Solve example 2 Art. 60 supposing that the outer surfaces are blanketed 
after the slabs are placed together so that heat can neither enter nor escape. 
Find in addition the temperature of the outer surfaces fifteen minutes after 
the slabs are placed in contact. Ans,, 33°.3; 33^.3. 

2. Solve example 3 Art. 60 on the hypothesis just stated, getting in addition 
the temperatures of points on the outer surfaces. 

Ans., 50^*; 33°.9; ee"".!-, 27°.2; 72°.8. 

3. Solve example 4 Art. 60 supposing that heat neither enters nor escapes 
at the outer surfaces after the permanent state of temperatures has been set 
up. Find also the temperatures of points in the outer surfaces. 

Ans., SO''; 39°. 7; 60°.3; 35°.6; 64°.5. 

4. Show that if ?* = when x = 0, Dj.u = when x = Cj and u=^f(x) 
when ^ = , 

2"^°/ (2m+ii^a^*t . {2m+l)'7rx r . (27W. + l)7rX , \ 
.i = -2;(e ^. sin^^ _Z_Jy.(x)sini^ 2^— V ' 

Suf/gestion : Assume u = when x==2c and /(2c — x) =f(x), and see 
(6) Art. 60. 

# 
62. If the temperature of the right-hand face of the slab considered in Art. 

60 is a constant y instead of zero we have only to add to the second member 
of (6) Art. 60 a term Ui which shall satisfy the conditions 

D,u, = aWlu, ^ (1) 

f/j = when a* = (2) 

11^ = " t = (3) 

Wi = y " x = e, (4) 

Ml = ^ obviously satisfies (1), (2), and (4) ; to make it satisfy (3) as well 
we must add a term 7/2 which shall be equal to zero when x = and when 

yX 

jc=o and to — ^ when ^ = 0, while always satisfying (1). It is given 
immediately by (6) Art. .60 and is 



ntss 3D c 



//2 = — 5" 2y ( ^ — ^^ ^^^ — :~ I ^ ^^^^ — ^^ ) ' (p) 



/• 



\ sin d\=^ cos mir = ( — l)*" "♦" ^ — j 



Ttvn ^ mir 



108 SOLUTION OF PROBLEMS IN PHYSICS. [Art. 63. 



maOD 

and 

TT 



maOD 

2y'v^/(^ 1)"* m*a*irH . mirXX /n. 

t^a=-^T (^^ ^—e ;r-8in )• (^) 



If the left-hand face of the slab considered in Art. 60 is to be kept at a 
constant temperature fi and the right-hand face at the temperature zero we 
can get the term w, which must be added to the second member of (6) Art. 60 
by replacing y by )8 and a; by c — a; in (7). We then have 

«. = ^|_^---5;(-.— ^sin- )J. (8) 



m-\ 



EXAMPLES. 



1. Show that if u = p when jr=^0, // = y when x=^r, and " =/(^) 
when ^ = 

m 13 qd 

„ , , a^r^ , 2 x^ / (— 1)" _s^^! ■ mTrx \~\ 



llisl 



+ 72^y' ^ sin-^J[/(X)-^]sm-^rfA| 
111=1 ' " 

2. Show that if u=p when j* = (), ?f = when ^ = 0, and Dj,u = 
when X := c 



^ Fh '^ X^ / 1 C2»i-H)«a«ir«f . (2w + l)7rx\"l 



63. If the temperature of the right-hand face of the slab just considered is 
a function of the time instead of a constant and the temperature of the left- 
hand face is zero the problem can be solved by a method nearly identical with 
that of Art. 51. 
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Let 4>(Xyt) be a function of x and t which shall be zero if t is less than zero 
and shall be equal to 



in=s 3c 



.r , 2 x-^ /("~ 1)*" rH*a^n*t . nnrx\ 
- + - 2j{^ '—e — ^r-sm—- I 

fN» 1 

[v. (7) Art. 62] if t is equal to or greater than zero. So that 

^(x,t) =0 if t<0 

ff,(x,t)=^0 " ^ = unless .r = r 

if,(x,t) = l " ^ = and wf = c 

4>(x,f) = 1 " x = r 

ff,(x,f)=0 « x = 0. 
Precisely as in Art. 51 we get 

« == riiX r^(*"> [ »(x.^ - kr) - .^(r / - (A- + l) r)]r-j ^j) 



il = 



as the required solution of our problem, n being as in Art. 51 the largest 
integer in - where t is any given value of the time. 

T 

On our hypothesis the last term of (1), that is, — F{nT)^\x,yt — (// + 1)t] = 0; 
the next to the last term F(iiT)4>(Xyt — ??t) has for its limiting value 



fH= X 



.W(..o,=^(,)g+^2(^""»=r)]. 

tn=l 

while as in Art. 51 the limiting value of the rest of the sum is 

t 
— Cf(\)D;,4»(x, f — \)d\. 







D^<l>(x, ^ - X) = -^ Zf\(~ ^)^'^ — —^*-^^ sm -y- J . 



Hence 






2a<hr 



m = oc 



.11=1 
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w= * 






7«^aV* /•_... mVir« 



C« 



Ji?'(X)^=^'<'-^>rfx)1. (2> 



If we substitute p = — -^ — (t — X) we get 






• = f '(') + 1 S[^" 'i- ^ ('•(.) -/- *(' - ^H] • (3) 



EXAMPLES. 



1. If the temperature of the left-hand face is a function of t and the tem- 
perature of the right-hand face is zero and the initial temperature is zero 



mBEOB ^ 



^ 111=1 

2. If the temperature of the left-hand face is a function of t, the initial 
temperature is zero, and the right-hand face is impervious to heat 

ins 3B 

^, N ^ ^r^r 1 (^2771 -4- l)7rx / ^, V 



+ ('"+j>'"*"'/i^(X)^^^^^i^c>-x)^)] 



3. If in Arts. 60-63 we are dealing with a bar of sm^ll cross-section and of 
length c and heat is radiating from the surface of the bar into air at the tem- 
perature zero so that jyfU = aW^u — b^u, show that: (a) the second mem- 
bers of (6) Art. 60 and (1) Art. 61 must be multiplied by e~**'; (b) equation 
(7) Art. 62 becomes 

(sinh— "»«» ^^^^ ^.«^-i ) 

I sinh — w^ 1 J 

a 
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(c) equation (2) Art. 63 becomes 

smh — «=• , , ^^ ^ 



sinh — 
a 



t 



64. The problem of the motion of a finite stretched elastic string of length 
I fastened at the ends and distoi-ted at first into some given curve y =f(ac) , 
and then allowed to swing, has been treated and partially solved in Art. 8. 

The complete solution is easily seen to be 

nt=ao I 

y = - 2^ sm —J- cos —j—j fQO sm -j- d\, (1) 

The second member of (1) is a periodic function of t having the period 

21 

— . The motion, then, unlike that in the case of an infinite string (Art. 65) is 

^ 21 

a true vibration, a periodic motion. The period — is the time it takes a dis- 
turbance to travel twice the length of the string (v. Art. 55). 

A careful examination of (1) will show that the actual motion is a good deal 
like that in the case considered in Art. 55. The original disturbance breaks 
up into two waves one of which runs to the right until it reaches the end of 
the string and is then reflected, and runs back to the left or the under side of 
the string, while the other wave runs to the left and is reflected at the left- 
hand end of the string and runs back to the right under the string and is 
again reflected, runs back to the left over the string and so on indefinitely. 

If the curve into which the string is distorted at the start is of the form 

i/ = b sin — — the solution is 

- . mirx mirat ,^. 

l/ = o sin — - cos — - — . (2) 

No matter what value t may have the curve is always of the form 

. . mirx 

that is, for different values of ^ we have a set of sine curves differing only in 
the amplitude and not at all in the period of the curve. In this case either 
the whole string if m = 1 , or each mth of the string if m is not equal to 
one, rises and falls, and there is no apparent onward motion. When this is 
the case we are said to have a steady vibration. 
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If m = 1 we get steady motion of the string as a whole and if the vibration 
is rapid enough to give a musical note the note is said to be the pure funda- 
mental note of the string. If m = 2 the vibration is twice as rapid as when 
m =\ . the middle point of the string does not move and is called a node, the 
two halves of the string are in opposite phases of vibration at any instant, and 
the note given is an octave higher than the fundamental note and is called its 
pure first hamionic. 

If ?/i = 3 the vibration is three times as rapid as in the first case, there are 

two nodes a; = - and x = — , and the note is the pure second hannonir, of 

the fundamental note. 

I*or any value of m the vibration is m times as rapid as when m •=. 1, there 

are m — 1 nodes at the points a; = — , ic = '^,--- x= L and we get the ' 

in in m 

m — 1st harmonic of the fundamental note. 

It is clear from (1) that no matter what the original form of the string the 
resulting vibration can be regarded as a combination of steady vibrations egx;h 
of which alone would give the fundamental note of the string or one of its 
harmonics, and that the complex note resulting is really a concord of the fun- 
damental note and some of its harmonics. 

A finely trained ear can often .recognize in a complex note the fundamental 
note of the string and somft of its harmonics and is capable of analyzing a 
complex note into its component pure notes precisely as Fourier's Theorem 
enables us to analyze the complex function representing the initial form of the . 

string into the simpler sine-functions which must be combined to form it. 

« 

, EXAMPLES. 

» 

1. Show that if a point whose distance from the end of a harp string is 

-th the length of the string is drawn aside by the player's finger to a distance 

h from its position of equilibrium and then released, the form of the vibrating, 
string at any instant is given by the equation 

files 30 

2hn^ ^ / 1 WTT . mirx mirafx , 

y = 7 T\~2 2/ ( "^ sm sm —^ cos — r— I • 

(n — l)7r* ^^ VTW- n I If 

Show from this that all the harmonics of the fundamental note of the 
string which correspond to forms of vibration having nodes at the point 
drawn aside by the finger will be wanting in the complex note actually 
sounded. 
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2. If a stretched string starts from its position of equilibrium, each of its 
points having a given initial velocity, so that we have 

y = when ^ = 

D,tj = F{x) " ^ = 

y = " ir = 

y = " 0- = /, 

the solution of the problem of its vibration is easy and gives 

2 ^A / 1 . mirx . mirat /*„,,. . mirk , \ / 

y = ;i;^ X (;;;. ^^'^ -r «'" -r J ^(^> ^'"^ — ''V • 

3. Write down the solution for the case where the string is initially dis- 
torted and each point has a given initial velocity. 

^h. If we do not neglect the resistance of the air in the problem of the 
vibration of a stretched string the differential equation is rather more compli- 
'cated and the solution is not so easily obtained. The equation is given as (ix) 
Art. 1. 

Let us solve the problem for the case where there is no initial velocity. 

Here, we have Dft/ + 2kD, y = a^D^ y, (1) 

y = when a; = (2) 

y = « T = l ^ (3) 

y=f(x) " t = () (4) 

D,y'= • « < = . (5) 

We get particular solutions of (1) in the usual way. Assume y = 6""^^^ 
and substitute in (1). We have 

^ + 2kp = a^a^ 
as the only necessary relation between /J and a. This gives 



Hence y==g«x-i:«^<v„.a> + H (6) 

is a solution of (I) no matter what the value of a. 

To throw it into Trigonometric form replace a by ai, and since in actual 
problems k, which is proportional to the resistance, is very small, take — 1 
out as a factor of the radical. We have 



y 



= e~ *•'* e ^*^ ^ t^a*a* - **) i 
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Since a may be positive or negative we can get 

y = 6-** sin (ax ± t v'a V — k^ 



and y = e~*' cos (ax ± t ^a^a/ — k^ 

as solutions of (1), or by combining these 



y = e-^ sin ax cos t yja^a^ — A* (7> 

y=^er^^ sin aa sin ^ Va^^—-^ (8) 



y := c~*' cos aa; cos ^ Va*a^ — Aj* (^) 

y =^ e-*« cos ax sin ^ V«*a* — k^ (10) 

(7) and (8) satisfy (1) and (2) for all values of a. They satisfy (3) if 
a = — . Let us see if out of them we cannot build up a value that will satisfy 
(4) and (5) as well. 

/(-) = fS («- -TP<S) sin ^ <ix) . (11) 



2, = \ e-«"S («- T «°« ^ V^' - ^'-/A^) «- T^ '^^) (12) 



reduces to (11) when ^ = and therefore satisfies (4). 



Ay = - ^ X ( \~75 **• ""^ -7- sin < \/— ^3 A».J /(A) Sin -j- dkj 



ms I 



ms OB 



nisi 

When ^ = the first line of the second member of (13) vanishes but the 
second line reduces to 

2k ^/ . mirx r^,.. . mwX , \ 



m=l 



We must, then, introduce into (12) an additional term which shall equal zero 
when ^ = and whose derivative with respect to t shall cancel the term above 
when f = 0. 



^m 
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This is easily seen to be 



T -"".?. j/^^. "° ^ "° ' V=^ - ^--Z^*' "° "^^ * • 



Hence our complete solution is 



nt=3 1 



Here the fact that e~*', which decreases rapidly as t increases, is a factor of 
the whole second member shows that the amplitude of the vibration rapidly 
decreases. 

Comparing this solution with that given in Art. 64 for the case where there 
is no resistance we see that the period of any given term 



-4'sin — y- cos t V — y^ kr , 

is greater than that of the corresponding term Ai sin — y— cos — z — in Art. 64. 

In other words the effect of the resistance of the air is to flatten some- 
what each component part of the note given by the string. More than this 
since the periods of the different terms of (14) are no longer exact submultiples 
of the period of the first term, the component notes are no longer in perfect 
harmony with the fundamental note of the string, and the ideal perfect har- 
' mony between the fundamental note and its harmonics is not quite realized in 
any actual case. 

When k is very small, as in the case of a fine string, the departure from 
perfect harmony is very slight; but in the case of a coarse string or worse still 
of an elastic ribbo^i, where the resistance of the air is considerable, the 
unmusical character of the sound is very noticeable. 

EXAMPLES. 

1. Solve Ex. 1 Art. 64 allowing for the resistance of the air. 

2. Solve Ex. 2 Art. 64 allowing for the resistance of the air; 

y = 7^*'S ( ■ ^,^, am — 8m^V-]i k^.fF(K)sm — dx). 



I 
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3. Find a particular solution of (1) Art. 65 on the assumption that it is of 
the form y^= T.X, where Tis a function of t alone and X o. function of x 
alone. 

^^. We pass on now to a couple of problems that require the modification 
and extension of Fourier's Theorem, the cooling of a sphere in air, and the 
vibration of a stretched rectangular membrane, but as an introduction to the 
former we shall first consider the following very simple problem; to find the 
temperature of any point of a sphere whose initial temperature is any given 
function of r the distance of the point from the centre, and whose surface is 
kept at the constant temperature 6. 

Here we are to solve 

D,(rii) = a^D?(ru), (1) 

see [v] Art. 1, subject to the conditions 

u=f(r) when t = (2) 

u = b " r = e . (3) 

if c is the radius. 

Let V = ni, then our equations become 

D,v = a^D;v (4) 

V = rf(r) when ^ = (5) 

vz=bc " /• = <? (6) 

r = « r = 0. (7) 

Our problem is now precisely that of Art. 62 and we have as our solution 

^" = ;2i(« <^ ' sm -^J >/(X) sin -^ efX j 



mal 

(11= X 



+ b[r + ^ 1,{^ e--^' sin ^)] • (8) 



msl 



EXAMPLES. 



1. If f(r) = b (8) Art. 66 reduces to u = b and there is no change of 
temperature. 

2. If the initial tei^erature is constant and equal to p 

u = b'\ (S — b)\ e- — 'sin j^er ^ 'sm 

, 1 te«ir« . Sttt "1 
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3. An iron sphere 40 cm. in diameter is heated to the temperature 100^ 
centigrade throughout; its surface is then kept at the constant temperature 0°. 
Find the temperature of a point 10 cm. from the centre, and find the tem- 
perature of the centre, 15 minutes after cooling has begun. Given a* = 0.185 
in C.G.S. units. Am,, 2M; 3°.3. 

67. If instead of having the temperature of the surface of the sphere 
constant, the sphere is placed in air which is kept at the constant tem- 
perature zero, the problem is much more complicated. For in this case the 
surface temperature can no longer be simply expressed but is given by a new 
differential equation 

D^u -j^ hti = when r = c , (1) 

where A is an experimental constant depending upon what is called the sur- 
face conductivity of the sphere. 
Our equations, then, are 

2>^ (ru) = aW^(ru) (2) 

u=:f(r) when ^ = (3) 

D^u-^ hu = when r = c. (4) 

As in Art. 66 let v = ru-j then we have 

D,v — a^D^v (5) 

v=zrf{r) when ^ = (6) 

?; = " r = (7) 

D;v+\h ^jt; = when r = <j. (8) 



i; = e-«***'cos 



ar and y = e~****'8in ar have already been found as par- 



ticular solutions of (5) (see Art. 60). 



.— o— <At*t ai 



v = e 



sm ar (9) 



satisfies (7) for all values of a. 

Substitute this value of v in (8) and- we have 

ac cos ac + (he — 1) sin a<J = . (10) 

If ttjt is a value of a which is a root of the transcendental equation (10) 

v = er- «**jfc« sin a,^r (11) 

will satisfy (5), (7), and (8). 

It remains to see whether out of terms of the form given in (11) we can 
build up a value of v which will satisfy (6). 
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When t = the second member of (11) reduces to sin %?•. If then we 
can express rf(r) as a sum of terms of the form bf. sin a^.?* where a^. is a root 
of (10) 

V = V ^jt^^S'* sin a^r (12) 

will satisfy all of the equations (5), (6), (7), and (8), and will be the required 
solution. 

Here, then, we have a new problem analogous to that of developing in a 
Fourier's Series, but rather more complicated, namely, to develop any function 

of a; in a series of the form X^m siii ^m^ where a^ is a root of the equation 

(1%) ; or if we call ac = <t> and Ao — 1 =7;, where a^ = — ^, <^^ being a root 
I c 

of the equation 

<^cos <^+^sin </> = (13) 

or more simply of 

<^+7>tan<^ = 0; (14) 

remembering that the series and the function must be equal for all values of x 
between zero and c. 

If <^^ is a root of (14) — <j[)^ is also a root. 

Since sin^aj = — sin (— — xj the terms of the required development 

which correspond to negative roots may be combined with those corresponding 
to positive roots, and therefore we need consider only positive roots. 

<^ = is a root of (14) but as sin = there will be no corresponding 
term in the development.- 



If we construct the curve 



y = --x (15) 



and the curve 



y = tan z (16) 

the abscissas of their points of intersection are values of x which satisfy 

X 

- + tana; = 0, that is, are roots of equation (14). It is easy to see that 

there will always be an infinite number of real positive roots, one for each of 
the branches of the periodic curve y = tan x which lie to the right of the 
origin. The numerical values of these roots can be obtained by an easy com- 
putation. The construction suggested above shows that as m increases <^^ 

will rapidly approach the value (2 m. — 1) — if j9 is positive or if p is negative 

TT 

and numerically less than unity, and (2w + 1) r- if ^ is negative and numer- 
ically greater than unity. 
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There exist, then, an infinite iiumber of positive real roots of <^ +/> tan <f> = 
and consequently of 

ac cos ac + (^fie — 1) sin ac = . 

68. The development called for in the last article can be obtained very 
easily from a simpler one which we shall now consider, namely, to develop f(x) 
into a series of the form 

f^x) = rtfi sin <^ia' + «2 sin <l>oX -\- a^ sin c^gX + * • • *(1) 

where ^i, <^2> ^s ' * * are roots of the equation 

4> cos <^ +y^ sin <^ = , (2) 

the development to hold good for all values of x between a; = and x = l . 
Let us proceed as in Arts. 24 and 27. Call = Aa; and form n equa- 

tions by substituting for x in turn in the equation 

f(x) = «! sin <i>iX-\- a 2 sin ^^jic + «8 sin <f>iX-\ \- fr„ sin <f>„x (3) 

the values Aa;, 2 Arc, 3Ax, • • • nAa; ; this being equivalent to making the values 
of the sum and the function coincide for the n values of x substituted. 

To determine any coefficient a^ multiply the first equation by Aar. sin (<^„Aa:), 
the second by Aa;. sin (2<f>^^x)j the third by Aar. sin (3<j!)^Aa;), and so on, the 
nth equation by Aar. sin (n<^„,Aa:) ; add the equations and compute the limit- 
ing values of the terms of the resulting equation as n is indefinitely increased. 
This as in Art. 24 is seen to be equival/tnt to multiplying (2) by sin <l>j^x,dx i 
and integrating between the limits x = and x = l, ' 

The first member of the resulting equation is 



Cf(x) sin ^^x,dx ; 





The coefficient of a* is 



k 



1 



and of a^ is 



I sin xf>^x sin 4>„x.(ix , 



1 
j sin^ ^^x.dx . 
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I sin ^jt* sin ifi^x,dx = o I [^^s (iftt "- <^m)* ~" ^s (^* + ^m)^]^ 



^ 1 r sin (<^t — <l>m) _ sin (<^,. + »m) "1 



(4) 



«^t cos ^t sin <^„ — <f,„ sin .^^ cos .^, 

*/ - * J 

I 

But <^jfc cos <l>i. + j9 sin «^jt = 

« 

and <l>^ cos «^« + i> sin <^,„ = by (2). 

Hence the numerator of the second member of (4) is zero, and the coefficient 
of a^ vanishes if k is not equal to m, 
1 
J*sin« i^^x.dx = 27" [*m — sin <^« cos <^„] = - fl - ^^3^ J * ^^^ 

2 r 

Therefore a^ = I f(x) sin <^«a;.eto . (6) 

The coefficient of the integral in (6) can be transformed as follows so as not 
to involve trigonometric functions. 

*m cos ^^ +p sin ^„ = 0, by (2) 

*m COS* <^m +1 sin 2<^^ = , 



8in2^ ^ __ cosV« 

^««cos*<^^=i?«sin«<^^, 
(*,„'+i>")cos»*«=y, 

cos' <^^ ^ jP 

Hence by (7) and (8) 

sin 2<^^ _ <t>J^ + p(p + 1) 
2^, <Am*+i>^ ' 

1 



(7) 



(8) 



and «, = ^^^^i^^//(«) sin ^.a.da. (9) 



Therefore our required development is 



mss 1 
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From (10) it easily follows that for values of x between and c 

f(x) = «! sin aiX + <H sin a^ + a^ sin a^ + ' ' * (11) 



where a. 



^mC^+y 



c 

Jf(\)^ma^\.dX, (12) 



and a„ is a root of the equation 

oc cos ac+l> sin ac = . (13) 

It is to be observed that if ^ is infinite (13) reduces to sinac = Q, a^ 

becomes — and (11) and (12) give our regulation Fourier sine series (v. Art. 
c 

31), and therefore the ordinary Fourier development in sine series is merely a 

special case of the problem just solved. 

Moreover since the Fourier method of determining the coefficients of such a 

series requires that 



j sin a^x sin a^x.dx = , 



that is that sin (a^-a> _ sin (a + a,). ^ ^ 



or reduaing, that 



a^c cos a^c a^c cos a^c 

sin a^c sin a^c 



or that a^ and a„ should be roots of the equation 

ac cos ac 



sm ac 



=^p 



where p is some constant, it follows that we have obtained in (11) the most 
general sine development that can be obtained by Fourier^s method. 

EXAMPLES. 
1. Show that the solution of the problem of Art. 67 is 



ru = 2)*^e-""^f' sin a^r , 



m=l 



"^^" *- = ? • aff+ifL-l) /W «^° «»^''^ 



and a» is a root of 



'm 



ac COS ac + (he — 1) sin ac = . 
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2. If the initial temperature of the sphere is constant and equal to p 



m— OD 



rw = 2 ^m <^~ "**«' sin a„ r 



m= I 



Where h^ = 2ph^ ^T^tPK, ' '"^ 

^m * a^c^ + he (?ic — 1) * 

3. If the temperature of the air is a constant y instead of zero the surface 
equation of condition is 

D^u + A (w — y) = when r^c. 

The substitution of w^ = n — y , however, brings the problem under Ex. 2 ' 
and we get / 



msOD 



r(u - y) ^'^b^e-^^ sin a„r 



/ 



msl 





4. An iron sphere 40 cm. in diameter is heated to the temperature 100^ 
centigrade throughout; it is then allowed to cool in air which is kept at the 
constant temperature 0°. Find the temperature at the centre; at a point 10 
cm. from the centre; and at the surface; 15 minutes after cooling has begun. 

Given ^ a^ = 0.186 and ^ = 055 in C.O.S. units, (v. Ex. 3, Art. 66.) 

77^7. "77. J ^. ^4:v^ ^7w., 90^.46; 96M%-^52,3fr 

5. Show that if in the slab considered in Art. 60 one face is exposed to air 
at the temperature zero, so that we have D^u = a^D^Uy u = when a; = 0, 
u^f(x) when ^ = 0, and Z>^w + ^?i = when x = c, then 



m= 00 



u = ^a 



m»l 



^c-*'*m' sin a^f^ 



c 



where a„ = 2 _j_^t^ J>(x) sin a„X.dX, 

« 

Uf^ being a root of ac cos ac + ?ic sin ac = 0. 
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(). If in the problem of Art. 57 heat escapes from one side of the plate into 
air at the temperature zero so that we have D^ u + D^u = , m = when 
ar =^ , u =/(«) when y = , and i>^?/ -\-hu^=^{) when x = a, then 



u 



= ^a^er''m^ sin a^x 



where a, = 2 .^^^-^±^^ sin a„X.efA , 

a^ being a root of aa cos aa + ^^a sin aa = . 

7. If in the problem of Art. 59 there is leakage at one side of the sheet so 
that we have D^V+D;V=0, V=0 when x = 0, F=0 when y = ft, 
V=zf(x) when y='0, and D^V+ hV=0 when x=^a, then 



mssoD 






sinh a„.6 
where a^ has the value given in Ex. 6. 

69. If we have an infinite solid with one plane face which is exposed to air 
at the temperatures U = F(t) and heat can flow only at right angles to this 
face, we can solve the problem readily for the case where the initial tem- 
peratures are zero. We have 

subject to the conditions 

tt = when ^ = 

and 2>^M -\-h(U— u) = when x = 0. 

Let v = ii — -D^u, (1) 

Then v will satisfy the equation 

and we shall also have v=-U when aj = . 



OP 



Since U=F(t) . = ^fe-f^F^t-^dp (2) 



X 

2aV^ 



by Art. 51 (10). 

Dj^u — Aw = — hv by (1). 

Hence t^e*"** =i^hi e~^vdx + C ; 

V. Int. Cal. § 4, page 314. 
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Determining C by the fact that v^r^ = when x^ oc we have 

OD 

u = he^ Ce' *' vdx . (3) 

Substituting the value of v from (2) we have 

as our required solution. 

For an extension of this method to the flow of heat in two and three dimen- 
sions and for the interpretation of the results by the aid of the theory of 
Imcbges, see E. W. Hobson, Proc. Lond. Math* Soc, Vol. XIX. 

EXAMPLES. 

1. If the temperature of the air is a periodic function of the time, say 
p^ sin (mat + X^) and we care only for the limiting value of w as < increases, 
show that this value is 

1 jma / X jma , , \"1 

V. Art. 62 and Art. 51 Ex. 4. 

, , r ' T ^ e'^Casinhx — bcosbx) 
Note that \ e""^ sin bx.dx = ^^ ^nn ' 

J /• . . e**^ (a cos bx -\-b sin bx) 

and I «*" cos bx.dx = — ^^ » . ,„ ^ 

•/ a^ + b^ 

V. InL CaJ. Table of Int. fg8^)-ftftd<236). ^ ^ y 7 ^ r 

2. If D^V+D^V=0, V=0 when y = and i)^r+ A[7^(?/) — F] = 
when aj = show that 

V. Art. 47 Ex. 1. 

70. The solution for an instantaneous heat source of strength Q at the 
point x = \ if heat escapes at the origin into air at the temperature zero, so 
that DjpU — Am = when a? = , can be obtained by the aid of Art. 53. 
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Let u = Ui'\-U2 where Ui is the temperature that would be due to the given 
source if we had no boundary at the origin, so that 

wi = — ^ e- ^^. [Art. 53 (2)] 

2a\7rt 

DjpU — hu = Dx'^i — hui + D:pU2 — hu^ = when a; = . 

Therefore -C^x^a ~" ^^ = ~ (^x^^i — ^^i) (1) 

when aj = 0. 

But - (i),«. - huO = - ^^ (^ - a) e-'^ 

- Q ( ^ h\a-^ 

when x = 0. 

This is easily seen to be the value to which 

reduces when a; = , and this last expression is 

and therefore satisfies the equation 

D,u = a^D^u', (2) 

siiice ;-— e 4a>( is the temperature due to a source at a; = — X . 

If, then, we determine u^ from the condition that 

D,(t*.-A«,)=--^(^-A)e-^ 



•fcni (3) 



2aV7rt 

taking care not to introduce any arbitrary constant or arbitrary function of t 
in our integration, u^ will satisfy equation (2) and condition (1). 

Integrating (3) [v. Int. Cal. § 4, page 314] and determining the constants of 
integration suitably we get 

00 

wj = — ^ e — i^iT" — 2A«**j e-** — Sir fife . (4) 

Therefore the solution of our problem is 

Q r A-g)* , (A4.T)« ^, . /• . (A + x)« , -1 

u = -^\e — isr + c-^sr— 2^6*^1 e-**-^^i5rrfa; . (5) 
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If we replace Q by f(X)dX and integrate from to oo we get as the solution 
for the case where u =f(x) when ^ = and « > , and D^u — Au = 
when aj = 

00 OB 

u = ^l=^j'f(K)d\re-^ + e-^^-2he^f(r^-^^dar\. (6) ' 

For an interpretation of this result by the theory of Images and the 
extension of the method to the conduction of heat in n dimensions see G. H. 
Bryan, Proc. Lond. Math. Soc, Vol. XXII. 

EXAMPLE. 

Show that if u =f(x) when t = and D^u + hlF(t) — w] = when 
X = we must take u equal to the sum of the second members of (6) Art. 70 
and of (4) Ajrt. 69. 

Zl.^ As another problem requiring a slight extension of Fourier's Theorem 
let us consider the vibration of a rectangular stretched elastic membrane 
fastened at the edges, that is of a rectangular drumhead. 

If two of the sides are taken as axes and the plane of equilibrium of the 
membrane as the plane of XY the equation for the motion of the membrane is 

r/ z = (^{D^ z + D; z) (1) 

see [x] Art. 1. 

Let the membrane be distorted at the start into some given form z =/(aj, y) 

and then allowed to swing. Our equations of coQditions are then 

z = when x = (2) 



z = " 


a5 = a 


(3) 


« = 


y-0 


(4) 


« — " 


y — b 


(5) 1 


« =/(a^> y) " 


t-O 


(6) 


D,z — « 


t = 0. 


(7) ' 


We can get a particular solution of (1) by 


our usual device. Assume 




^_g«x + py + Y« 


. 



and substitute in (1) . We get y^ = c\a^ + ^ as the only relation that 
need hold between a, fi, and y, in order that « = e«*+^»+y* may be a 
solution. This gives 



Therefore ^ _ ^ « + 0v * ce v^.» + ^« 

is a solution of (1) no matter what values are given to a and fi. 
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Replace a and fi by ai and fit and we have 
as a solution, and from this we get 



z = sin (ax + py± ct ^a^ + fP) 



and 



z = cos (oaj -\- Py±.ct ^d^ + /3^) 



(8) 
(9) 



as particular solutions of (1), a and fi being unrestricted. 
From (8) and (9) we can get solutions of the following forms 



« = sin oa; sin Py sin ct VoMhi^ 
z = sin ax sin ^y cos ct SaF-^-^ 



z -=. sin ax cos ^y sin ct Va*-f ^ 
« = sin oo; cos )8y cos ct ^a^ + )3^ 



« = cos cur sin ^y sin ct va^+jff' 
« = cos ax sin jS^^ cos ct Va^+j8^ 



(10) 



« = COS ax cos /5y sin ct yo^ + js^ 
« = cos ax cos /3^ cos c^ yc^+j^, 

each of which will satisfy equation (1). - The second of these will satisfy also 
(2), (4) and (7) whatever values be taken for a and fi. It will satisfy (3) and 

(5) if a and p are equal — and — respectively. 

If, then, we can so combine terms of the form 



sin sin —7^ cos cnt 

a 






as to satisfy (6) our problem will be completely solved. 

This can be done if we can express /(a;, y) as a sum of terms of the form 

A sin —^ sin —7^ > the sum and the function being equal wheiL r lies 



a 



mirx 
a 



between and a and y between and b, 
f(x, y) can be expressed in terms of sin 

regard y as constant. We have 

msGo 

^/ \ x^ . mm 



by Fourier's Theorem ii 



w 



VITTX 



ai) 



msl 
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2 • 



where a^ = ^ff(K y) sin 'TlII2^ d\ . (12) 



/(X, y) in (12) is a function of y and may be developed by Fourier's Theorem. 



«sa« 



We have /(A, y) = J ft„ sin ^ (13) 



h 



b 



where ^« ~ 7" P^C^' ^) ^^^ "/ ^'^ • (^^^ 

u 

Substituting for /(A, y) in (12) the value just obtained we have 
«» = ! f S(/^/M /*) «^ ^ ^^^ ^ «^/*) si'^ ? 

Vel 



^el 

and 



MBQOIIss 






Hence « 



= S X{^^ ^^ ^ ^^° ^ COS cirt -^~ + ^^ , (16) 

hibI n= 1 



a 



where — ■ -/\ ■ ^^x ..a »,^ 



^" = S/'^/^^^' '^^ ^^'^ T "^ T '^'^ • (i^> 



/ " " 



is our required solution. 

EXAMPLES. 

1. Show that if the membrane starts from its position of equilibrium but 
with a given initial velocity impressed upon each point so that « = when 
^ = and DtZ^=F(x,y) when < = the solution is 



tn s ae n = (X 






where A„^ = ^^<^^J ^(^> M) sin ^^ sin ^ rf/* . 



^ 
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* 

2. If there is both initial distortion and initial velocity 






INS 1 11= 1 

a h 



where ^^,„ =Cd\CF(k, fi) sin ^ sin ^ rf/A , 1 





a b 



and ^m« = . I dX, \FCK. u) sin sin -V^ ^M- 






c-'^X/^ + J^ ^ 



3. Obtain a particular solution of (1) Art. 71 by assuming z = T.X. V. 
where :r is a function of t alone, X of x alone, and F of y alone. 

72. A number of interesting conclusions can be drawn from the results of 
Art. 71 and Exs. 1 and 2. 

(a) No one of the three values of z is in general a periodic function of t, 
and consequently a vibrating rectangular membrane will not in general give a 
musical note. 

(b) A stretched rectangular membrane can be made to give a musical note 
by starting the vibration properly. For if the initial circumstances are such 
that the solution reduces to a single term, as will be the case if the initial dis- 
tortion in the problem of Art. 71 be such that /(a?, y) = A^ „ sin sin — t-^? 

or the initial velocity in Ex. 1 be such that F(x^ y) = ^^ „ sin — -. — sin — r-^ , 

or the initial distortion and initial velocity in Ex. 2 be the values just given, 
then the vibration will be periodic and will have the period 

^= ,4 — -. • (1) 






Since T is a function of m and n and m and n are any whole numbers, the 
same membrane is capable of giving a great variety of musical notes of differ- 
ent pitches. If m and n are both unity we get the lowest note the membrane 
can give, which is called its fundamental note. Its period 

T,= ,^ . = ,^^ . (2) 



hi ey/a' + b" 
If m and n are both, equal to A; we get 



T,= ^1_ ; (3) 

kc Va" + b^ 
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therefore the membrane can be made to give any harmonic of its fundamental 
note. 

More than this, since as we have seen 

2 



T = 






is the period of any note the membrane can give, and since if m and n are 
replaced by vik and nk we get 

2 






ck 






the membrane can sound all the liarmonics of any note which it can give. 

{c) In the case considered above, where the solution reduces to the single 

term 

. mirx . mry F . Im^ , n^ , _, . Im^ , n*~l 

« = sm -^ sin ~j- ^A^^^ cos ^"^^ \ -^ + ^ + ^m,* sm art y]— + ^a J ' 

a 2a 3rt (ftl — l)a n i r ^ 1 

if a; = — , or — , or — • • • or ^ , z = for all values of f, and 

tft m in III 

the lines a- = — , »! = —,••• a; = ^^ remain at rest during the wliole 

m m III 

vibration and are nodes. The same thing is true of the lines 

b 2h Wh (ii — l)h 

y = ->2/ = — >y = — >••• !/=- • 

n II II 11 

73. If the membrane is square it may have much more complicated nodes 
than if the length and breadth are unequal, as in this case the period of any 
term of the general solution reduces to 

2<fc 
c yiir + 7r 

and there will in general be two terms having the same period, and a musical 
note of the pitch corresponding to that period may be produced by initial cir- 
cumstances that bring in both terms. Thus 



rmrx . WTry 

z = sin sm - * 

a tt L 



^ [_A„^ cos ^ V;^M^'' + 5^, sin ^ V««^ + «"] 

. HTTX . mnry F . art ^/—r-i — b i n • ^^^ t,r~n — ^H 

4- sm sin A^ ^ cos — yiir + ir + B„^ sm — yriv' + n- 

a a L ' fit ' "'"* a J 
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is a form of vibration that will give a musical note. Let us write this 

CTTt ^r—T—^ — lF . . mirx . n*rry . _ . rnrx . ml^y'^ 

z := COS — V w + w- A Sin sin — - + B sin sin 

n l_ a a a a _} 

4- sin — Sin} + ti^ C sin sm — - + D sm sin (2) 

a L o^ d a a _} ^ 

and in studying the forms of musical vibration of which the membrane is 
capable we may take A, B, (7, and D at pleasure. Consider the simple case 
where A=z C and B=z D\ then (2) reduces to 



(. . mirx . niry . „ . nirx . rmriA/ cirt .• ^ , 
A sm sin — - + B sm sin If cos — ym^ + 
a a a a /\ a 



n« 



+ 8m — ^m^ + 7A. (3) 



Values of x and y that will reduce the first parenthesis in (3) to zero will cor- 
respond to points of the membrane remaining motionless during the vibration. 
Let us consider a few cases at length. 

(a) If w = 1 and w = 1 , the first parenthesis in (3) becomes 

(A + B) sin — sm — ^ , 
^ a a 

which is equal to zero only when x = or y = , or x=ff or yz={i, 
tliat is, for the four edges of the membrane. If, then, the membrane is sound- 
ing its fundamental note it has no nodes. 

(b) If m = 1 and 7?= 2 , we have 

. . TTX . 2'iry , „ . 2'n'x . iry 

A sin — sm — - + B sm sm -^ = 

a a a a 

to give the nodes. 

Let .5 = 0, then sin — sin — ^ = 0, which is satisfied by v = ^; and 
' a a ^^ ' "^ -^ 2 ' 

in addition to the edges the line y = o is at rest and is a node. 
If A=0 ^ = 9 is a node. 



If A = B 



. TTX . 27ry , . 2Trx . try . 

sm — sm — - + sin sin — ^ = 

a a a a 

„ . TTX . Try Try . ^ . trx irx , iry ^ 
2 sm — sin — ^ cos -^ + 2 sm — cos — sm — ^ = 
a a a a a a 

. TTX , Try / fry . 7rx\ . 
sm — sm — ^ I cos -^ + cos — 1 = 0. 
a d \ d ' a / 
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The first factor gives the four edges of the membrane, 
equal to zero gives 

Try TTX / 'rrx\ 

cos -^= — cos = cos I TT I 

a a \ a / 



The second written 



Try TTX 



a 



a 



x + y = a, 



which is a diagonal of the square. 
If B = -A 



. TTX . 27ry , 2irx . iry 

sm — sin — - — sin sm — ^ 

a a a a 



= 



cos 



Try trx 

—2. = ftoa — 



a 



a 



which is the other diagonal of the square. 

Other relations between A and B will give Trigonometric curves of the form 



cos 



Try B TTX 

— ^ = cos — 

a A a 



which are easily constructed and which obviously all agree in passing through 
the middle point of the square. 

We give the figures for a few of the cases 





,4-0 



5=0 



A^~B 






/- B 



A^2B 



A=^B 



/" 
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(c) If m = n = 2 we have 

/ / 1 T>\ • 27ra5 . 27ry 
(^^ + J?) sm sin — ^ = 

to give the nodes, which are merely the lines 

ir = -, and 2/ = 2' 

This form gives the octave of the fundamental note. 

(d) If m = 1 and n = 3 we have 






. . TTX . Sttv , _ . Sirx . irt/ 

A sm — sin — - + B sin sm — ^ 

a a a a 



= 



to give the nodes. 
If ji = we get 



a , 2a 

a; = - and a: = — 
o o 



(1) 



If ^ = we get 
If -4 = — ^ we get 



a . 2a 

y = 3 and y = - 



Tra; . 37ry Sttx . tti/ 

sm — sm — - — sin sin 

a a a a 



^ = 



sm — sin -^ 4 cos^ — ^ — 1 — 4 cos" hi =0 

a a L «^ a J 



(2) 



cos" — ^ COS* = 



a 



a 



/ TT?/ 7rx\/ Try , 7rx\ ^ 

I cos --= cos l( cos — ^ + COS — 1=0 

v a a /\ a a / 



or 



If A=:B we get 



X — f/ = and a? -j- y = a . 

, Try , o Traj 1 

cos" — ^ + cos" — = - 

a a 2 



(3) 



or 



27r// , 27ra; 

cos — - + cos =1 — 1 

a a 



(4) 



a Trigonometric curve easily constructed. 

For other relations between A and B we get more complicated Trigonometric 
curves coming under the general form 



. 27ry , „ 27ra; A + B 

A cos + -B cos = ;r — 

a a 2 



(5) 
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which all agree in containing the points 



(a a\ (a 2a\ l2a a\ , /2a 2a\ 





A^O 



B=0 



A=-B 






A^B 



B^ - 2.4 



B = 2A 



MISCELLANEOUS PROBLEMS. 



I. Logarithmic Potential, Polar Coordinates, 



1. Show that 2>jr+2)/r=0 becomes 



if we transform to Polar Coordinates. 

2. If in 
we let F'= i?.4> we get 



2>,»F+iD,r+ii)^«r=0 



(1) 



4> = ^ cos a<^ + ^ sin a<^ -) O = ^e"* + J5e-«* 

[■or . 

^ = ^jT* + J5i r~ * ) ^ = ^1 cos (a log r) + Bi sin (a log r) ; 



.} 



whence 



F= r«co8 a<^ 
F=r*sin a<^ 



F= — cos o^ 



F'=-- sin a<^ 



F= e»* cos (a log r) 
V^ 6"* sin (a log r) 

F= ^-«* cos (a log r) 
V= er- «* sin (a log r) 



F= cosh a<^ cos (a log r) 
F^ cosh a<^ sin (a log r) 

7^= sinh a<^ cos (a log r) 
F= sinh a^ sin (a log r) 



are particular solutions of (1). 

3. Show that if T satisfies (1) Ex. 2 and V=f(<l>) when r = a 



maOD 

^~2^®"'"X( / (^in cos m<^ + «;„ sin w<^) for 



r < a 



fii<=i 



msaOB 



and 



r> a, 



where 



F=o^o + X(~) (^m cos w<^ + a^ sin m<^) for 

» n 

^m = "■ OT^) cos mKl>,d<f> and cr^ = - T/^*^) sin m<f>.d€l> 
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4. Showthat if r satisfies (1) Ex. 2 and r=/(r) when <^ = and r>0 
r= i/,,, W2»k^li eo. .(X- log „.^ 



— 00 



1 ^i^ cosh 5 (X - log r) 

V 2 J ''^ ' cosh (k — log r) — cos ^ 



— oe 



5. If r=l when <^ = and 0<r<l, and r=:0 when <^ = and 
r>l 

6. If r=/(r) when <^ = and F=0 when <^ = i8 

r= i h(e-)d\ f ^^^iP-J)^ cos a(A - log r).da 



— 00 



00 



'^-00 cosh -^ (A. — log r) — cos - <^ 

if o<<i><p, 

7. If F=0 when <^ = and V=F(r) when <^ = /3 



r= lji.(a.yx/5if|? cos «(X - log r).aa 



— 00 



1 . ir4> r F(e^)dX 

= ^ sin —J- 1 ^ — • 

^ ^-^ cosh 5 (X — log r) + cos - <^ 

P P 

8. If V=x(t) ^^®^ <^ = ^ *^^ r<a, F=0 when <^ = /8, and 
F=0 when r=a 



1 . 7r<^ r / x\ r 5?^ 



F=;^sin^fv(a«^)r 

2^ ^_r^ 'Uosh|(x-logf)-cos^ 

f/X 



cosh J (x + log ^) - cos ^ 



] 



urn 
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9. If r=0 when r = l, V=l when <^ = 0, V=0 when <^ = ^ 

10. If F=0 when r = l, F=l when <^ = 0, r=l when «^ = | 

F=^tan-T ^^^'l 1. 
TT L2r^ sin 2<^ J 

11. If F=/(<^) when r = a, r=0 when </» = 0, and V=0 when 



msQc 

sin —^ II r < a 



msQc 



m = ae 



F=2^a„.^-^P sin— ^ if r>a 



m=l 



where «„ == - 1 fdh) sin — r^ 



\ 



«« = ^ pt*) sin ^^ rf<A and 





12. If F=/(<^) when r = a, F= when r = b, F=Owhen <ji = 0, 
and F=0 when <^ = i3, then if a<r<^; and < <^ < /3 , 



m r= X WtfT WW 

=2{-^^[(0?-©?]--™T} 



m r= X wtfT iw<r 

F=^ 



where a^ = | J7(<^) sin ^^ rf<^ . 



13. If r=F(<l>) when r = ^», F=0 when 7'=a, F=0 when </» = 0, 
and F=0 when <^ = /3, then if a<r<,b and 0<<^</5 



i»*r nur 



Hi ^ 00 wpr nin 

Tr x^ ( afibp r/rXai //A!«5"l . mird>'\ 



1 dp — a fi 



where a_ = - CF{€b^ sin — ^ 



ttm = sf^i't') s^^ ^f^ ^* • 



14. If F=x(^) ^hen «^=0, F=0 when <A = )8, F=0 when r = a, 
and F=0 when r = ft, then if a<r<b and < <^ < /3 



m = oo 



sinh "^^(^~'^) 
p_yj log 6 — log g m7r(log r — log «) ) 

/ , '^ . i_ ^WTT. log «> — log a > 

//' / ""^ sinhi — - — ^ ^ ^ 

/ ^' fv logo — log a 
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-I 



^^«'« *« = log b - log a/x(«*'> ^^'^ i^il^og-^ ''^ • 



15. If V=\l/(r) when <^ = i3, r=0 when <^ = 0, V=0 when r = «, 
and F=0 when r = b, then if a<Zr<,b and 0<<^<)3 

. , imr<h 

"t«* sum 



^^^( log6-loga^.^m,r(logr-loga)| 

:^^ \inh . ."^v logft-ioga ; 



/v |''*^y log 6 — log a 

a 

where «„ = ; — : — :s I \l/(ae') sin z — ; z dx, 

"• log a — log nj ^^ ^ log b — log a 



II. Potential Function in Space, 
1. Show that 

OD OD 09 OD 

y^x, y) = -kf^f<^Pf^^ff(^^ A*) cos a(X — a?) cos /3(Ai — y^dfi, 



_ 



X — oo 



for all values of x and y. 
2. Find particular solutions of D^V+ D^V+ D^V=0 in the forms 

V= e ^ *^«*^ cos (ax ± fiy) 



V=e * «^^*^* sin (ax ± fiy) 

V=z sinh z Va* + )^. sin (oic ± /?y) 

r= cosh « y/a^ + p\ sin (oo; ± /3y) 

&c. 

3. Given I)^V+ D^V+ D^V=0, and V=f(x,y) when « = 0, solve for 
positive values of z. 



[*»+(X-a:)»+(/*-y)»]i 



— 00 _ot> 



4. Confirm the result of the last example by showing that if /(«, y) is inde- 
pendent of y 

00 

y^l r zf(X.,^)dk ,y Ex. 3 Art. 45). 



— 00 
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5. If i>ir+2>/r+A«r = 0, and V=l when z = for all points 
within the rectangle bounded by the lines a; = a, x = — a, i/=b, and 
y = — b'j and F=0 when « = for all points outside of this rectangle, 
then 

-w V- ^-y i E 4. i ,i„-i (g - xy(b - yf - ^T(« - »)' + (6 - y)' + ^'] 

1 . . {a + ^)'(6 - y)' - ^'[(« + a-)' + (6 - yf + ^] > 
"^ 2 ^'° (a + ar)»(6 - yf + «»[(a + xf + (6 - y)» + ^^ S 

ft + y ( TT 1 (« - x)\h + y)« - «'[(« - a-)' + (^ + y)' + «'] 

"^ v'(H:^» 1 2 "^ 2 ^''^ (« - x)*(« + y)» + z\{a - xf + (ft + y)^ + **J 

1 , (« + x)\h + y)^ - z-^ja + a-)' + (ft +V)' + ^'] > 
■^ 2 ^'" (a + a:)»(ft + yf + «-^[(a + xf + (ft + y)« + «»] f 

if — a <C a* < a , and 

VF^4 («-x)^(ft-y)* + «^[(«-a')-'+(ft-y)> + *»] 

_ ,.„_, (g + xyjh - yy - z^{a + a;)' + (ft - y)» + ^'1 
(a + xy(h - yy + ««[(« + a-)» + (ft - y)« + ««] 



} 

_ ,. _i (g + x)^(^> + ?/)^ - zX(a + x)^ + (& + f/Y + ^«] > . 
(a + x)\b + yy + z\{a + x)» + (^ + y)-^ + ^«]r 
if a;< — a or x>a. 

6. If the value of the potential function Fis given at every point of the base 
of an infinite rectangular prism and if the sides of the prism are at potential 
zero the value of V at any point within the prism is 



F= -7 X X« '^S ^ w sm sin ^y-^ M^ I /(^> ''^) ^^^ ^^^ "I^ ^/*- 

ms:l nsl 

If F= 1 on the base of the prism this reduces to 

. (27;^ + l)7ra; (27. + l)7ry 



TT^ ^ -4^ -" '^ (2m + 1) (2n + 1) 



7. If the value of the potential function on five faces of a rectangular 
parallelopiped, whose length, breadth, and height are a, b, and c, is zero, and 



'V 
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if the value of Vis given for every point of the sixth face, then for any= 
point within the parallelopiped 



msBoo nmoo 



VTTi Til 



mirx . niry 

— — OIU "'** 

m-l i.= l sinh TTC 









where ^^,« = '^f^^ffQ'y ^) ^in ^ sin ^ rf^ . 



U 



8. If the value of the potential function is given on two opposite faces of a 
rectangular parallelopiped and is zero on the four remaining faces, then within 
the parallelopiped 



INS » Has 3D 






m»I n=l ginli 7^(5 



"T + 7T 

ms 1 n=s 1 






a b 

where ^^„ = ;^ J ^^ (/(^^ A*) sin ^ sin ^ rf/* 

a b 

and ^„^, = -^Cdk^FiX, fi) sin ^ sin ^ rf/* . 

9. If the value of the potential function is given at every point on the surface 
of a rectangular parallelopiped, what is its value at any point within the 
parallelopiped? 

III. Condttction of Heat in a Plane. 

1. Find particular solutions of D^^i = a\D^u + I>yu) of the forms 

« 

u = e- «*<*' + ^'>' sin (ax ± fiy) 
u = e-°'^''-^^>' cos (ax ± fiy) . 

2. Given the initial temperature of every point in a thin plane plate, find 
the temper^iture of any point at any time, 



CONDUCTION OF HEAT IN A PLANE. 141 



» = 4^/*/--''="^*i^/(^""*' 



— 00 — ae 

QD OB 



= - fc-^ dpfe-^f(x + 2a>ftp, y + 2ayJ't.y)dy, 



— ot 



— ao 



3. For an instantaneous source of strength Q at (X, fi) 



i« = -: — — e 4as( V. Art. oo. 



For an instantaneous doublet of strength P at (0, fi) with its axis perpen- 
dicular to the axis of Y 

• For a permanent doublet of strength P at (0, /i) with its axis perpendicular 
to the axis of Y 

P X j' + d^-y)* 

If the strength of the doublet were Fdfi and the heat were uniformly 
generated and absorbed along the element dfi of the axis of Y beginning at 
(0, fi) we should have 



M = 



P _x« + (/i-y)» Xdfl _ P ^^a»-H(^- y >' ,. ^,, M — y 

2:1^2^ ^ ^2+(^^y)«~2^.^ -' ^tan -^ 



and since d tan""* ^- — - is the angle ARA\ where A and ^' are the points (0, fi) 

and (0, /A + <^/*) a-iid ^ is the point (x,y), « = when y = unless 

P 

fi<Zy<Zfi + dfiy in which case ^^ = 0"^ if ^ approaches zero from the 

positive side; and t/ = when t = except in the element rf/x. If then 
u = when t = and u=^f{y) when a: = we have only to suppose a 
doublet of strength 2a^f(x)dx placed in each element of the axis of Y and 
then to integrate; we get 






— QD 



x^ + {II —yy 
For a permanent doublet of strength F(t) at (0, /i) we have 
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From the reasoning above this must be zero when ^ = except at the point 
(0, /x), must be 2a^F(t) at the point (0, /x), and at every other point of the 
axis of Y when t is not zero. 

Hence if w = when ^ = and u = FQ/, t) when a; = 

1 r xF(fi,0) ^_^±ifi^£^ , , 1 f , AxDrF(fi,r) ^_a«-f(^-y)« 



— OD —OB 



For an extension of this solution by the method of images to the case where 
there are other rectilinear boundaries and for its application to the correspond- 
ing problems in the flow of heat in three dimensions see E. W. Hobson in Vol. 
XIX Proc. Lond. Math. Soc. 

4. If the perimeter of a thin plane rectangular plate is kept at the tem- 
perature zero and the initial temperatures of all points of the plate are given, 
then for any point of the plate 

m = ao nss 00 be 

m=l ii»l 

if b is the length and c the breadth of the plate. 

5. A large mass of iron at the temperature 0^ contains an iron core in the 
shape of a long prism 40 cm. square. The core is removed and heated to the 
temperature of 100° throughout and then replaced. Find the temperature of a 
point in the axis of the core fifteen minutes afterward. Given a^ =: .185 in 
C.G.S. units. Ans,, 52", 9, 

6. If the prism described in Ex. 5 after being heated to 100° has its lateral 
faces kept for 15 minutes at the temperature 0° find the temperature of a point 
in its axis. Ans.,. 20°.8. 

IV. Conduction of Heat i7i Space. 

1. Show that 

OD 00 00 00 OD 00 

•-^l dai dpi dy i d\ Cdfi j/(X, /a, v) cos a(A — x) cos j8(/i — y) cos y(v — z).dv 

—» —OB —OB 

for all val^e8 of x, y, and z. 

2. Show that 

m<E 1 Its 1 pes 1 

a b e 

where A^^^ = ^^j^^f^f^fA^^ ^^ sin ^ sin ^ sin ^ dv , 





0<.r<«, 0<y<b, 0<z<c 
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3. Obtain particular solutions of DtU=:a\D^u-\-D^U'\- D^u) of the 

forms 

u = 6-«*(**+^* + y')' sin {ax±Py± yz) 

U = e-a»(a» + ^«+ >•)< cQg (aX±Py± yz) . 

4 Given the initial temperature of every point in an infinite homogeneous 
solid find the temperature of any point at any time. 

1 






_0D — * —00 

00 OB 00 



= -3 Ce-^dpCe- y* dyCe-^f(x + 2aV^.)8, y + 2a^t.y, z + 2ayftS)dS . 

— go ^~00 ~~0O 

5. If the surface of a rectangular parallelopiped is kept at the temperature 
zero aud the initial temperatures of all points of the parallelopiped are given, 
then for any point of the parallelopiped 

111 = 00 flsOopsOD 
mssl Ns: 1 pss 1 

bed 

where ^^,„^ = ^f^>^f^/^ff(^y f^> ") ^^^ ^ sin ^ sin ^ dv . 



6. An iron cube 40 cm. on an edge is heated to the uniform temperature of 
100® Centigrade and then tightly enclosed in a large iron mass which is at the 
uniform temperature of 0°. Find the temperature of the centre of the cube 
fifteen minutes afterwards. Ans.^ 38°. 4. 

7. An iron cube 40 cm. on an edge is heated to the uniform temperature of 
100° and then its surface is kept for fifteen minutes at the temperature 0°. 
Required the temperature of its centre. Ans.y 9°.5. 



CHAPTER v.* 



ZONAL HARMONICS. 



74. In Art. 16 we obtained 

z = Ap^(x) + Bq^(x) (1) 

[v. (6) Art. 16] as the general solution of Legendre's Equation 

m being wholly unrestricted in value and x lying between — 1 and 1 ; where 
^^^^) ^ ^ M^ + 1) ^. I ^(^ — 2)(m + l)(m + 3) ^, 



2! 



4! 



m(m -- 2)(y7t — 4)(m + l)(7?t + 3)(m + 5) 
■" 6! ^ + 



(3) 



and 



,^^(^) ==, ^ _ (m-l)(m + 2) ^. _^ (^ - l)(m - S)(m + 2)(m + 4) ^. 

(^ _ i)(^ _ 3)(^ - 5)(m + 2)(m + 4)(m + 6) ^, ^ ^^^ 

I • 



and we found 



V z=z r'^p^ (cos ff) 
r= /•♦»5'^ (cos ^) 



F= 



•ffi 



Tl ?m (COS tf) , 



(5) 



m being unrestricted in value, as particular solutions of the special form 
assumed by Laplace's Equation in spherical coordinates when V is independ- 
ent of <^; that is, of the equation 



^ ^ sm ^ ^ 



(6) 



* Before reading this chapter the student is advised to re-read carefully articles 9, 10, 13(r), 
15, 1«, and 18(c). 
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For the important case where w is a positive integer we found 

z = AF„(x)+BQ„(x) (7) 

[v. (10) Art. 16] as the general solution of Legendre's Equation (2), whence 

V=r"P„ (COS ff) 



y= pirri ^m (cos ») 

1 



S- 



(8) 



] (9) 



are particular solutions of (6) if m is a positive integer. 
__ (2m-l)(2m-^S)' -l F __ m(m - 1) 

7n(m-l)(vi'-2)(m-3) 
^ 2.4.(2m — l)(2w — 3) ' 

[v. (8) Art. 16] and is a finite sum terminating with the term which involves 
a* if m is odd and with- the term involving x^ if 7fi is even. 

It is called a Surface Zonal Harmonic, or a Legendre's Coefficient, or more 
briefly a Legendrian, 

^"'^'^ (2m + l)(2w — l)---lLa:'«+*"^ 2.(2m + 3) a;« + « 

(,^. + l)(^ + 2)(m + 3)(m + 4) 1 H 

^ 2.4.(27/1 + 3)(2w + 5) x^^^^ A \^^ 

if a-<— 1 or x>l. [v. (9) Art. 16.] 

It is called a Surface Zonal Harmonic of the second kind. ^ , 



m — 1 



rw\ 



«m(^) = (^<li7 



T{m + 1 ) 






^""^2^ 



3^ 



[Ki + 0] 



/'m(^) 



/ .v=V 1 2.4.6. •••C/» — l) ,, 
= <-^)^f 3.5.7. -m -P'"("> 

[v. (13) Art. 16] if wt is odd and — 1< X < 1 . 



(11) 



<2«(«) =i- l)i 



r(m4-i) 



^4\ 
> 



2«-i 



W=4-')] 



i ?«(«) 



, ^ « i 2.4.6. •••»* 
= <~^> f 1.3.5. -(^- l)g"(^> 



(m-1) 
[v. (14) Art. 16] if w is even and — 1< a; < 1 . 



(12) 
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In most of the "work that immediately follows we shall regard x in P^i^) as 
equal to cosd and therefore as lying between — 1 and 1.* 

75. In Article 9 the undetermined coefficient a^ of x^ in -?„,(«) was 

arbitrarily written in the form ^ ^-^ — ; ~ for reasons which shall 

ml 

now be given. 

In Articles 9 and 16 « = Pm{^) was obtained as a particular solution of 
Legendre's Equation 

(l-»=')£-2x| + m(m + l)« = (1) 

by the device of assuming that ;;; could be expressed as a sum or a series of 
terms of the form a^x^ and then determining the coefficients. We can, how- 
ever, obtain a particular solution of Legendre's Equation by an entirely differ- 
ent method. 

The potential function due to a unit of mass concentrated at a given point 

r= , - — (2) 

yj(x--x,y+{y-y,y+(z-zry 

and this must be a particular solution of Laplace's Equation 

B^V+D^'V+D^V^Or (3) 

as is easily verified by direct substitution. 

If we transform (2) to spherical coordinates using the formulas of 

transformation 

a: = r cos $ 

y = r sin cos ^ 

« = r sin ^ sin <ff we get 

F= , ^ (4) 

\r^ — 2rri[cos $ cos $i + sin $ sin Oi cos(^ — <^i)] + rf 

as a solution of Laplace's Equation in Spherical Coordinates 

rB^r r) + - A^ A(sin tf A F) + -rV,, ^J ^= [xiii] Art. 1. 

If the given point (xi, yi, »i,) is taken on the axis of X, as it must be that 
(4) may be independent of <^, ^i = , and 

~V^ — 2rriC0S^+^« ^ 

* English writers on Spherical Harmonics generally use fi in place of x for cos $, We 
shall follow them, however, only when we should thereby avoid confusion. 
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is a solution of 

r2),'(rr) + ^.J^A(sintfi),r) = 0. (6) 

Equation (5) may be written 



or r= - . (8) 

Vl-2-costf + A; 

Vl — 2.1: cos ^ + «* is finite and continuous for all values real or complex of 
z. It is double-valued but the two branches of the function are distinct except 
for the values of z which make 1 — 2z cos ^ + .t* = namely z = cos B-^-i sin $ 
and z = cos — i sin 0, both of which have the modulus unity and which are 
critical values. 

, : is finite and continuous except for the values of 

Vl - 2« cos e + z^ 

z = cos 6— i sin $ and z = cos O-^-i sin for which it becomes infinite; it is 
double-valued but has as critical values only these values of z. It is then 
Jwlomorphic within a circle described with the origin as centre and the radius 
unity, and can be developed into a power series which will be convergent for 
all values of z having moduli less than one. (Int. Cal. Arts. 207, 212, 214, 
220.) 

If then r >• ri — can be developed into a convergent series 

V2/'i ^ , rf 
1 ^cos^ + i 
r IT 

involving whole powers of -^ . 

Pm ZHi ^ *^^^ series, p^, of course, being a function of cos B, Then 

[v. (7)] is a solution of (6). Substitute this value of Tin (6) and we get 

As this must hold whatever the value of r provided r> r^ the coefficient of 
each power of r must be zero, and hence the equation 



sin 
must be true. 



ol(«^'^*^")+'«("^+i)^»=^ <"> 



\ 

if 
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But as we have seen in Art. 9 the substitution of x ^ cos B in (9) reduces 
it to 

(^ ~ **) S" - ^"^ ^ + '"('^ + *> ^"=^' 

and therefore z=^p„^ 

is a solution of Legendre's Equation (1). 

If r < ri — ====^ can be developed into a convergent series 

1 — - cos ^ + -, 

r 
involving whole powers of — 



rf 



^^ — be this series. Then 



7-1 ^^"^ /f 



(v. 8) is a solution of (6); substituting in (6) we get 
whence it follows as before that 



z = p 



tn 



is a solution of Legendre's Equation. 

7* 

But Pf^ is the coefficient of the mth power of — in the development of 

(r /^— - r ^* r 

1 — 2 — cos ^ + — 2 j * according to powers of — , or of the mth power of — in 

the development of (1 — 2 — cos ^ + ~2/ * according to powers of — , or 

more briefly it is the coefficient of the mth power of « in the development of 
(1 — 2xz + «*)" i according to powers of «, x standing for cos 0. 

(1 - 2xz + zY i = [1 — z(2x — z)y h 

and can be developed by the Binomial Theorem; the coefficient of z^^ is easily 
picked out and is 

(2m-l)(2m-3)-»-l r , _ m(m. ^ 1) 
ml L 2(2//i-l) 

^ 2.4.(27W-l)(2m-3) J* 

But this is precisely Pm{x), [v. Art. 74 (9)] 

Hence P,„(ic) is equal to the coefficient of the mth power of z in 
the development of [1 — 2ic« + «"]- i into a power series, the modulus of z 
being less than unity. 
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76. If a; = l F^(x) = l. For if x = l (l — 2xz + z^)-i reduces to 
(1 —2z-\'Z^-i that is to (1 — «)~S which develops into 

l + z + z^ + z'^ + z*-] , 

and the coefficient of each power of z is unity. Therefore 

^^^(1) = !. (1) 

We have seen that if m is even B^(x) contains only even powers of x . and 
terminates with the term involving x®, that is with the constant term. 

The value of this constant term can be picked out from the formula for 

P^{x) [v. Art. 74 (9)]. It is {— 1)« "^'^f 4 g^^.^"^^ 5 or it can be found as 

follows: — It is clearly the value F^i^) assumes when a; = 0; it is, then, the 
coefficient of z^ in the development of (1 + z^- i ; but 

,M 1 2\— JL -f 21 1'^ 4 i^ -3.5 g , 1.0.5.7 g 

(i-t«; IT — 1 2* "^2.4'' 2.4.6^ ■^2.4.6.8'^ 

- 1.3.5 • ' ' (m — 1) 

and the coefficient of «"*, m being an even number, is (— 1)^ ' . „ ^ - 

^ J.4.0 '"1)1 

If m is odd Fm(^) contains only odd powers of x and terminates with the 

term involving x to the first power. The coefficient of this term can be 

in — 1 3 5 7 • * • TW- 

picked out from (9) Art. 74 and is (—1) * oAa — ITTT' ^^' ^* ^^^^ ^ 

dP (x) 
found as follows: — It is clearly the value assumed by — J*^ ^^ when x = (). 

It is, then, the coefficient of z^ in the development of — — ; — - , . 

(l+z^)% 

3 - , 3.5 . 3.5.7 - , 



(1 + z^i 2" ^2.4 2.4.6 

and the coefficient of «"» in this development is (— 1) * ^ / ' — ; —rr , 

^ ^ ^ 2.4.6 • • • (7n — 1) 

m being an odd number. 



77. To recapitulate: 



iZ ^m-2 

{2m — 1) 



m(m-l)(m-2)(m-3) _, 
"^ 2.4.(2m — l)(2m — 3) 

__ m(m - i)(m ^ 2)(m - 3 )(m - A)(m - 5) "l 

:>.4.6.(2m — 1)(2/« ~ 3)(27// — 5) t ^, k / 
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m being a positive integer, is a Surface Zonal Harmonic or Legendrian of the 
mth order. It is a finite sum terminating with the first power oi xiim is 
odd, and with the zeroth power of a if w is even. 

P^(ic) is the coefficient of the mth power of z in the development of 
(1 — 2xz + z^)-h into a power series. Hence if « < 1 

(1 - 2xz + ;2j2)- i = Po(x) + Pi{x),z + F^(x).z^ + P^(x)..z* 

+ F,(X).Z^ + P,(X),Z' +•••.+ Pn.(x),Z'- +'". (2) 

Whence 



)/j^ — 2rri cos + r} 



= i fPoCcos 6) + '^ Pi(co8 0) + ^ Pi{Gos 6) + 

■1" 



"N 



+ ;=; ^»(cos <?) + • 



r> ri 



if" M ^ 

= - Po(cos^) + -Pi(cos^) + -5Pj(cosd) + -- 
^i L ^1 ^1 

+ ^ P„(cos tf) + • • •] if r<n. 



K3) 



is a solution of Legendre's Equation 



a-^^)S-2<g + m(m + l> = 



dx^ 



dx 



when w is a positive integer. 



and 



F=r'»P,„(cos^) 
^=I^^^(«ostf) 



are solutions of the form of Laplace's Equation in Spherical Coordinates 
which is independent of <^, namely 



tD; (r V) + -. — ^ Dt (sin A F) = . 

-P«(l) = 1 • ' 

■f^2m+ 1 ( i**) = ^gm+ 1 (*) • 
-P*n+.(0)=0. 

-f».W-( i; 2.4.6. •••2m 



(4) 

(5) 
(6) 
(7) 
(8) 

(9) 
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[ 



dF^^^(xn _ , 



dx 



1 ^( .„ 3.5.7. ••• (2m 
J._o *- ^ 2.4.6. •••i 



±1) 
2m 



(10) 
They 



(11) 



For convenience of reference we write out a few Zonal Harmonics 
are obtained by substituting successive integers for m in formula (1). 

Po(-r) = 1 
I',(x) = X 

_ P,(x)='^(3x'-1) 

P*(?^) = I (5*' - 3^) 
P^(x) = ^ (36a!* — SOj-" + 3) 

F^(x) = 5 (63x» — 70r» + 15a:) 

O 

P,(ar) = ^7 (231x« - 315.r* + lOS^r* - 5) 
P,(x) = ^ (429.c^ — 693a;« + Slo-r* — .'{5x) 

PsCar) = jig (6435x8 - 12012a:» + 6930a-* - 1260a:« + 35). 

Any Surface Zonal Harmonic may be obtained from the two of next lower 
orders by the aid of the formula 

(n+l)P,^,(a-)-(27i + l>P„(x) + nP,_i(aO=0 (12) 

which is easily obtained and is convenient when the numerical value of a: is 
given. 

Differentiate (2) with respect to z and we get 



whence 






(1 - L + z') i = (1 - 2«= + ^'X^iC^') + 2A(a!).* + 3P.(:c).;.» + •••). 

Hence by (2) 

(I - 2xz + *»)(Pi(x) + 2P,(a;).a + 3P»(t).z'+ ■ ■ •) 

+ (« - x){P^{x) + Pi(a:).s + P,(*).«« + •••)= (13) 
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(13) is identically true, hence the coefficient of each power of z must vanish. 
Picking out the coefficient of «" and writing it equal to zero we have formula 
(12) above.* , 

78. We are now able to solve completely the problem considered in Art. 9. 
We were to find a solution of the differential equation 

r2);(r r) + ^D,(sin ^ AF) =0 (1) 



subject to the condition 






We know (v. Art. 77) that 

F=r«»P^(cos^ 

and F=^,P«(cosd) 

are solutions of (1). 
For values of r < c 



(c» + r^i cL 2c«"'"2.4c* 2.4.6 c« "^ J' ^^ 



Therefore for values of r < c 



Mr Ir^ 

F=^[Po(costf)-^^P,(cosd) 



+ li^^^(<^^«)"li|^^-(<-«^) + --] W 



i 



I 



is our required solution; because each term satisfies equation (1), and there- 
fore the whole value satisfies (1), and when = j 



P^(cos6l) = P„(l) = l 

[v. (6) Art 77], and hence (4) reduces to (3) and (2) is satisfied. j 

For values of r> c 

(c« + 7^)i r\s 2r»"^2.4»^ 2.4.6r«"' J ^^^ 

_ ri_lf l^c^__l^c^ "I ^ 

"~ Lr 2r»"^2.4r» 2.4.6r'"' J* 

* For tables of Surface Zonal Harmonics v. Appendix Tables I and II. 



Chap. V.] PROBLEMS IN POTENTIAI*. 158 

Therefore for v3Jues of r > <? 

is our required solution. For it satisfies (1) and reduces to (2) when ^ = . 

79. As another example let us suppose a conductor in the form of a thin 
circular disc charged with electricity, and let it be required to find the value 
of the potential function at any point in space. 

If the magnitude of the charge is ^and the radius of the plate is a the 
surface density at a point of the plate at a distance r from the centre is 

M 

0' = 



and all points of the conductor are at the potential -^ • (v. Peirce's New- 
tonian Potential Function, § 61.) 

The value of the potential function at a point in the axis of the plate at the 
distance x from the plate is easily seen to be 



a 



a J 4 



J \/(a^-r^(x^ + r^ 



M .(r« — a« 



= ::- COS"^ 



2a x' + a^ 

d_ /M .J a;' — g^ _ _ M 
dx \2a ^^^ x^ + aV ~ a^ + x^ 

if x<,a, 

= — ~ n — i* 4- - — - -U "1 
"■ x^L x^'^x'' x^'^'j 

if x> a. 
Integrating and then determining the arbitrary constant we have 

M J y' — a^ ^FZr 5-L ^ aj* , a?' "| 

x^ + a^ ""aLi a"^3a»~5a»"^7a' J 

if «<», 

=::^r--- — + — -— +-.1 
aLx 3««^5a;* Tx""^ J 

if a;> a. 



2^^^ 



154 ZONAL HARMONICS. [Art. 79. 

We have, then, to solve the equation 

^ ^ sm $ ^ ^ 

subject to the conditions 

when ^ = and r < « 

and F=^r-- — + — - — + -I 

when ^ = and r'> a , 
The required solution is easily seen to be 

TT 

if r < a and 0<.^ y 

and r=-L^-j^;5P,(oos«?) + g^P,(cosO)-^-,P.(co8<l)+-J 
if r'> a. ' 

EXAMPLES. 

1. Given that if a charge Jf of electricity is placed on an ellipsoidal con- 
ductor the surface density at any point F of the conductor is equal to > 

where j? is the distance from the centre of the conductor to the tangent plane at 
P (v. Peirce, New. Pot. Func. § 61); find the value of the potential function at 
any external point when the conductor is the oblate spheroid generated by the 

rotation of the ellipse — « + fi = ^ about its minor axis. 

or 0" 

Ans. (1) If the point is on the axis of revolution 

F= -jE=. [sin-. (^ + -'-^') - sin-. (J^^^£MX\ 

X being the distance from the centre. 

(2) If the point is on the surface of the spheroid 

2v/a* — ft«L2 V a^ /J ^— ^aL2 Va* — ^^J 
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(3) If the distanoe r of the point from the centre is less than ^a^ — 6' and 



+ 3(^^)1 -^'(^^^-SC^^I^'^"^' *>+••]• 



(4) If the distance r of the point from the centre is greater than ^a^ — 6' 



■^'^i'^-'^-^^'^ 



+ i^*P.(»>a ,)- i!^ P.(c„ «) + ...] . 

2. If the conductor is the prolate spheroid generated by the rotation of the 
ellipse —2 + ^=1 about its major axis, show that if the point is an external 
point and is on the axis at a distance x from the centre, 

.. M . x + ^J^^ 

V= — , — log , 

If the point is not on the axis and r > Va'^ — ^' 



+ (5^'p.(c«) + t^:p,(». »)+■■]. 



80. As a third example we will find the value of the potential function due 
to a thin homogeneous circular disc, of density /9, thickness k, and radius a. 

The value of F at a point in the axis of the disc at a distance x from its 
centre is readily found and proves to be 



OTlf 

Vo = 2irpkQjx^ + a« -x)=^~ [V«» + a* — x]. 



If x>a 



r-j-r— ,_ /. , AJ-_ r la^ 1.1a* 1.1.3 (/<^ 1.1.3.5 a« 
Va- + rf - a-^1 + ^^^ - ^ L "^ 2 ic^ 2.4 ir* "^ 2.4.6 x^ 2.4.6.8 a;» "^ 

, ^, 2Mria 1.1 r/« , 1.1.3 a« 1.1.3.5 a' , "I 

and Fa = — 1 V- : h • • • I • 

^ a L2x 2.4 ./'^ 2. 1.6 .r* 2.4.6.8 x' ^ J 
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If flc<a 

' a L a^2aa 2.4 a* ^ 2.4.6 a« 2.4.6.8 a«^ J 
iHence the solution for any external point is 
_ 2Mria 1.1 a»p, ., 

, 1.1.3 a» , .. 1.1.3.5 a'' ^ . .. . "I 
+ 2Z67^^*(^"^^>-2A6:8?^«(^^^^> + -J 
if r > a, and 

F= — l--Pi(costf) 



a L «- 



^^^P,^oose)^^^^^,F.(cos^ 



if r<a and d<^ 



EXAMPLES. 



1. The* potential function due to a homogeneous hemisphere whose axis is 
taken as the polar axis, is 

^^ MFa , 3.1 a" ^ , .. 3.1.1 a* . ^. ,3.1.1.3 a« , ^, "| 

if r > a, and is 

if r^Ca and ^ > o ' 

2. The potential function due to a solid sphere whose density is propor- 
tional to the distance from a diametral plane is, at an external point, 

,^ 8 MFB.Sa , 5.3.1 a» ^ , .. 

^=1571217 + 2X6 5:i^»(^"^^) 

5.3.1.1 a» . ... 5.3.1.1.3 a' . ., "1 
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3. The potential function due to the homogeneous oblate spheroid generated 
by the rotation of — ^ + ^ = 1 about its minor axis is, at an external point, 

V= ? ^ r a;« + a«-&' / (a" -b' + hx) 

a\la? + o« — hV J 
if the point is on the axis of the spheroid at a distance x from its centre. 

ZM rj_ («'-^')i _j_ (<^'-6') | 

(a»-6»)iLl.3 r 3.6 r» ^•(cos"; 

if r>(a« — 5«)i, and 

^= (^TTj^i Li - (^STIj^i ^' ("°« *> + 4 (^f^::*^) A (COS «) 



TT 



if r<(a8-«»«)i and ^<^ 

4. The potential function due to the homogeneous prolate spheroid 

generated by the rotation of — + ^ = 1 about its major axis is, at an 
external point, 

*^ (a»-6»)*Ll.3 r ^3.6 »* ACcosf) 

, 1 (a* — lK T> , /.x , "I 
• if r>(a* — ly^k. 

81. The method employed in the last three articles may be stated in 
general as follows: — Whenever in a problem involving the solving of the 
special form of Laplace's Equation 

r2);(rF)+ -:i^A(sindAF)=0, 

the value of V is given or can be found for all points on the axis of X and 
this value can be expressed as a sum or a series involving only whole powers 
positive or negative of the radius vector of the point, the solution for a point 
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not on the axis can be obtained by multiplying each term by the appropriate 
Zonal Harmonic, subject only to the condition that the result if a series must 
be convergent. 

It will be shown in the next article that P^ (cos 6) is never greater than 
one nor less than minus one. Hence the series in question will be convergent 
for all values of r for which the original series was ahaolvtely convergent, 

82. In addition to the form given in (1) Ai-t. 77 for P^ (x) other forms 
are often useful. 

It ought to be possible to develop P^ (cos ff), which may be regarded as a 
function of 0, into a Fourier's Series, and such a development may be obtained, 
though with much labor, by the methods of Chapter II. 

The development in terms of cosines of multiples of may be obtained 
much more easily by the following device. 

We have seen in Art. 75 that P^ (cos 6) is the coefficient of the rtUh power 
of z in the development of (1 — 2« cos + z^~'^ in a power series, and that 

if mod « < 1 (1^2z cos 6 + «*)'"i can be developed into such a series. We 
know by the Theory of Functions that only one such series exists, so that the 
method by which we may choose to obtain the development will not affect the 
result. 

(1 - 2« cos + z^-i = (1 — z(e^ + e"*') + z^-i 

= (l — ze^')-i(l - ze-^yi. 

(1 — ze^-'i may be developed into an absolutely convergent series if 
mod « < 1 , by the Binomial Theorem. We have 

The product of these series will give a development for (1 — 2z cos + z^- i 
in power series. The coefficient of «*" is easily picked out, and must be equal 
to P^ (cos 0). We thus get 



^ , „ 1.3.5. ••• (27W, — 1) r 4. , _<,. , 1 2m , . __. , 



) 



+ 1.3 2m(2m — 2) , , .^. , , ^^^, "1 

2.4 (2w — l)(2//i-3)^ ^ ^^ J 
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_. ^ .. 1.3.5. •••(2w — l) r l.m . ^.^ . 

f„(co8g)= 2.4.6. ••■2m ^ [2 co8mO + 2 ^^^^_^^ cos(m-2)tf 

1 o 1-3 m(m — 1 ) 
+ ^ 1.2(2v. - l)(2m - 3 ) "°"<"^ ~ ^>^ 
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+ 2 



1.3.6 



m(m — l)(in — 2) , ,../,, ~l < 

- 1)(2^ - 3)(2 J -■ 5) ^"^(" - ^)^ + - J ■ a> 



1.2.3 (27/1 — l)(2m — 3) (2m — 5) 



If m is odd the development runs down to cos $-, if ??i. is even to cos (0), but 
in that case the coefficient of cos (0), that is, the constant term, will not contain 
the factor 2 which is common to all the other terms, but will be simply 
r i.3.5-'(m-l) "|^ 
L 2.4.6. •••?» J* 

We write out the values of P^ (cos 0) for a few values of m 

Po(cos^) = l 

Pi (cos d) = COS ^ 



Pa (COS 0)=j (3 COS 20 + 1) 

P8(cos $) = --(5 COS 3^ + 3 cos 0) 

P4 (cos ^) = ^ (35 cos 4:6 + 20 cos 28 + 9) 

i>5(cos 0) = :r^ [63 cos 50 + 35 cos SO + 30 cos 0] 

p, (cos 0) = -^ [231 cos 6^ + 126 cos 40 + 105 cos 20 + 50] 

F^ (COS ^) = T^ [429 cos 7^ + 231 cos 50 + 189 cos 3^ + 175 cos 0'} 

Pg (cos 0) = jgigi [6435 cos 8d + 3432 cos 6^ + 2772 cos 40 

+ 2520 cos 20 + 1225] . 



(2) 



J 

Since all the coefficients in the second member of (1) are positive, and since 
each cosine has unity for its maximum value it is clear that P^ (cos 0) has 
its maximum value when ^ ^ 0; but we have shown in Art. 76 that PmOO = 1- 
Therefore P,„(co8^) is never greater than unity if ^ is real. It is also easily 
seen from (1) that Pto(cos 0) can never be less than — 1. 
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83. P„ (x) can be very simply expressed as a derivative. We have 

_ (2»«-l)(2m-3)-l r _ m (m - 1) 
■^"^''''~ »»! L 2.(2r»-l) 



^(^ - l)(m - 2)(m - 3) , -1 

^ 2.4.(2to — l)r2»i — 3) J 



fp (x)dx - (2m-l)(2m-3)-l T^.^ , _ ("^ + 1> . 
J J »W«te - («t + 1) ! L 2.(2»ii - 1) * 

U 

(m + l)m(m-l)(m-2) "I 

^ 2.4.(2to — l)(2m — 3) J 

J=P„ (x)dx» =fdxfp^ (x)dx 



U 



_ (2m~l)(2m-3)--l f ^.. (m + 2)(m + l) 
(w + 2)! L 2.(2w — 1) 



X 



tn 



(m + 2)(m + l)m(m-l) H 

^ 2.4.(2m — l(2m — 3) J 



/•P.(,)^= (^-')g:-'"-^ [^-^^;ff.>- 



2m(2m-l)(2m-2)(2m-3) _, H 

^ 2.4.(2»i — l)(2»i — 3) • J 



(2»i — l)(2»i — 3) 

_ (2m - 1)(2>». - 3) • • • 1 r _ ^(»^ - 1) _^_, 

~ (2m)! L '"^ i 2! * 

m(m-l)(m-2) ^^_, ^ H 

The quantity in brackets obviously differs from (x* — 1)" by terms involving 
lower powers of x than the mth. 

„ _ , . 1.3. 5 •■■(2m — 1) d" 

Hence P„(ar) = ^ -^ ^ (x' - 1)«, 

This important formula is entirely general and holds not merely when 
^ = cos 6, but for all values of x. 
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84. The last result is so important that it is worth while to confirm it by 
obtaining it directly from Legendre's Equation 

(l~a:«)^,-2^J + m(m + l> = (1) 

V. (1) Art. 75. 

Let us differentiate (1) with respect to ai a few times representing 

% by *'. % ^T *". S ^y *'". &«• We get 

(1 - x«) -^ - 2.3x ^ + [m(m + 1) - 2 (1 + 2)>" = 0, 

(1 -a;») ^-2.4x — + [m(m + l) -2(1 +2 + 3)>"' = 0, 
and in general 

(1 - (r«) ^ - 2(n + l)x ^ + [m(m + l)-2(l+2 + 3H f- 7i)><»> = 

or (1 - a;«) ^ - 2(;i + l)a; ^ + [m(m + 1) - n{n + l)]«f»> = . (2) 

Following the analogy of these steps it is easy to write equations that will 
differentiate into (1). 

(1 - x^) ^' + m(m + l)«i = 
will differentiate into (1), 

(1 -=^')^' + 2.1x ^ + lm(vi + 1) - 2.1]^ = 
if differentiated twice will give (1), 

d^si. dsi 

(1 - **) ^' + 2.2a; g + [m(m + 1) - 2(1 + 2)>, = 
if differentiated three times will give (1), and in general 

d^n dz 

(l-x^^ + 2(n- l)x g + [m(m + 1) - n(n - 1)] z„^0 (3) 

if differentiated n times with respect to z will give (1). 
If w = m + 1 (3) reduces to 

(l^:^^^'^^ + 2nix^^ = 0, (4) 
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and the (m + l)8t derivative with respect to x of any function of x which 
satisfies (4) will be a solution of (1). (4) can be written 

(l-x')^ + 2mxz„ = 

and can be readily solved by separating the variables and integrating, v. Int. 
Cal. (1) page 314. It gives . 

Hence z = -r-^ = C — ^ , ^ ^ (5) 

dx^ dx^ ^ 

is a solution of Legendre's Equation (1) and agrees with the value of FJix) 
obtained in Art. 83. 

85. The equations obtained in Art. 84 are so curious and so simply related 
that it is worth while to consider them a little more fully. 
We have seen that 

differentiates into 

(1 - *") ^+ 2(« - r)x ^+ 2,««^ 0; (2) 

that if we differentiate (2) m times we get Legendre^s £quatio|i 
that if we differentiate (2) 2m times we get 

(1— V5.--V + i)-i=0; (4) 

that if we differentiate (2) m — n times we have 

(1 - ^') ^,+ 2(» - 1> ^ + [«K'« + 1) - «(» - 1)> = 0; (5) 

and that if we differentiate (2) m-\-n times we have 

(1 - x^ g, - 2(« + l)x g + [,«(,« + 1) _ „ („ + 1)];, = . (6) 

By the aid of (1) we found in the last article a particiilar solution of (2), 
namely 
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9 

If we substitute in (2) z = u(x^ — !)♦" following the method illustrated 
fully in Art. 18, we get as the general solution of (2) 

z = A(x- - 1)" + B(x^ - l)-.J^-j-^_ , (7> 

A and B being arbitrary constants. 

^^ ^ is easily written out [v. formula (42) page 6. Table of Inte- 

{x 1)"* 

grals. Int. Cal. Appendix]. If a; < 1 it vanishes when a; ^ 0. If x > 1 it 

vanishes when a- = oo . If then ar < 1 (7) can be written 

r 

/dx 
(^«_l),^. (8) 

and if a: > 1 

OD 

z = A(x*- 1)" + g(x' - ir f ^ , , . (9) 

and in these forms unnecessary arbitrary constants are avoided. 
From (7) we can get the general solutions of (3), (4), (5), and (6). 

z = A — 5^-; '— + 7? -r— far* — 1)'" I -^ t^——. (10) 

dx»' ^ dx^^Vj- ^ J (x* — 1)"' + U ^ ^ 

is the general solution of (3). - 

rf»"fr»- i)- j^r /» ^ -1 

is the general solution of (4). 
is the general solution of (5). 

is the general solution of (6). 

In each of these forms A and B are arbitrary constants and the integral is 
to be taken from to a: if a; < 1 and from aj to x if a? > 1. 

Of course (10) must be identical with the forms already obtained in Arts. 16 
and 18 as general solutions of Legendre's Equation. 

Equation (4) is so simple that it can be solved directly, and we get its 
solution in the form 

^ = ^« + ""^fw^^ ^''^ 

which must be equivalent to (1 1). 
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Comparing (14) with (7), the solution of (2), we see that every solution of (4) 
can be obtained from a solution of (2) by dividing the latter by (x* — 1)™, or 
in other words that if we write (2) 

and(4)a« (j _^^ g_2(m + l)a;^' = (4) 

z = «i(a;* — 1)"» ; and the substitution of this value in (2) will give (4), and 

z 
the substitution of z^ = a__ -ix„ i i^ (4) will give (2). 

We have, then, two ways of obtaining (4) from (2); we may differentiate (2) 
2m times with respect to «, or we may replace z in (2) by «i(ic' — 1)"*. 

If we use the first method we have seen that Legendre's Equation (3) is 
midway between (2) and (4). That is if we differentiate (2) m times we get 
(3) and if we then differentiate (3) m times we get (4). Let us see if the 
half-way equation in our second process is Legendre's Equation. 

If ;. = y(aj«-l)f 

and y = z^{x^ — 1)7 

« = «i(ar^ — 1)"*. 

So that if in (2) we replace z by y(x^ — 1)5 and then repeat the operation 
on the resulting equation we shall get (4). Making the first substitution we 
find, 

(l-.^g-2x|+[«»(«. + l)-^.]y = 0, (15) 

not Legendre's Equation but a somewhat more general form. Of course its 
solution is 

y = ^(a:«-l)= + 5(ar'-l)=J^j^^. (16) 

(2) and (4) are special forms of (5) and (6). Let us try the experiment of 

substituting in (5) « = y(l — a^f and in (6) g= ^fl>«J ' ^® ^^^ *^^ 
both substitutions give the same equation 

(l-.^0-2.| + [»»(«. + l)-^Jy = O. (17) 
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The solution of (17) can be obtained from either (12) or (13) and is 



or 



which of course must be equivalent* 

86. In addition to the value* of P^ix) given in (1) Art. 83 there is another 
important derivative form which we shall proceed to obtain. It is 

^m(«>8 0) = ^^r^^Wr (i) . (1> 

We have seen in Art. 75 that = can be developed into 

'■^l-2^'costf + ^' 

a convergent series if ri < r and that the (m + l)st term of that series is 

P Ccos B^r-^ 
*"^ ^^/ — . Let us obtain this term by Taylor's Theorem. 

11 1 1 



Vi-.? 



cos ^ + -7 



ri" ^r^ — 2rir cos + r^ V«* + 3^ + «^ — 2xt^ + r^ 

1 

"V(a;-ri)* + i/« + ««' 



Kegarding this as a function of (x — r^) and developing according to powera 
of ri by Taylor's Theorem we get as the (m + l)st term 

Hence £^^ = in^^ 2, . (1) . 

87. We have now obtained four different forms for our zonal hamumicy 
a polynomial in x^ an expression involving cosines of multiples of 0, a form 
involving an ordinary mth derivative with respect to a, and a form involving 
a partial mth derivative with respect to x. We shall now get a form due 
to Laplace, involving a definite integral. 

ir 

f ^ = !^-, (1) 

if a^>h^ [v. Int. Cal. page 68]. 
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1 can be expressed iu the form — ^ rrn by taking a = 1 — zx 



(1 — 2xz + g^) ■ - r - {a^-^h'')\ 

and ^ = « Vjp'^ — 1 and no matter what value x may have z can be taken so small 

that a^ will be greater than b\ Then by (1) 

1 _1^ r d^ __^1^ r d4 

(1 — 'Ixz + z^)\ ~ TT J i^^y. — z Var^-l. cos <^ "" tt/ 1 — ;?(a; + V^'^— 1. cos 4>) 

= - C[l + (.C + >Jx^ — 1. cos 4»)Z+ {x + ^^ — 1. COS <^)V 

+ (' + ViP^ — "l. COS <^) V H ']d<t> 

if « is taken so small that the modulus of z(x + ^x^ — 1. cos <^) is less than 1. But 

1 

by Art. 77 (2) P^ix) is the coefficient of z^ in the development of j , 

(1 — 2xz + z% 

w 

Pfx) = -(\j^ + V-r" - 1. COS <^]"'rf<^ . (2) 



By replacing <^ by ir — 4> in (2) we get 

^-(^) = Z. ft" " V^-'^-^- ^^«s <^]-r/<^. (3) 



and if mod - < 1 or in other words if 
z 



hence 



(1 _ 2x.tr + z^)^ ^ /i _ 2^ 1 , lU 

V '^ z zV 



1 -^>1 1 

moa /- <^ 1 ^ j^ ^ ^g^j^ 1^^ developed into a convergent series involv- 

1 /1\''* 

ing powers of - > and the coefficient of (-1 will be P^(x)\ but this will be 

the coefficient of ^t""*"^ in the development of _ ^ — ~j~~^^ according to 

descending powers of z, mod z being great er than 1. 

If now we let a=.zx — 1 and b-=z \x^ — ^ 1 , a^ — 1/^=1 — 2xz + «^ and 
z may be taken so great that a' — &^> 0. Then by (1) 

1 1 /* rf^ 

(1 — 2xz + z^i ^irj zx — l — z Vx^^. cos <f> 



_ ^ /^ (l^ 

V «(x — ^x' — 1. cos <^) fl — J— "I 

L «(a; — Va?^ — 1. cos <^) -J 

=i r =i= r.->+ _i^ 

TT*/ (a- — Var^ — 1. cos </>) L (a; — Var^ — 1. 



cos <^) 



+ 



(ar — y/y^ — 1. COS <^)' 



«-«H — |c?<^ 
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and the coefficient of «"""*" Ms — I . 

^/ \x — Var^ — 1. cos <^]'" + ^ 

w 

Hence P^(x) = ^ f =i^ . (4) 

™^ ttJ [a; — VaJ^ — 1. cos </>]«-*'i 

Replace <^ by tt — <^ and we get 

F^(x)=^f =M (5) 

-y [a: + V/^^^^I. cos (/^j^ + i 

88. In the problems in which we have already used Zonal Harmonics 
(v. Arts. 78-81) we have been able to start with the value of the Potential 
Function at any point on the axis of X, and it has been necessary to develop 
the expression for V on tliat axis in terms of ascending or descending powers 
of X. If, however, we start with the value of V in terms of for some given 
value of r, that is on the surface of some sphere, we must develop the function 
of in terms of zonal Ttarmonics of cos (v. Art. 10), and our problem becomes 
the following: — To develop a given function of cos in terms of zonal har- 
monics of cos B, or to develop a given function of x in terms of the functions 
Pfn(^)y ^ lyiiig between 1 and — 1. 

The problem resembles closely that of developing in a Fourier's series, 
which we have already considered at such length. 

Let f(x) = AoPo(x) -f A,P,(x) + A,P,(x) + A,P,(x) + • • • (1) 

for all values of x from — 1 to 1 and let it be required to determine the 
coefficients. 

If /(x) is single- valued and has only finite discontinuities between x = — 1 
and ic = 1 we may proceed as in Art. 19. 

Let us take w + 1 terms of (1) and attempt to determine the coefficients. 
Take n + 1 values of x at equal intervals Aaj between x = — 1 and x = l 
so that (n + 2)^x = 2; /(— 1 + Ax), /(— 1 + 2Arc), /(— 1 + 3 Ax), • • • 
/[— 1 + (/I + l)Aa;] will be the corresponding values of f(x). Substitute 
these values in (1) and we have 

/(- 1 + A^) = AoPo(- 1 + Ax) + A,P,(- 1 + Ax) 

+ A,P,(- 1 + Ax) -f . . • + A,P,(- 1 + Ax) 

/(- 1 + 2 Ax) = AoPo(- 1 + 2 Ax) + A,P,( - 1 + 2 Ax) 

+ A,P,(- 1 + 2Ax) + . . • + A„P„(- 1 -f 2Ax) 
...»• •» • 

f(l - Ax)'= AoPo(l - Aa-) + A^P,(l- Ax) +'^.^.(1 — £iX) + -'- 

that is, M + 1 equations from which in theory the « + 1 coefficients 
Ao, Ai, • • ■ A„ can be determined. 



k2) 
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Following the analogy of Art. 24 let us multiply the first equation by 

P^(— 1 + Aa;).Aaj, the second by P,„(— 1 + 2Aaj).Aa;, the third by 

P^(— l + 3Aa;).Aa5, &c., and add the equations. The first member of the 
resulting equation is 

2/(- 1 + *^)-P«(- 1 + AAa!).Aa! , (3) 

and the coe£B.cient of any A os AAn the second member is 

X-P«(- 1 + AAa;)i>,(- 1 + AAx).Aa:. (4) 

If now n is indefinitely increased (3) approaches as its limiting value 

1 
Cf(x)P„(x)dx (5) 

-1 
1 

and (4) approaches Cp^(x)Pi(x)dx. (6) 

—1 

We have now to find the value of the integral (6) or as we shall write 
it for the sake of greater convenience 

1 
fp„(x)F,(x)dx. 

— 1 
-1 -1 

by (1) Art. 83. 

/^ dr(x^ — l)*" d^(x^ — 1)* , _ r d^(x^ — l)"* tZ«-'(a;« — l)» n 
— 1 —1 



by integration by parts. 
Now if « = X(a^ — 1)* 



/ *rf^+^(ar' — l)"* ^^-^(yg — 1)" 

—1 



^ = 2w«X(«« - 1)--^ + (x- - !)• ^= {x^ - ly-^ ^2vxX+ (x^ - 1) ^ . (2) 

Hence the pth derivative with respect to x of any function of x containing 
(a^ — 1)» as a factor will contain (x^ — 1)" -'' as a factor if p<n. 
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} ■ _■ — ^ > then, contains (x* — 1) as a factor and is zero when a = 1 

and when a* = — 1 , so that (1) reduces to 

/^ dr(x^ — ly d^(x^ — 1)" ^ _ ^d^^^\x^ — 1) "* rf'»-i(y2 — I)" 

It follows that 
— 1 —1 



If m<,n we get from .(3) 



— 1 






— 1 — 1 



=(-iw[^^5:S^_l=o. 



since 












1)- 




(2m)!. 


If 


?« 


>n 
















I 


r(x^- 


-i)" 


d»(x«- 


-1)"^,^. 


— 1 


\»» 


/»r;P"~"( 



-1 -1 



=(-'w f-^g:-T'>-_ ;|=o. 

If, then, m is not equal to n 

1 

Jp„(a!)P,(a!)das = 0. (4) 

— 1 

1 

If mz=n we have to find ([-?♦»(*) ]*^' 



— 1 — 1 



by (3), = (— l)"(2m) ! C(x^ — l)*<to . 



— 1 
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-1 -I -1 

1 

= (- 1)" (m + l)(m"+2)--2^/ (" + 1)"**" 



^/. 



V^ 



^\ • - _i 



= (- 1)" 



(m + l)(m + 2) • • • (2m + 1) 



X _ 1 (— l)'»(2»t)!(— l)"'m!2«-"-^' 

Hence J [PmCa:)] <<« - 2»-(w!)« (,» + !)(,» + 2) • • • (2»i + 1) 

1 

or flPm{^)Jdx^ 



2m + 1 

— 1 



(5) 



90. The solution of the problem in Art. 88" is now readily obtained, and 

we have 

f(x) = AoFo(x) + A,F,(x) + A,F,(x) + • • • (1) 

1 
where . A„ = ^^^Cf(x)P„(x)dx. (2) 

— 1 

The function and the series are equal for all values of x from a; = — 1 to 
x = l, and f(x) is subject to no conditions save those which would enable us 
to develop it in a Fourier's Series, [v. Chapter III.] 

Of course (1) can be written 

/(cos 6) = AoPo(oos 0) + ^1 Pi (cos 0) + AP2(cos 6)-\ 

1 
where A„ = ^^^//("os 6)P^(cos <»)d(co8 0) 

— 1 

or if /(cos ff) = F(0) 

F(e) = ^6Po(cos 6) + ^iPi(cos 0) + J,P2(cos ^) H (3) 

where A„ = ^-^^fF(ff)PUcoB 6) sin e.dO (4) 

and the development holds good from ^ = to d = tt. 

If f(x) is an even function, that is, if /(— a-)=/(a:) (1) and (2) can be 
somewhat simplified. For in that case it can be easily shown (v. Art. 77) that 

Cf(x)F^,(x)dx = 2jf(x)F^(x)dx, 
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I 
and that Cf(x)F^ ^ ^(x)dx = ; 

—1 
so that if /( — x) =^f(x) 

f(x) = AoPo(x) + A,P,(x) + A,P,(x) + A,P,(x) + • • • (5) 

where A^ = (4A: + l)Cf(x)P^(x)dx . (6) 



If f(x) is an odd function, that is, if /(— x) = —f(x) it can be shown in 
like manner that 

f(x) = A,P^{x) + A,P,(x) + A,P,(x) + A,P,(x) + • • • (7) 

1 
where ^^^ + 1 = (4 A: + ^)Cf{x)P^ + ^{x)dx . (8) 



If it is only necessary that the development should hold for < « < 1 any 
function may be expressed in form (5) or (7) at pleasure. 

1 
91. We can establish the fact that I P^(x)P^{x)dx = by a more gen- 

— I 
eral method than that used in Art. 89. 

' Let X^ be any solution of Legendre's Equation 

£[<^~'">£] + '"('^ + ^>* = ^ [V. (1) Art. 16]. 

which with its first derivative with respect to a; is finite, continuous, and 
single-valued for values of x between ~ 1 and 1, — 1 and 1 being included. 



, <^ r .^ -. dx. 

and -— 

dx 



[(l-a:»)^"]+«(» + l)X, = 0. (2) 

Multiply (1) by X^ and (2) by X^ and subtract and integrate and we get 

1 1 

[«.<» + 1) - «(» + i)]Jj'.x.<& = Jj:. £ [<i - »0 ^J'fc 

-1 



— I 
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Integrate by parts, 

[»(« + 1) - »<« + i)]Jjr.Jvfc = [-!;.(i - «•) ^ - J,(i - »^ ^]" ^, 

— 1 —1 

1 

Whence Cx^X^dx = (4) 

—1 
unless m=zn. 

(3) gives at once the important formula 

J Ji„JL,ax - r>i(m+l)-n(n + l) (^ 

from which come as special cases 

J ^-.(*)^-(*)''^ = mim+l)-n(n + l) («) 

and since Fo(x) = 1 

1 (1 — x^ — -p^-^ 

rP^(x)ete= , ■ ff > (7) 

J ^ m(m + 1) 

unless m = . 

EXAMPLES. 

1 

1. Show that j P^(x)dx = if m is even and is not zero. 



, ^>rT^ __!____ 3 .5.7. ■ ' m .. . 

= (~^) ir;^ — jTTnoTc '/ T\ "WHS 

^ ' m(m + 1) 2.4.6. • • • (m — 1) 
odd. V. Art. 91 (7) and Art. 77 (10). 

2. Show that 
1 

I P^(x)P^(x)dx = if m and n are both even or both odd. 



_ ^y^~ m!n! 



2'« + -i(^-n)(m + n + l)(|!y(^!y. 

if «i.+n is odd. v. Art. 91 (6) and Art. 77 (8), (9), and (10). cf. J. W. 
Strutt (Lord Eayleigh) Lond, Phil. Trans. 1870, page 579. 

3. Show that f[P^(a;)]«flte = I v. Art. 89 (5). 
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92. Formula (4) Art. 91 can be obtained directly from Laplace's Equation 
by the aid of Greenes Theorem (v. Peirce's Newt. Pot. Func. § 48). 

Take the special form of Greenes Theorem [(148) § 48 Peirce's Newt. Pot. 
Func] 

^ XJX^^"^' r — r V« U)dxdydz =f( UD^ V - VD^ U)ds (1 ) 

where V* stands for (D^ + D^ + i>/), 2>„ is the partial derivative along the 
external normal, and the left-hand member is the space-integral through the 
space bounded by any closed surface/ and the right-hand member is the surface 
integral taken over the same surface, (v. Int. Gal. Chapter XIV.) 

If ?7and F are solutions of Laplace's Equation V*r=V*C^=0 and (1) 
reduces to 

C{ UD^ r- VD^ U)ds = . (2) 

Now r^X^ and r^X^ are solutions of Laplace's Equation if x=. cos 6 
(v. Art. 16). 

If the unit sphere is taken as the bounding surface and U=r^X^ and 
r= r^X^ (1) and (2) will hold good. 

D„U=: Dr^r^XJ = mr"- ^X^ , 

I>nV=nr-^X,, 

ds^ sin 0,d$d<f>, 

and (2) becomes fd<f>f(nX„X^ - mX^ siaO.de = 







27r(n — m) fx^X^ sin 0.d$ = . (3) 





Since x = cos 6 , sin $.dO = — efaj and (3) reduces to 



/ 



X„X,dx = 0* (4) 



— 1 

unless m = n. 



93. We can now solve completely the problem of Art. 10 which was in 
that article carried to the point where it was only necessary to develop a 
certain function of 6 in the form 

AoPo(Q08 ff) + ^iPi(COS $) + ^jPa(C08 0) -\ 

* It should be noted that this proof is no more general than that of the last article, for, in 
order that Greenes Theorem should apply to r'^X„^, this function and its first derivatives must 
be finite continaous and single-vahied within and on the surface of the unit sphere, (v. Peirce, 
Newt. Pot. Func. * 48.) 
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given that /($) — 1 from ^ = to ^ = I" 

and /(^) = from 6 — ^ to ^ = 7r. 

This amounts to the same thing as developing F(x) into the series 
F(x) = A^^(x) + A,P^{x) + A^P^(x) + ^,P,(a-) + • • • 
where F(x) = from «^ — 1 to a; = 

and -^(^) = 1 from a; = to a? = 1 . 

By Art. 90 (1) and (2) 

1 1 

A = 2j^o(x)dx = 2 J '^ ^ 2' 



1 



Zfn -f" 1 /* 
and any coefficient A^ = ^^^— ^ — I P^{x)dx. 



By Art. 91, Ex. 1 
1 

I P^(x)dx = -if m is even 



, ->,5^ 1 3.5.7. "- m .. . -- 



Hence -4«, = if m is even 



'm 



/ iN=^'2»» + l 1.3.5. • • • (m - 2) ., . ,, 
= (-1)' 2,nr+2- 2.4.6. •••(..-!) ^^ - " o^^- 

Then j.(a.) = | + ?p,(a:)_I.lp,(^) + l|.i|p.(a-)-... (1) 

and « = i + |rP,(co8tf)-^.^r'P,(co3(9)+ji.i|r»P.(cos «) + ••• (2) 

for any point within the sphere. 

94. If in a problem on the Potential Function the value of V is given at 
every point of a spherical surface and has circular symmetry* about a diameter 
of that surface the value of V at any point in space can be obtained. 

We have to solve Laplace's Equation in the form 

rA'(»-F) + g-^D,(8in«IAn=0 (1) 

* See note on page 12. 



where 


2771 + 1 


Hence 


1 
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subject to the conditions 

V=f($) when r = a 

V=0 " r=oo. 

We have f(ff) = A^o(<^os 0) + ^iPi(co8 ff) + A^P^iQO^ 0)^ 

ir 

Cf{ff)P^{QO% ff) sin $.de, V. Art. 90 (4). 



V= A„ + Ai 0) P,(cos $) + At (0V,(co8 $) + At 0)*P,(co8 «) + ••• (2) 
is the required solution for a point within the sphere, and 
F= A, g) + A, 0) Pi(cos $) + A, (*) P.(oos 6) + A, g) P,(co8 tf) + •• • (3) 
is the required solution for an external point. 

EXAMPLES. 

1. If on the surface of a sphere of radius c V is constant and equal to a 

etc 
show that V=a for any point within the sphere and V= — for any 

external point. 

2. Two equal thin hemispherical shells of radius c placed together to form 
a spherical surface are separated by a thin non-conducting lay^r. Charges of 
statical electricity are placed on the two hemispheres one of which is then 
found to be at potential a and the other at potential b. Find the value of the 
potential function at any point. 

V=-^- + (b-a)^--P,(cose)--.^-^P,(cos$) 

,11 1.3 r»_, .. -| 

for an internal point 

V= ''-+-. ;+(*-«) [f ^ A(cos 0) - g- ^ ^ P.(C08 ff) 

, 11 1.3 c« „, „ "1 

for an external point. 



k 
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3. If Vi =/(co8 0) when r = a and Fi = when r = b show that for 
a<r<b 

m=a 

where A„ = -^?^^ — jf(x)F^(x)dx . 

—1 

4. If Fi = -F(cos ^) when r =z b and F2 = when r = a then for 
a < r < 5 

where B„ = ^^^fF(x)P„(x)dx . 

— 1 

« 

5. If the value of the potential function is given arbitrarily on the surfaces 
of a spherical shell but has circular symmetry * about a diameter r= Fi + ^'\ 
(v. Exs. 3 and 4). • 

6. Two concentric hollow spherical conductors are insulated and charged. 
The inner one of radius a is at potential p, and the outer one of radius b is at 
potential q. Find V for any point in space. 

F=j» if r<a, 

b — (i\r / b — a\ r/ 

F=2* if r>b. 
r 

7. If F=0 on the base of a hemisphere and r=/(cosd) on the convex 
surface, show that for a point within the hemisphere 

1 

where ^at + 1 = (4A: + 3) Cf(x)P^. + ^{x)dx [v. Art. 90 (8)]. 



8. If the convex surface of a solid hemisphere of radius a is kept at the 
constant temperature unity and the base at the constant temperature zero 
show that after the permanent state of temperatures is set up the temperature 
of any internal point is 

t. = --P,(cos^)-j.^-3^.(cos^) + -^.2;4-,P5(cos^)-..- 

• See note on pafce 12. 
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9. A sphere of radius a and with blackened surface is exposed to the direct 
rays of the sun in air at the temperature zero. Find the stationary temperature 
of any internal point. 

Suggestion : D^u -\- hu — Mf($) = when r = a . 

Let ^=X<^,^fn((^osO), and f(0) =^B^P^(cob 0) , 

Then we have 

-^m ^ P„(cos 0) + h X^m^mCcos 6) - M 5;j?^P«(cos (?) = , 



whence -4^ = 



a 



TT , __ ^ .« TT 



Aere /(^) = cosd if 0<^<J and /(^)=0 if ^<e<ir, 

V. Art. 91 Exs. (2) and (3). cf. J. W. Strutt (Lord Rayleigh), Lond. Phil. 
Trans, vol. 160, page 587. 

"96. The formulas of Art. 90 enable us to develop a given function of x in 
terms of Zonal Surfa^ie Harmonics, the development holding true for values of 
X between — 1 and + 1. If, however, we can show by outside considerations 
that a given function of x can be expressed in Zonal Surface Harmonics, the 
development holding true for all values of x, the formulas of Art. 90 will give 
us the development in question. 

For example if w is a positive integer cb" can be expressed in terms of Zonal 
Surface Harmonics no matter what the value of x, and no Harmonic of higher 
order than n will enter. For the formulas giving the values of Pi{x)y Pi(x), • • • 
Fn(x) (v. Art. 77) may be regarded as n algebraic equations of the first degree 
in terms of x, x^, aj*, • • • a" and Pi(x)y Pj(x), • • 'Pn(x). 

From these equations the n — 1 quantities a:, x*, a;',"*aj*"^, can be elimi- 
nated, and there will result an equation of the first degree in x" and Pi(x), 
^2(^)9 ' ' ' Pn(*)> which will enable us to express a?" in the form 

A + A,P^(x) + A,P,(x) + • . • + A,P,(x) , 

no matter what the value of x, and we shall have the same formula when 
— 1 < a; < 1 as when x>l or x<. — 1. 
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Let us obtain this development. By Art. 90 (1) and (2) 

x« = AoPo(x) + A,P,(x) + A,P^(x) + • • • (1) 

I 
where A„ = ?^!!f^fx''P^(x)dx. (2) 

• —1 

Then A^ = — ^7 — ;r- — , I «« — ^ , ,, ^ dx by (1) Art. 83. 

By integration by parts we get 



— 1 



fx" "~^X^~ "^ == ^('* ~" ^)(^* — 2) • • • (n — m + 1) rx"-»»(l — x«)»»rfa; , (3) 

— 1 —1 

if m <C w + 1 , 

=:0 if m>.n. 
By integration by parts we readily obtain the reduction formula 



I 1 



= -^3— fxP + VI — a-^' - ^c^aj whence 

P + lJ 

-1 —1 



ra:''(l - x^dx = -Xi/'*'"'^^ - '•')' 



i. 1 

f a:"-»(l - a;»)"Vfa! = ?2J^ Cx'*-^. 

J (n — rn. + l)(n — to + 3) •••(« + wt — 1)^ 

I x^'^^dx = — i j-^ if n + w is even , 

J 71 -f- m + 1 

= if w + m is odd. 

Henca A (2m + lM»-l)(«-2) •••(n-m + 1) 

*" (n — m H|- l)(n — m + 3)(w — m + 5) • • • (n + ^ + 1 

if w< n + 1 and m + n is even, 

= if w > 71 or if ??i + » is odd. 



Therefore 



^" = 1.3.5 -"o^n+D [<2« + 1)^.(-) + (2» - 3) ^^ ^.-.(-) 

+ (2n- 11) (2n + 1)(2^- l)(2n-3 ) ^^_^^^^ _^ ...-| ^^^ 

1 

the second member ending with the term — —, PqCx) if n is even and with 

3 '^^^ 

the term — r—p. PiM i^ ^ is odd. 
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For convenience of reference we write out a few powers of x. 

X = P,(x) 

2 .1 



«« — 



(5) 



a:* = I P.(x) + 1 P,(x) 

** = i ^^^''^ + 1 ^'("^^ + 1 ^"(-''^ 
a^ = ^ P,(x) + 1 P.(x) + ^ P,(x) 

^=^ P.(a^) + ^ P4(x) + ^ P.(ar) + J Po(a;) 

If a given function of x can be expressed as a terminating power series it can 
be developed into a Zonal Harmonic Series by the aid of (4). Given that 

JXx) = ^/o + ^i^- + (hx^ + <HX^ H , 

let f{x) = /?o + B,P,(x) + B^P^(x) + ^a/'sC^) + • • • ; 

then picking out carefully the coefficient of Pm(^) ^^ hsive 

ml r (ni + l)(m + 2) 

"• 1.3.5. • • • (2m - 1) L *" "^ 2.(2w + 3) "-*■* 

(^ + !)(,,, + 2)(nt + 3)(m + 4) "I 

^ 2.4.(2;/i + 3)(2w + 6) ^" + *^ J- W 

96". The development of — j^^^ is useful and is easily obtained. 
T^et ^^^ = AoPo(x) + A,P,(x) + A,P,(x) + • • • 

Then A^^—^jP^{x)—^dx (1) 

by Art. 90 (2); 



-1 -I 
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[P^(a*)P„(a;)] =0 if m + n is even 



1 

= 2 if 7/1 + ^ is odd. 



dP (x) 
Since P„(«) is an algebraic polynomial of the nth. degree in x, — J*^ ^ is an 

algebraic polynomial of the n — 1st degree in x. Therefore in (1) m is less 

dP (x) 
than n; consequently — ?*^ ^ is an algebraic polynomial in x of lower degree- 

than ?i and i 

fPn(^) ^^ ^ = by Art. 95 (3). 

— 1 

We get then A^ = 2//i + 1 if m + w is odd and m < n, 

= if 7/1 + 71 is even or m^ n — 1 ; and 

'^^ = (2n - 1)F,^, (x) + (2n - 5)P„_,(x) + (2» - 9)P._,(x) + • • • (3) 

the second member ending with the term 3Fi(x) if n is even and with the 
term Po(x) if n is odd. 

From (3) a number of simple formulas are readily obtained. For example 

^^^^ - ^^^ = (2« + l)P,(x) (4) 

jP,{x)dx = 2^-p^ [P, _ ,(ar) - P„ ^ ,(a;)] . (5) 

[v. (4) and Article 77 (12)]. 

(x« ^ 1) ^^ = .«:P,(a.) - nP, . .(x) (7) 

[v. (5) and Article 91 (7). 

97. By the aid of the formulas of Art. 96 a number of valuable develop- 
ments can be obtained. 

Let us get cos n$ and sin ti^ ti being any positive real. 
z = cos nJd and z = sin nO are solutions of the equation 
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or if we let x = cos ^, of the equation 

Let aoPo(x) + ^\P\(p) + a^P^i^) + • • • 

be the required development of cos n$ or of sin n$. 



mssoD 



Then 5 «« [O- - *0 5^^^ - * ^^ + "^i'mC*)] =0 by (1). 

mes 

z = Pfni^) is a solution of Legendre's Equation (v. Art. 77). Hence 
and (1) becomes 



iRBaD 



Formulas (4) and (6) of Art. 96 enable us to throw (2) into the form 



IRBOa 



^'*\2m + l dx 2m + l dx J ' ^"^^ 

(3) must be identically true. Therefore the coefficient of — '*J'J^ ^ must 
equal zero, and we have 



dx 



a. 



2m + 5 n* — w' 



(4) 



If we are developing cos n6 

Oo = o I COS n^ sin $.d$ by Art. 90 (4), 



= TfCsin (n + l)d - sin (n — l)^]<i» , 



11 + COS nir ,e,v 

3 /• 

and <h = 9 I cos n$ cos ^ sin d.tW by Art. 90 (4), 

3 1 — cos WTT .^v 
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(4), (5), and (6) give us 

1 + cos nir r ^ , /»N . ►. w* - , ^. 



+ 9 T^i^fe^i'.Ccos «) + •••] 



1 — COS nirT ^^ , /ix ■ pt ^* ~" 1* t^ , /»x 



+ 11 g_42g- t-P.(cos^) + •••]■ (7) 



If n is a whole number 1 + cos rnr or 1 — cos nir will vanish and the series 
will end with the term involving P„(cos 0). For this case (7) maybe rewritten 



cos n$=^:z' 



2.4.6. ••*27i 



2 3.5.7. ••• (271 + 1) 



[(2m + 1)P„(cos<?) 



+ (2^ - 3) ^Lg + y, P._,(cos e) 



n' 



+ (^-') [::i<:i%::z|::g:j a-.(^.» + ■■] . <«) 

If we are developing sin n$ 

w 

1 sin 7i7r 



ao = i/si 



sin n$ sin 0.d$ = — 



2 7*2 — 1 



3 /* . /» • /» ^ii 3 sin TiTT 

flfj = - I sin w^ cos sin ^.a^ = 



2 71^ — 2^ 



and 



1 sin WTT r /IN , K ^** D / m 

sm w.^ = — - . — — -- Po(cos 0) + 5 —^ — -^ PaCcos 0) 

If 72 is a whole number sin 7/7r = , and all the terms of (9) vanish except 
those involving P„_i(cos ^), P„ + i(cos ^), P„ + 8(cos B) &c., which become inde- 
terminate. For this case it is necessary to compute a„_j independentl3^ 
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We have 

I sin ?i^P,_i(co8 0) sin $,dO 



2n — l 



«n-l = 



2 



2n — 1 



4 





r[co8 (n — 1)^ — cos (71 + 1)^] A_i(co8 0)dO. 



and 

. TT 1.3. •••(2n — 3) r,^ ..„ . ^. 



+(2"+3) ::_;:;^g> ...(costf) 



+ 






EXAMPLES. 
1. Show that 



cscO = J [1 + 5 (|)'j*.(co8 0) + 9 (||)'^4(cos 0) + 13 (|f|) A(cos <>) + ••] 



whence 



N/r 



b = f [1 + ^ ©'^'(') + ' (li)'^^(^) + 13 (HI) V) + • • •] 



[v. Art. 90 (4) and Art. 82]. 
2. Show that 



ctn = I [3 (i)Pi(co8 6) + 7 (f)(|)"A(co8 (9) + 11 (|)(Hyp,(co8 <» + ••] 



whence 



Vi 



§ji=f [^a)^.<')+Kj)a)*^-«+" (a-)(M)V)+ ■ 



[v. Art. 90 (4) and Art. 82]. 

3. By integrating the result of Ex. 1 and simplifying by the aid of Art. 96 
(5), obtain the development 



sin~^ X 






184 ZONAL HABMONICS. [Akt. 97. 

whence tf = | |jp,(cos ff)-3 (|)*P,(cos $)-7 (^) P,(co8 tf) 

4. By integrating the result of Ex. 2 and simplifying by the aid of Art. 96 
(5) obtain 

^^=fCi-»a)(i)V)-aa^jv,.) ■ 

-•^(i)(^)V)+-] 



whence 
sin 



in (9 = I [^ Po(co8 «) - 6 (i)©V,(cos *) - 9 (?)(A.yp^(cos «)-•••]. 

To make clearer the analogy of development in Zonal Harmonic Series with 
development in Fourier's Series we give on page 185 a cut representing the 
first seven Surface Zonal Harmonics Pi(cos 6), PjC^os $), ■ • •P7(cos $), which 
are of course somewhat complicated Trigonometric curves resembling roughly 
• cos 0, cos 20,"' cos 7$; and on page 186, the first four successive approxi- 
mations to the Zonal Harmonic Series 

i + 1 A(cos 0) - 1- 1 P.(co8 0) + j|- II A(C08 $)-■■• [I] 

[v. (1) Art. 93], and 

^ [p,(co8 e)-3 @V.(cos 0) - 7 (^)'j^.(co8 0) 

(V. Ex. 3 Art. 97). 

TT TT 

[i] is equal to 1 from 6 = to ^ = o ' ^^^ ^^ ^ ^^^^ *~2 ^ 6 = 7r] and 

[ii] is equal to $ from $ = Q to 0'-'='rr. 

The figures on page 186 are constructed on precisely the same principle as 
those on pages 63 and 64, with which they should be carefully compared. 

98. By applying Oauss^s Theorem (B. O. Peirce, Newt. Pot. Func. § 31) or 
the sx)ecial Form of Greenes Theorem. 

f f r^' Vdxdydz = Cd^ Vds^ — ^irCffpdxdydz, 
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O 






»>^ 
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[Peirce, N. P. F. § 49 (149)] to a box cut from an infinitely thin shell of 
attracting matter by a tube of force whose end is an element of the surface of 
the shell we readily obtain the important result 

^'7rpK = D^Vr-D^V^. (1) 

where p is the density and k the thickness of the shell, Vi the value of the 
potential function due to the shell at an internal point and V^ its value at an 
external point, and where i>„ is the partial derivative along the external normal 
to the outer surface of the shell. 

If we have to deal with a surface distribution of matter we have only to 
replace pK in (1) by cr where cr is the surface density, whence 

Aira^D^V.-D^V, (2) 

(V. Peirce, N. P. F. §§ 45, 46, and 47). 

Formulas (1) and (2) enable us to solve problems in attraction when we 
know the density of the attracting mass, and problems in Statical Electricity 
when we know the distribution of the charge, by methods analogous to that of 
Art. 94. 

For example let us find the value of the potential function due to a thin 
material spherical shell of density p and radius a, 

" Since V must be a solution of Laplace's Equation and must be finite both 
when r = and r = oo we have 

m 

Vi and Fj must approach the same limiting values as r approaches a. Hence 



or 5„ = ^„«»"'+'. 

D, F, =A Fi =2m»— »^„P„(cos $) , 

D„ F, = A F, = -X(m + 1) -^+— -P„(co8 6) . 
Therefore by (1) 

i-rrpK ='^(2m + l)^„a"-ip„(cos d) 

if K is the thickness of the shell. 
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Let p =/(cos S) =2 Cmi'mCcos 6) 

1 
where C„ = "^^^^^ Cf{x)P„(x)dx by Art. 90 (2). 

— I 

Then ^-w-icC^ = (2m + l)^«a"— ^ , and 

'^'»""(2m + l)a— 1' ^"^ ^"^ "" 2^^^ ^'»'''" ' 
and F, = 4^«k52^7»^«(cos*), (3) 



m+ 1 



and F, = 4x«K2;2^Jrri^«(co8«). (4) 

99. We can now get the value of the potential function due to a spherical 
shell of finite thickness, provided that its density can be expressed as a ^um of 
terms of the form 0*P^(cos B). ' 

Let a be the radius of the outer surface and b be the radius of the inner ' 

surface of the shell. 

1st. — Let p = (7r*P^(cos 6). Then for the shell of radius » and thickness ds 

F, = 47r«<& 2;jjj-p^ - P„(cos 6) by (3) Art. 98, 

and Fa = ^irsds ^^j-pj ^^^ P^(cos 6) by (4) Art. 98. 

Then if r<b 



if r > a 



and if 6 < r < a 



^> = (2^) ^\l.-J^2) ^ '-^'»(-« ^) ' W 

ft 

J ' (2m + l) (A; + w + 3) 7^ + ^ ' ^^ 



^TtC n7«* + »»» + « ^^* + m + 8 



^ J ^*"^J ^' 2w + lLa- + w + 3)r»+i 

& r ^ 

^t — m + 2 |Jk— m + S "1 

2d. — If p =5) ^m^-Pm(^^s ^) *^® solutions will consist of sums of terms of 
the forms given in (1), (2), and (3). 
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EXAMPLES. 

1. If the shell is homogeneous 

F=27r/0(a« — J«) if r<b, 

V=^Trp(a''-b^' = — if r>a, 
3 '^ r r 

r=27r/ora«-^'-|n if b<r<a. 

2. If the density is any given function of the distance from the centre 

M 
r=— if r>a, and F= a constant if r<.b. 
r 

3. If the density at any point of a solid sphere is proportional to the square 
tof the distance from a diametral plane 

>=f[-, + f5A(co3<?)] if r>a. 

4. If the density at any point of a solid sphere is proportional to its distance 
from a diametral plane 

if r> a. Compare Ex. 2 Art. 80. 

100. We have seen in Art. 18 (c) (3) that 

/(Hoc 
^ __ a\rp / \i2 ' 
{1 X )lJ^^m{^)j 

-z «v^^ . Nno is a ratioiial fraction and becomes infinite only for x = l, 

(l-x%F„(x)Y ^ 

x = — 1 , and for the roots of J^mi^) == ^ > all of which are real and lie 
between — 1 and 1, as can be proved by the aid of the relation 

^mW 2'»m! dx 



m 
m 



— — is finite and determinate and contains no 

(1 X )\_-t^tn\p)\ 

constant term! Hence if x'>l 

/dx ^ d/X e\\ 

for the constant factor of Qm(^) has been chosen so that C7 = — 1 . 
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If a;* < 1 the second member of (2) is not finite and determinate, and we 
are thrown back to the form (1), and C proves to be unity. 

(1) gives us readily 

Q,(x) = i log i±| (3> 

Q,(x) = - 1 + 1 log i±| (4) 

if x'<l. 

(2) gives us <^„(a.) = 1 log |±1 (6). 

<?,(x) = -H-|log|±| (6> 

if «»>!. 

From Art. 86 (10) it follows that 



«-w=<'£[('*-i)"/t?^] « 



X^<1, 



X^>1, 



C can be determined and is equal to ^ ^rn * ^^ aj* < 1 , and is equal 

'" ^ (2m)! ^^ ^>^- 

Hence ©.(x) = ^ ^^^m)! ^ L^^ ^> J ^^^:^ip-J ^ ^' 

if ic«<l, 

^^^ «-(^) = ^ (2m)! ^ L(^ ^)7 (.'--l)-^J (^>' 

if x3>l. 

(7) and (8) give us for Qq(x) and d(x) the values already written in (3), 
(4), (5), and (6). 

By the repeated application of the formula 

{m + l)Qn.U^) - (2m + l)xQ^(x)+mQ^_,(x)=0, (9). 

which may be obtained for the case where a* < 1 from Art. 16 (13) and (14), 
and for the case where x^>l from Art. 16 (9), any Surface Zonal Harmonic 
of the Second Kind can be obtained from Qq(x) and Qx(x) as given in (3), (4),. 
(6), and (6). 
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Analogous formulas for pj(x) and qj(x) can be obtained without difficulty 
from Art. 16 (4) and (6). They are 

{m + l)*y«4. i(^) - (2m + l)aJi>«(^) - w'?m-i(a?) = (10) 

and p^^x) f (2m + lfq^(x) -p^^^(x) = (11) 

A 

and they hold good for any value of w. 

» 

EXAMPLES. 

1. Confirm the values of Qq(x) and Qi(x) given in Art. 100 (3), (4), (5), and 
(6) by expanding them and comparing them with Art. 16 (13), (14), and (9). 

2. If the value of V on the surface of a cone of revolution can be expressed 
in terms of whole powers positive or negative of r, V can be found for any 
point in space, cf. Art. 81. 

If ^=2)(-^m^'" + ^) when 6 = a then 






3. If F=y.M«r 



=%(^m^ + -^^ when e = a, and 7=0 when 6 = 13, 

V^V(a 1- I ^"^ "^ r ^^^''''^ ^)-Pm(co3 0) - P^(cos P) Q^Ccos 6) -| 
^' ^\ -^ '^ r-^^^;iF^(cosa)Q^(oosp)-F^{Goafi)Q^(oosa)J' 

4. Find V for points corresponding to values of between a and ^ when 
V can be given in terms of whole powers of r for = a and for 6 = p, 

5. Find by the method of Art. 16 solutions of Legendre's Equation of the 
form 

. = ,p,(x) = 1 + ^^^^ (X - 1) + ^" - '^"g; +)'^^" "^ '^ ^ - ^y 

(^ _ 2)(m - l)m(m + l)(m + 2)(m + 3) 
-r 2»(3!)« *• '' "*" ' 

^ (^-2)(m-l)m(m + l)(m + 2)(m + 3) ^^ ^ ^^, ^ 

If w is a whole number, iP^(x)=F^(x) and _iP^(a) = (— l)«P4a;). No 
matter what the value of m, iP«(aj) is absolutely convergent for — 1 < a? < 3, 
and _iPm(^) is absolutely convergent for — 3 < a; < 1 . 
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6. By the aid of (7) Art. 16 show that 



F= -p sin (n log r)A;„(cos 6) , 

F= -^ cos (» log r)A;„(cos ff) , 

Vr 

are solutions of Laplace's Equation 



F= -p sin (n log r)Z^(cos ff) , 
r= -p cos (n log r)Z^(cos 6) , 



rDr\r n + ^i^ -Z>«(8in 6D,r)=0, 



if 



*«(«)=i'-t+.rf(*) = i + 



-1+ 2!~* "•" 4! '^ 



, [-+©'][-+(l)l°'+g)'] . , 



6! 



and 



I. 



(a;) = _ q_i^^(x) =X+ X* + gj «• 

,['-+(D' ][-+©'][ -+(f)'] .^ 



A;„(a:) and Z^(x) are convergent if a* < 1, but are divergent if «' = 1. 
7. Show by the aid of Example 5 that 



r= -p sin (n log r) Jr^(cos ff) , 
yr 

F= -p cos (n log r) Jr^(cos tf) , 

Vr 



F= -p sin (n log r)K„(— cos tf) , 
Vr 

F= -p cos (n log r)-ff„(— cos 0) , 

vr 



are solutions of rJ9/(r F) + -r— ^ A(sin ^ i)^ F) = 

^ ^ sin ^ ^ '^ 

[-+a)']["+ ©•][-+ ©I 

2»(3!)* 



(«-!)•+• 
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and 

■K.(-«)=-.f-i.-(«) = l + 2^^(« + l) 

2*C3 !)* (^ "i" -•■; "r " • 

-ffi,(cos 0) is convergent except for ^ = tt, and ^„(— cos ff) is convergent 
except for = 0, 

k„(x), l„(x), K^(x)j and K„{—x) are sometimes called- CoTiaZ Harmonics. 
They are particular values of z which satisfy Legendre's Equation written in 
the form 

('-^■»S-^-l-(»-+i>=<'- 

For an elaborate treatment of them see E. W. Hobson on "A Class of Spherical 
Harmonics of Complex Degree." Trans. Camb. Phil. Soc, Vol. XIV. 
8. If F=/(r) when = ^, 



-« 



9. If V=f(r) when = p and rKa, and V=0 when r = a, • 

-Cd\Celf(ae^)^^^^smaksm(a\og-)da', if ^</?. 
r J J •'/ -^ ira(cos /8) \ ° a/ ' 



— OD 



10. If V=f(r) when 6 = p and a < r < 6, and V=0 when r = a 
and when r = 6, 



msBQD 



ir—V^ -g»-(co8 g) ■■;„ r TOff(log r — log g) "] 
'^'*"A-„.(co8^)^"'L log 6 -log a J 

where m' = r — ; r and 

log — log a 



log- 



-^^ = log 6 - log a V^pV(<^) «i" rnr^^- dx ; if .9<^. 



log b — log a 
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11. If 6> p COS tf must be replaced by (-— cos 0) in examples 8, 9, and 10. 

12. If V=f(r) when = fi, and F=0 when ^ = y, 



-» 



if P<e<y. 

13. If r=/(r) when 6 = ^ and a<r<*, r=0 when ^ = y and 
a<.r<Cby and F'= when r = a and when r=zby 

ru B OD 

^_y A;^<cos g)4i'(cos y) -~ A;^'(cos y)^'(co8 0) ^.^ W7r(log r — log a) ^ 
^ Ki^os p)lmi(ios y) — kj^ioos y)lm'(oos /3) log b — log a 



tutt 



where m' = , — ; z and 

log b — log a 






2 1^ /* X mirx 

^- = log 6 - log a V^J ''•^('^> "° log 6 - log a '^ ' 



it P<e<y and a<r<ft. 

14. If V=f(r) when ^ = /3 and a<r<bf and r = p when r= a 
and i)^r+Ar=0 when r = b, 



max » 



r= y ^^ — =S sc sm ( a« log - 1 » where 

^ ""iT. (cos)3) V * ^«/ 






2(a„' + h%') 



^ = aJ(log ^ - log a) + k;^Vg ft - log a) + Ij/ ^^/C^) '"^ "--'^ 
and a„ is a root of the equation 

a cos (a log - j + ^^ sin (a log - ) = v. Art. 68 Ex. 5. 
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101. When we are dealing with problems in finding the potential function 
due to forces which have not circular symmetry * about an axis and are using 
Spherical Coordinates, we have to solve Laplace's Equation in the form 

ri>;(rn+-T^i>«(sin^I),r) + -;\^2>«r=0 / (1) 

^ '^ sm ^ ^ ^ sm^ B "^ 

[v. (xiii) Art. 1], 

To get a particular solution of (1) we shall assume as usual that V is a 
product of functions each of which involves but a single variable. 

Let F'= RM,^\ where R involves r only, involves $ only, and * <^ only. 
Substitute in (1) and we get 

rfP(rR) 1 T'°^^) , 1 d^. ' ,2^ 



E dr^ • ®sin^ dO ' *sin«^(i<^'^ 



K-'^'g) 



r sin« 6 d^(rE) sinj^ \ dO/ ^ _ 1 ^ 

^^ E dr^ ^ ® dO '^ <Pd<l>^ 



y 



^+,,^ = (3) 



As the first member does not contain <f> the second member cannot contain 
<t>y and as it contains no other variable it must be constant; call it n\ Equa- 
tion (2) is then equivalent to the two equations 

d<t> 

E dr^ ^®sind dO sm'O ^^ 

(3) has been solved before and gives us 

^ = A cos n<f>'^ B sin n<f> (5) 

[v. Art. 13(a)]. 

The first term of (4) does not involve and the second and third terms do 
not involve r, 

* See note, page 12. 
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"r )i^ must, then, be a constant; we shall call it »i(?n.4"l) as in Art. 
13(c). Then (4) breaks up into 

I 

r^^^m(m + l)R (6) 

d\^\TLe—\ 2 

and ^ ^ ^/ + m(vi + l)^r^. = 0. (7) 

smd d$ L ain^^J 

(6) was solved in Art. 13(c) and gives 

R = A,!"" + J?ir-"— ^ (8) 



If in (7) we replace cos ^ by /a we get 

■ ^[('-''■>S]+C-("+«-r^.>=<'. ' « 

the equivalent of 

[v. (17) Art. 85], which was solved in Art. %^ for the case where m and n are 
positive integers and n < m + 1. v. (18) and (19) Art. 86. 
From (19) Art. 86 we get as a particular solution of (9) 

if we restrict ourselves to whole positive values of m and w, fj& we shall do 
hereafter unless .the contrary is explicitly stated, and suppose m not less 
than n, 

A second but less useful particular solution of (9) is 

Combining our results we have as important particular solutions of (1) 

V= r^(A cos n<l, + Bsm n<l>) sin" $ ^^^ » (12) 

and r= ^ (A cos n<^ + 7? sin ii<^) sin" ^ ^^ > (13) 

where m and w are positive integers and n < m + 1. 
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102. 8in"tf^^^a^ or a — H'')l^-^^ is a new function of /i, that is 

of cos $y and we shall represent it by P^Qi) * and shall call it an associated 
function of the nth order and mth degree. It is a value of satisfying 
equation (9) Art 101. 

By differentiating the value of P«(x) given in (9) Art. 74 we get the formula 

^ (27/0! sin" <? r __ (m-n){m-n-\) _, 

"'A'^^ 2"'w! (w — ny.Vf 2.(2m — 1) '^ 

I (m~70(m~>i-l)(m>-yi-2)(m~w-3) _, "I ,^x 

^ 2.4. (2m — 1) (2 wt — 3) '^ J ^ ^ 

the expression in the parenthesis ending with the term involvindteS if in — u is 
even and with the term involving ipLif m — » is odd. 

For convenience of reference we give on the next page a table from which / 
-Pm (/*) can be readily obtained for values of m and n from 1 to 8. 

cos n<l>P^(fi) and sinn^P^(/i), that is, 

d'^P (u) d^P (u) 

cos nd> sm" $ — , ^ - and sin mb sin* — r^ 

d/M"* ^ dfjL^ 

are called Tesseral Harmonics of the mth degree and nth order, and are 
values of V which satisfy the equation 

m(m + l)r+^2),(8iiitfAr) + ^i)^'F=0 (2) 

or its equivalent 

m(m + 1) r + D^l(l - ii.')D^ F] + ^-, 2>| F= . (3) 

There are obviously 2»» + 1 Tesseral Harmonics of the mth degree, namely 

P„(/*), cos » sin tf '^y ^^ sin <^ sin 6 ^^^^'^^ 

cos 2<^ sin* » ^^i^ , sin 2.^ sin" tf ^-?4^ 

cos 3^ sin* e ^^^ > sin 3<^ sin* B ^^^ 



COS m<^ sin« tf ^"'J^^^ , sin m<^ sin« ^^J ^ • 



If each of these is multiplied by a constant and their sum taken, this sum 
is called a Surface Spherical Harmonic of the mth degree, and is a solution of 
equations (2) and (3). We shall represent it by F^(/a, ^) or by F^(tf, <^). 

* Most of the English writers represent this function by T^Cm)* 
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Table for 



m 

1 


n = l. 


n = 2. 


n = 3. 


1 

■ 




1 


2 


3m 


i 

3 


3 


1 (8m» - 1) 


16m ' 1*3 


4 


1 (V - 3a.) 


f(7M'-l) 


- 105m 


^ 


^' (2V - IV + 1) 


T(V M) 


To-' ^) 


6 

i 

8 


^ (*V - 30m* + 5m) 

O 


^55 (33^ _ 18;x« + 1) 


,^ (llM» - 3m) 


Yq (429m« - 496m* + 135/i2 - 5) 


63 

~ (143m* - IIOm* + 16m) 

o 


5|5 (143^4 _ 66m« + 3) 


^ (716/x7 - lOOl/i* + 386/*8 - 36m) 
It) 


^ (143m« - 143m* + 33m« - 1) 


^ (38m« - 26m» + 3m) 



r"*F^(/i, <^) and -^:^i ^m(M> ^) ^^® called ^Zirf SpJierical Harmonics of the 

Twth degree, and are solutions of Laplace's Equation (1) Art. 101, 
To formulate: — 

n "•" III 
11 = 



n = tii 



or 



:^m(/^, <A) = ^oP^(m) +2[^» ^^^ ri<j>P-{,i) + ^, sin n<^P:(Ai)] 



(5) 



n»l 



is a Surface Spherical Harmonic of the wth degree. 

A Tesseral Harmonic is a special case of a Surface Spherical Harmonic, and 
a Zonal Harmonic a special case of a Tesseral Harmonic; Pfn(f^) being the 
Tesseral Harmonic of the zeroth order and the mth degree; it might be 
written P^(/i). 

EXAMPLES. 
1. Show that 

reduces to 

(1 - a:^ §, - 2(n + l)a: g.+ IH"^ + 1) - n(n + l)]y = 

if we substitute (1 — x^iy for «, even when m and n are unrestricted. 
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19» 



C8O'0PZ(^)=^^- 



n = 4. 


n = 5. 


n — 6. 


n = 7. 


n = 8. 
































106 










946m 


945 


« 






^(lV-1) 


10395m 


10395 






^(is^-M 


T<^«''* ^) 


135135m 


135135 




^7^66^ 26.« + l) 


T'^^'^ '') 


135135,,. . ,, 
2 (1^/*^ 1) 


2027025m 


2027025 



2. Show that if in the second equation of Ex. 1 we let y^=^ajpf we get 

«*- = -^ (^ + l)(;fc + 2) ^«* (V. Art. 16) 

whence z=p^(x) and « = 3'i(ic) are solutions of the first equation of Ex. 1, 
no matter what the values of m and n, if 



i>:(^)=(i-^')i[i- ^"""y+^> 



x^ 



. (m — n)(m — n — 2)(m + ^ 4" 1)(^ + ^ + 3) ^ "] 

+ 41 -^ J 



and 



(m — n — l)(m — n — 3)(m + ^ + 2)(m + ^ + ^) » "1 

+ 5! ^ J* 

If m-^n is a positive integer, j:?i(a;) or y *(«) will terminate with the term 
involving a:"*"*, and in that case 

ovii r f^ — n)(m — n — 1) _ « 

. = (1 - .«)? [a- ^ 2.(2L-1) ^-"-' 

J. (m-n)(m-n-l)(m-n-2)(m-n-3) _, "l 

^ 2.4.(2to — l)(2wi — 3) J' 
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the parenthesis ending with a term involving x° if wi •— n is even and z if 
m — n is odd, is a solution of the first equation of Ex. 1. If m and n are 

integers this value of z is \\ . , — ^ ^i(«) . 

° (2m)! ^ ^ 

103. We have seen in the last chapter that in many problems it is import- 
ant to be able to express a given function of cos 6, that is of ft, in terms of 
Zonal Harmonics of fi. So it is often desirable to express a given function of 
fi and <l> in terms of Tesseral Harmonics of fi and <^. 

If, for example, we are trying to find the Potential Function due to certain 
forces and have the value of the function given for some given value of r, 
that is, on the surface of some given sphere whose centre is at the origin of 
coordinates, of course the given value will be a function of $ and tf> and if we 
can express it in terms of Spherical Harmonics of and <^ we have only to 
multiply each term by the proper power of r to get the required solution of 
the problem. For we shall then have a value of V satisfying Laplace's 
Equation and reducing to the given function of and <^ on the surface of the 
given sphere. 

104. Suppose that we have a function of fi and <^ given for all points on 
the unit sphere, that is, for all values of fi from — 1 to 1 and for all values of 
ff> from to 27r, /a and <^ being independent variables, and that we wish to 
express it in terms of Surface Spherical Harmonics. 

Assume that 

Let us consider first a finite case, and attempt to determine the coefiicients 
so that 

mssp nesin 

/(/*, <!>) ^^[A^n^d*) +S(^-^- «os n<|,PZ(^i) + B^ sin «*P:(m))] (2) 

shall hold good at as many points of the sphere as possible. The expression 
in brackets in the second member of (2) is a Surface Spherical Harmonic of 
the mth degree and contains 2m + 1 constant coefficients. The whole number 
of coefficients to be determined is then the sum of an Arithmetical Progression 
of ^ + 1 terms the first term of which is 1 and the last is 2p-\-l, and is 
therefore equal to (p + 1)^ 

Let the interval from /x = — lto/A = lbe divided into p + 2 parts each of 
which is Aft so that (p + 2) A/a = 2 , and let the interval from ^ = to <^ = 2'7r 
be divided into p-\-2 parts each of which is A<^ so that {p + 2)A<^ = 27r. 
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Then if we substitute in equation (2) in turn the values (— 1 + ^M? A<^), 
(- 1 + 2AM, A<^), • • • [~ 1 + (^ + l)A/i, A<^]; (- 1 + A/i, 2A<^), 
(- 1 + 2A/i, 2A<^), . . . [- 1 + (^ + l)A/i, 2A<^]; • • • [- 1 + A/i, (i? + 1)A<^], 
[— 1 + 2Am, {p + 1)^<^), •••[—!+(/> + 1)A/A, (^ + 1)A<^]; since the first 
member in each case will be known we shall have (/> + 1)* equations of the 
first degree containing no unknown except the {p + 1)* coefficients, and from 
them the coefficients can be determined. When they are substituted in equa- 
tion (2) it will hold good at the (p + 1)^ points of the unit sphere where jo + 1 
circles of latitude whose planes are equidistant intersect ^ + 1 meridians 
which divide the equator into equal arcs. If now p is indefinitely increased 
the limiting values of the coefficients will be the coefficients in equation (1), 
and (1) will hold good all over the surface of the unit sphere. 

To determine any particular constant we multiply each of our (7> + 1)* 
equations by A/a A<^ times the coefficient of the constant in question in that 
equation and add the equations and then investigate the limiting form 
approached by the resulting equation as ^ is indefinitely increased. 

As p is indefinitely increased the summation in question will approach an 
integi'ation ; and since dfid<f> = — sin 0.d$ d<f> is the element of surface of the 
unit sphere, and as the limits — 1 and 1 of /i correspond to tt and of ^ the 
integration is a siirface integration over the surface of the unit sphere. 

In determining any coefficient as A^^ in (1) the first member of the limiting 
form of our resulting equation will be 



Cd<l>ff(f^> 4d cos n<l> P;^{fi)dii, 



-1 
In the second member we shall come across terms of the forms 

JT 1 2w 1 

Cd<l>Csm l<t> cos n<^ P„'(/x)P»(/x)e£/i, Cd<t>CGos l<f> cos 7i<f> F^(fi)P;;,(fi)dfi, 

0—1 U -1 

fd<f.Csixi n.f, cos n<l> [P:(fi)ydn, Jdif, ^os' n<t> [P;(/*)]y/i, 

0-1 0-1 

and other terms all of which come under the form 

2ir 1 

-1 

where Y^(^fi,^) and Yi(fiy<l>) are Surface Spherical Harmonics of different 

degrees. 

If we are determining a coefficient B^„ the only difference is that sin ?i<^ 
and cos n<l> will be interchanged in the forms just specified. 
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105. The intecfral over the surf dee of the unit sphere of the prodtict of two 
Surface Spherical Harmonics of different ddgrees is zero, 

9ir 1 

That is ydfl>yY,(^, <!>) r^(/i, ^)dfjL = 0. (1) 



-1 



For as we have seen U=7^Yi(fjL, <^) and V=r^Y„(/i, ^) are solutions of 
Laplace's Equation. Hence by Greenes Theorem 

C(PD^ V— VI>n ^ds = V. Art. 92. 

UD, r- FD„ f/= (in - 0^^--' ^/(M, </>) 1^«(M, *), 

= (m-Z)F,(/i,<^)F^(/i,<^)- 
on the surface of the unit sphere; and 



Vr 



—1 

Hen.ce unless l=:m 

2ir 1 

^d,i>^Yi^, 4.) r„(/*, 4>)d^i = . 

—1 

EXAMPLES. 

1. Obtain (1) Art. 106 directly from the equation 

m(m + 1) F,(/i, </>) + 2),[(1 - M'')J>^ Y^(fi, <^)] + j^, 2)J Y^(,x, <^) = 

V. (3) Art. 102, and Art. 91. 

2. Show that the integral over the surface of the unit sphere of the product 
of two Tesseral Harmonics of the same degree but of different orders is zero. 

Suggest 1071 : 

I sin k<l> cos l<l>,d<^ = | sin k<l> sin l<l>.d<l> = i cos k<f> cos l<t>.d<l> = . 



106. f^r(H')^m(H')dH' = unless 1 = 



2 (m + n)l .„ , 
2w + 1 (rn — n) ! 
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For 






-1 
1 



=-/^-.7^-'"'-^>- 



by integration by parts. 

Replacing n by w — 1 in equation (2) Art. 84 and remembering that 

— - — —^ is a possible value of «<*""^^ we get 



cb^ 



or if we multiply by (1 — /i^"~^ 

+ (>« + n)(m - » + 1)(1 - /*•)-' ^'Zn-^fi = 0> 



or 



|i [(1 - /^r ^^] = - ('« + «)(- - « + i)(i - Mr- ^^ 



{^ 



Hence follows the reduction formula 

— 1 



-I 

Using this formula n times we get 

1 



— 1 -1 

= unless l = m 

^_2_ (m + n)! .^ ^^^ 

2771 4" 1 (W — ^) I 

V. Art. 89 (4) and (5). 
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107. We are now able to complete the solution of the problem in Art. 104 

SB- SB- Sr 

and since j cos* n<^.(f<^ = j sin' n<f>.dif^ = ir and Cdtf^ = 27r we get as the 



coefficients in (1) Art. 104 

A-=^^^/''<^/M*)^«(Myi*. (1) 

-1 

Sir 1 



—1 

Sr 1 



^-" = ^^ • ^^^if'^fr"' •^> '''^ »*-P-('»)'^'* ' (3) 



whence 



-1 



iN= x> ns tn 



/(M, «^) =S[ A«^m(/*) +S(-^%- «os «<^ + B^^ Sin «<^)P:(/*)] (4) 



mssO Hal 



and the development holds good for all values of fi and ^ corresponding to 
points on the unit sphere, provided only that the given function satisfies the 
conditions that would have to be satisfied if it were to be developed into a 
Fourier^s Series. 

If we use fAi and f^i in place of /jl and <^ in (1), (2), and (3), we can write (4) 
in the form 

msO —1 



nes m 



»=1^ -I -* 

Formulas (1), (2), (3), and (4) are convenient for actual work; (6) is rather 
more compactly written. 

108. As an example let us express sin' $ cos' 6 sin ^ cos ^ in terms of 
Surface Spherical Harmonics. 

Here f(fjL, <^) = i ^\1 - fiF) sin 2<^ . 



2m + 1 



' sir 



^^ = "^?"/^"(^ "■ ^*)^«(/*)^M Jsin 2<^.rf<^ = , 

-I 
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<- = —^ ■ ^ „j! J M'(l - M-')PZ(l*)dfijBm 2^ cos n^.rf^ = , 



— 1 

I 



2ir 

^- = ^J- • J;^-^'!/'*^ ~ /*')PZ(f^)d^f sin 2* sin «,^.d^ , 



— 1 

= unless n = 2 . 
If w = 2 



j sin 2<f> sin n<^.rf^ = j sin* 2<^.d<l> = tt, and 

2m + 1 (m - 2) 1 ^ rf»P„(;.) 

'^'•" 4 (m + 2y.j''^^ ^^ d;«> '*'* 



— 1 






/'■a - <;■)• ^=^^^" ^. = ™/^=^^^" ^. 



— 1 —1 

by repeated integration by parts, 

= if w>4, 
1 



= 720 r(/i« - l)*rf/A = 4_^^^ if 7/i = 4, 



and ^2,4 



— 1 
1 9 2! 4096 



• — ^— a 



2*4! 4 6! 7 105 



By a like process we find 

^,3 = and J^j, = --. Hence 

sin* cos* e sin <^ cos <^ = — P*(/a) sin 2</» + j^ i^^/i) sin 2<^ , (1) 



= 777 sin 2ib sin* 
42 



= ^ sin* ^ sin 2<^ + ^ sin* ^ (7/i* - 1) sin 2^ . (3) 

The required expression might have been obtained without using the 
formulas of Art. 107, by a very simple device, as follows: 

sin* cos* $ sin ^ cos ^ = ^ ^* sin* sin 2^ . (4) 
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If now we can express /** in the form 2) — J% ^^ work will be done. 

'^ 4.3 dn* ' 

M« = ^ P«(/*) + * P.(/t) + 1 P.(A*) , (5) Art. 95. 

d^ili.*) 8 cPP,(^C) 4 d*P,(/t) . 
d/«» 35 rf/«' """T d/it* ' 

whence ^.^J-^lM + l^i^, 

and substituting this value in (4) we get (2). 

EXAMPLES. 

1. Show that 

cos* $ sin« e sin ^ cos' ^ = [^^ P|(a») + j^ P^V)] sin 3^ 



- lis ^« (^> - 7^ ^« ('^^ - ^ ^' c*)]^^" * • 



2. Show that 



cos 2<^ = 2 cos 2* [|, P.» + -^' P4» + ^ P«'(/*) + •••]• 

3. If in a problem on the Potential Function V=f(fjL,ili) when r = a, we 
shall obviously have 



ms OD !!«■ m 



F=25 [^^"(^) +2(^«.» COS »^ + J5,.„ sin «^)Pi(/*) j 



at an internal point and 



^=S^' [a^«(m) +X(A,.m COS n<^ + P..„ sin n^)P:(M)] 



msaO Ileal 



at an external point, where -4o,«, A^^„, and J5„ „, have the values given in (1), 
(2), and (3) Art. 107. 

4. Solve problems (3), (4), and (5) of Art. 94 for the case where V is not 
symmetrical with respect to an axis. 

109. Any Solid Spherical Harmonic r^F„(/A, ^) being a value of V that 
satisfies Laplace's Equation in Spherical Coordinates will transform into a 
function of x, y, and z satisfying V*F'= if we change to a set of rectangular 
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axes having the same origin and the same axis of X as the polar system. 
Moreover the new function will be a homogeneous rational integral Algebraic 
function of a, y, «, of the mth degree. 

For each term of r"» cos n<l>F^(fi) is of the form 

. CV" cos"-2*^ sin«^<^ sin« cos"'"*'-* $ 

where 2A; < « + 1 and 2^ < m — n + 1 • 

This may be written 

Ct^, r-- «-» cos—*'-'' 0. 7*7** sin— «* cos*"** <^. r** sin ** ^ sin» <^ 

which becomes C(x^ + y^ + «*)'ic*-*'-" 3^ -**«**, 

and is a homogeneous rational integral Algebraic function of x, y, and z of the 
*mth degree. The same thing may be shown, of each term of r"* sin n<^P,J(/i4). 
Consequently r™F^(/i, <^) is a homogeneous rational integral Algebraic func- 
tion of the mth degree in x, y, and z, 

110. Any homogeneous rational integral Algebraic function S^(Xy y, z) of 
the with degree in a;, y, and «, which is a value of V satisfying V"F= con- 
tains 2m -{-1 arbitrary constant coefB.cients. 

For S^(x, y, z) will in general consist of ^ ^^ terms and will 

therefore contain ^^ ' — '-^ coefficients. 

V*>S,„(ic, y, z) will be homogeneous of the (m — 2)d degree and will contain 

2i^* 1 coefficients, which, of course, will be functions of the coefficients in 

S^(x, y, z). Since ^^Sj„(x, y, «) = independently of the numerical values 

of X, y, and z the ^ ,^ coefficients in V*^TO(aJ, y, z) must be separately 

zero, and that fact will give us -^^-^ '^ equations of condition between the 

("^+^H"^ + ^) original coefficients and will leave ("> + l)("^ + 2) _ E(!lpl} 

or 2w + 1 of them undetermined. Sji^y y, «) contains, then, the same number 
of arbitrary coefficients as r'"r„(y^,<^). 

We can then choose the coefficients in r^ Y^Qi^ <^) so that it will transform 

into any given ^^(^j y^ *)• 

Consequently a Solid Spherical Harmonic of the wth degree might be 
defined as a homogeneous rational integral Algebraic functixm of x, y, and «, 
S^{x, y, «), of the mth degree satisfying the equation V*>S'„(ar, y,z)=0] and a 
Surface Spherical Harmonic of the wth degree as such a function divided by 
(a^ + f + «*)'! , that is by r"». 
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EXAMPLES. 

1. Show that if Sf^(x, y, z) is a Solid Spherical Harmonic of the mth degree 

S7\r^S^(x, y, «)] = n(2m + n + l)7--»5^(a;, y, z). 
Suggestion: 

V;S„ = 0. VV = ^. I>,S^ = ~^- (D.r)»+(i),r)»+(A»-)«=l. 

2. Show that if /„(a;, y, z) is a rational integral homogeneous function of x, 
y, and « of the nth degree it can be expressed in the form 

fn(^, y, «) = '^«(^, y, «) + ^S,_,(x, y, z) + r*^,_,(ar, y, «) + ••• , (1) 

terminating with 7^~^Si(x, y, z) if n is odd, and with r^So(Xy y, z) if n is even. 

Suggestion: If a term r4S^_i were present in the second member of (1), and 
we were to operate with V* on both members we should by Ex. 1 have a term 

— /S^n-i which would be irrational when all the other terms of the resulting 
r 

equation were rational. No such term, then, could occur. In the same way 

it may be shown by operating twice on (1) with V* that there can be no term 

t^S^_^ in (1); and thus step by step we can reach the result formulated in (1). 

3. Express xhjz in the form S^ + r^S^ + t^Sq, 

Suggestion: let x^yz =z S^-\- r^S^ + i^Sq 

and take V* of both members we get 

2yz = US^ + 20r^So. 
Operate again with V*. = 120*.%. Whence 

^0 = 0, S, = ^yz, and S, = ^ (ex^-y'-z^yz. 

4. Express sin* $ cos* sin <l> cos <^ in terms of Surface Spherical Harmonics. 

X t/Z 

Suggestion : sin* 6 cos* $ sin <^ cos <^ = -~- • 

For result v. Art. 108 (3). 



111. A transformation of coordinates to a new set of axes having the same 
origin as the old set will change a given Surface Spherical Harmonic into 
another of the same degree. For such a transformation does not change the 
form of Laplace's Equation V^F=0 if both sets of axes are rectangular, 
and it is effected by replacing x, y, and z in the Solid Harmonic correspond- 
ing to the given Surface Harmonic by x cos ai + y cos <^ + « cos a,, 
X cos pi-\-y cos Pi + z cos p^ , and x cos y i + y cos y, + « cos yg respectively, 
where the cosines are the direction cosines of the new axes, and it will leave 
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the function a homogeneous function of the mth degree in the new variables, 
and on dividing this by the mth power of the unchanged radius vector we shall 
have a Surface Spherical Harmonic of the mth degree. 

112. We have seen in Art. 75 that if (aji, yi, «i) are the coordinates of a 
given point 

V= ^ -^ (1) 

is a solution of Laplace's Equation V*F=0, and transforming to spherical 
coordinates that ^ 

F= , ^ (2) 

yr* — 2rri[cos B cos Ox + sin $ sin 6i cos (<^ — <^i)] + rf 

is a solution of 

ri);(rF) + ^^A(sinOD.r) + 3-i^^2)/F=0. (3) 

If y is the angle between the radii vectores r and r^ of the points (a*, y, z) 
and (xi, yi, «i) (1) can be written 

r=V ^ (4) 

Vr^ — 2rri cos y + rj* 

which must be equivalent to (2), and hence 

cos y = cos 6 cos $1 + sin $ sin dj cos (<^ — <^i) . 

(4) which is a solution of (3) is of the same form as (5) Art. 75 and by 
developing it as we developed (5) Art. 75 we find that 

r=P«(C0Sy) 

is a solution of the equation 

m(m + l)r + ^Z),(sin^An + 3-i^i>/^=0 (5) 

and that r=r«P^(cosy) and V^-^iT^^mi^^^y) 

are solutions of (3). 

If we transform our co5rdinates keeping the origin unchanged and taking as 
our new polar axis the radius vector of (a5i, y^, «i) y becomes our new and 
P^(cos y) reduces to P«(cos B) , a Surface Zonal Harmonic, or a Legendrtan,* of 
the mth degree. It is then a Legendrian having for its axis not the original 
polar axis but the radius vector of (xi, yi, Zi), Since a Legendrian is a Sur- 
face Spherical Harmonic, 

P^(cos y) = P,„[cos B cos Bi + sin B sin Bi cos (^ — ^j)] 
is a Surface Spherical Harmonic of the mth degree. 

* V. Art. 74. 
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It is, however, of very special form, since being a determinate function of 
fi, <t>j /xi, and <f>i it contains but two arbitrary constants if we regard it as a 
function of /x and <^, instead of containing 2vi + 1. 

It is known as a Laplace^s Coefficient, or briefly as a Laplacian, of the mth 
degree. 

We shall soon express it in the regulation form of a Surface Spheripal 
Harmonic. 

The radius vector of (x^ yi, «i) is called the axis of the Laplacian and the 
point where the axis cuts the surface of the unit sphere is the pole of the 
Laplacian. 

We shall represent the Laplacian P^(cos y) by LJji, <^, /i|, <^i). Of course 
Z^(/Lt, ^, 1 , <^i) =: Pro (ft) = Pro (cos $) , and is really independent of <^. 

^ 

113. If the product of a Surface Spherical Harmonic of the mth degree by a 
Laplacian of the same degree is integrated over the surface of the unit sphere, the 

result is equal to ^ — -j-r: multiplied by the value of the Spherical' Harmonic at 

the pole of the Laplacian, 
That is, 

2ir 1 

11 —I 

Transform to the axis of the Laplacian as a new polar axis, and let Zf^(fi, ^) 
be the transformed Spherical Harmonic. L^(/m, if>, fii, ^i) will become Pm(f^)9 
and (1) will be proved if we can show that 

fd^fz^i^, <l>)P„(^)d^ = 2^^ ^»(1. 0) . (2) 

-1 

11= m 

Z„(^, <t,)P„(ti) = A[-P«(/*)]' +X(A COS n^ + J?« sin n^)P;(/*)P,(M) 



ll»l 



(V. (5) Art. 102). 



2ir 



Jz„(/i*,<^)P„(^)rf^ = 27rA[P„(M)]» and 




1 2ir 



4v 



yd^j'z„(^, <^)P„(/t)d* = ^^^ Ao (V. (6) Art. 89). 



— 1 



But Z^(l, 0) = Ao, since P«(l) = 1 and P:(l) contains (1 — 1)] as a factor 
and is equal to zero. 
Hence (2) is proved. 
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114. We can now express a Laplacian in the regulation form as a Spherical 
Harmonic, by the formulas of Art. 107. 

^m(/^; </>> /*i) ^i) = -Pm(cos y) = Pto[cos 6 COS $i + sin sin Oi cos (<^ — <^i)] 

«-*0 11=1 

2771 ~f" 1 /• /• 

where A^^ = ^^ J d<f>j LJjl, <j^, Mi, i»x)PJjt)dik. 



— 1 



= ^^ 2^ ^-(^^> = ^-('^-> ^y (^^ ^^- ^^^' 



— 1 



= ^+^ «°8 ««^i^^(Mi) by (1) Art. 113, and 



■S|i,m = 



2m + 1 (?7t — n) I 



I ~f~ X (771 ~"~ Tl) /* /* 

2^ L ■[■ ^\ i J ^*J ^m(M> <^. Ml, *i) sin n<l>P;;,(fi)dfi 



-1 



= ^+^ «i^ «*iP:(Mi) ty (1) Art. 113, 

and -^oj* = -^n;t = -^m* = by Art. 105 unless A; = m . Hence 

Has m 

L„(ti, <!>, Ml, <^i) = P„(A)-P«(/*i) + 2S[ (m + n)! ^-('*)'P-W °°« »*(* " *')] • (1) 

Each term of a Laplacian involves a numerical coefficient, a factor which is 
a function of /i, a second factor which is the same function of /ii , and a third 
factor which is of the form cos A;(<^ — <^i). We give on the next page a table 
of the first few Laplacians, taken from Minchin's Statics, omitting in each term 
for the sake of brevity the function of fii. 

By the aid of (1) we can write (5) Art. 107 more compactly. It becomes 



»!=» Sir 



M <*•) = ^ S^^*^ + 1) j<^*iJ/(/*i, «^i)^«(M, *, Ml, *.)<^Mi (2) 



m-0 — 1 

i^aOD, Sir 



or F(e, <^) = ^ (2m + 1)'2 'fHxCP(9x, *i)^m(cos y) sin *,«Wi. (3) 



msOU 
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EXAMPLE. 

Work the problems of Art. 108 and Art. 108 Exs. 1 and 2 by the aid of (3) 
Ai-t. 114. 

115. Such problems as we have handled in Arts. 98 and 99, and also prob- 
lems differing from them in not having circular symmetry about an axis, can 
now be solved by direct integration. 

For instance let it be required to find the value at an external point of the 
potential function due to the attraction of a solid sphere whose density at any 
point is proportional to the product of any power of the radius vector by a 
Surface Spherical Harmonic. 

Let p=Cr*F^(/ii,«^i)-. 

Then using our ordinary notation we have 

F= Cdr, Cd4., CM^^^Mi^ . 
y y -T? ^1^ — 2rri cos y + r} 
But by (3) Art. 77 



^-^ =^— = - fPorcos y) + -' P, (cos y) 

+ 72 -PaCcos y) + • • • + -^^ P«(cos y) + • • • J 

if r >• ri . 
Consequently since 



2ir 1 



-1 • 



V reduces to the single term 



a 2ir 1 

0-1 



= ^/T**^'(2^^ y^if^,<l>)yr^ by Art. 113. 



• 2m + 1 m + k + 3 J-"*' 
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EXAMPLES. 

1. Solve by direct integration the problems worked in Arts. 98 and 99 and 
Examples 1, 2, 3, and 4 of Art. 99. 

2. The density of a solid sphere is proportional to the product of the 
squares of the distances from two mutually perpendicular diametral planes; 
find the value of the potential function at an external point. 

Ans. p = kr} cos* 6i sin* Oi cos* ^i 

= kr,^ [^ Po(/*i) + ^ P2(Mi) + ^ cos 2<l>,Pi(^,) 

-^P4(Mi)+jj5C08 2.Aii^*(Mi)]. 

3. Solve Example 2 by an extension of the method of Arts. 98 and 99. 

4. A conducting sphere of radius a connected with the ground by a wire is 
placed in the field of force due to an electrified point at which m units of 
electricity are concentrated. Find the value of the potential function due to 
the induced charge. 

Suggestion: Let V^ be the potential function due to the point, and V^ that 
due to the induced charge, and let b be the distance of the point from the 
centre of the sphere. Then 



Vfi" — 2br cos tf + r" 
= I rPo(cos«)+^P,(co8«)+^P,(co8 «) + •••] if r<h. 

= 7 f-PoCcos tf) + ^ P^(cos tf) + ^ P,(cos d) + • • -J if r>h. 
Fa = ^oA(cos ^) + ^1 - Pi(cos ^) + ^j -J Pa(cos 6) + -' if r < a . 



a ^ a* 



a ^ . ^. . . a* _ . ^, . , a' 



= ^0 - -Po(cos ^) + ^ 3 Pi(cos ^) + ^ j;j P8(co8 ^) H if r> a 

When r = a Ti + Fa = . Hence 

. m . Tfia . TW-a* 
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and 

F,=-y[Po(cosd)+^Px(cos^) + ^P,(cosd) + ---] if r<a 

= -^[Po(co8tf) + ^A(cosd) + ^P2(co8d) + -..] if r>a. 
Hence the effect of the induced charge is precisely the same at an external 



ma 



point as if the sphere were replaced by -r- units of negative electricity con 



,2 h 



centrated at the point r = y , tf = 0. v. Peirce, Newt. Pot. Func, § 66. 

« 

116. If the two points P and P' are taken on the line OH whose direction 
cosines are X, /i, and v, and if w and w' are the values at P and P' of any con- 
tinuous function of the space coordinates, then pp/ . /^ j^j^i I is called the 

partial derivative of u along the line OH and will be represented by Df^u. 

Let ar, y, « be the coordinates of P and x + Aar, y + Ay, z-^^z the coordinates 
of P'; then 

u^ — t^ = D^u.Ax + DyU,^y + D,u,^z + c 

where € is an infinitesimal of higher order than the first if ^x, Ay, and A» are 
infinitesimal (v. Dif. Cal. Art. 198). 

Hence 'ppr = ^xU. jppf + J^y^- pp + ^z^- pP + j^' 

T> . Ao; ^ Ay ■• ^^ 

^"^ PP" ' PT^^' PP''^''' 

Therefore Df^u=i\Dj.u + fiDyU-{-vD^u. (1) 

If V'w = 0, D^DjDlu is a solution of Laplace's Equation. 

For V\DllDjD;u) = DiDjD;(S7^ m) = . 

Hence if V'w = Dj^?* is a solution of Laplace's Equation,. and if OH^, 
OHi, OH^,'" are a set of lines through the origin D^^D^D.*"u is a solution 
of Laplace's Equation. 

117. If Hi^ is a rational integral homogeneous Algebraic function of x, y, 
and z of the kth degree 



Mv)=Hf)^'-+?^'(^^) 



IT 

and is of the form -^^^ 



^^k I ^k^\ ^^k I 'f^^k-i 
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The same thing can be proved of Dy (-j ) and -D, v^) and therefore holds 

goodof A(f*)." 

If u is a homogeneous function of ar, y, and z of the degree — m — 1 and 
V*w = then V*(r*"+*M) = 0. 

ya^^ + i^) = (2m +• l)(2m + 2)r^-^u 

+ 2(2m+ l)r^-\xD^u + yDyU + zD^u) + r*"+iV*w 

= 0, 

since ari>jM + y2)ytt + «-^«w = — (m-\-l)u 

by Euler's Theorem (v. Dif. Cal. Art. 220). 

118. — = , = is a solution of Laplace's Equation (v. Art. 75) 

v« + y^ + « 

and is of the form — - • 

r 

Dji 2)^2)^ • • • 2>j^ I — ) is then a solution of Laplace's Equation by Art. 116; 

H 

it is of the form ^^ by Art. 117 and is a homogeneous function of the 

degree — m — 1. 

Therefore r^'^^Dj^^Di^i^^" - Dj^l — ) is a solution of Laplace's Equation, 

and is a rational integral homogeneous Algebraic function of x, y, and z of the 
mth degree, and is consequently a Solid Spherical Harmonic of the mth 

degree (v. Art. 110) ; and r" + ^i);^^!)^^ Ag* * * A„, ( — ) is a Surface Spherical Har- 
monic of the Twth degree. 

Moreover since the direction of each of the lines Offi, OH^, • • • OH^ depends 
upon two angles which may be taken at pleasure, these angles and M are 

2m + 1 arbitrary constants and may be so chosen that t^'^^D,^ D.- -Dj^ I — j 
may be any given Surface Spherical Harmonic. 

Consequently any given Surface Spherical Harmonic may be regarded as 

M 
formed by differentiating — successively along m determinate lines OHi, OH2 * • • 

V 

OH^^ and is given except for the undetermined factor M when these lines are 
given. 

The lines OJ?i, OH^y OH^^ • • • OH^ are called the axes of the Harmonic, and 
the points where they meet the surface of the unit sphere the poles of the 
Harmonic. The m axes of a Zonal Harmonic coincide with the axis of coordi- 
nates (v. Art. 86) and consequently the m axes of a Laplacian coincide with 
what we have called the axis of the Laplacian (v. Art. 112). 
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119. Any Surface Zonal Harmonic Pm(f^) is equal, to zero for m real and 
distinct values of fi which lie between — 1 and 1 ; and any Associated Func- 
tion FyKfJi) is equal to zero for m — n real and distinct values of fi which lie 
between — 1 and 1 . * 

P /») = 1_ . ^"'C^' "" ^)"' . . V. Art. 83 (1). 

^^ "^ contains (/i* — l)"-* as a factor, v. Art. 89. _^_ 

From Rolle's Theorem, " If f(x) is continuous and single-valued and is equal 

to zero for the real values a and b of x, ^ is equal to zero for at least one 
real value of x between a and &/' (v. Dif. Cal. Art. 126) it follows that since 

(/i2 — l)"» = when /x = — -1 and when /x = l.-^^--- — ^ =0 for at least 

d(a^ — 1)"» 

one value of u between — 1 and 1. ^ , — cannot be equal to zero for 

d/M 

more than one value of fi between — 1 and 1, for it contains (/i* — 1)"*""^ as a 

factor and is a rational Algebraic polynomial of the 2m — 1st degree. 

In like manner we can show that / ^ = has m — 2 roots equal to 

— 1, 7/1 — 2 roots equal to 1 and two real roots between — 1 and 1 which 

separate the three distinct roots of ^ — — = ; and in general if A; < w + 1 

that — ~r~i — = ^ ^^ ^ — ^ roots equal to — 1, m — k roots equal to 1, 

and k real roots separating the A; + 1 distinct roots of Y^t-i ^^ ^ • 

1 ^"Ya*^ — 1)*" ^ 

Hence Pm(t^) = or ;r- — , . — ^ , ^ =? has m real and distinct roots 

between — - 1 and 1, and it has no more since it is of the mth degree. 

The same reasoning shows that ) m-^n ^^ ^ ^^ m— n distinct real 

roots between r- 1 and 1, and therefore that P^^fi) is equal to zero for m— n 
distinct real values of fi between — 1 and 1. Since P,I(aa) contains sin" ^ as a 
factor it is also equal to zero when )it = — 1 and when /a = 1 . 

cos 7i<f> is equal to zero for 2n equidistant values of <^, and sin n<^ is equal to 
zero for 2n values of <^. Hence any Tesseral Harm>onic sin n<l>P*(^^ or 
cos n<f>F^(fA) is equal to zero for 2n equidistant values of <^, for /i = l, for 
/x = — 1, and for m — n real and different values of fi between — 1 and 1. 

It follows that the value of any Surface Zonal Hai^monic ^^(/i) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on one of the zones into which the surface of the sphere is divided by 
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the m circles of latitude corresponding to the m roots of P^it^) = ^> ^.nd will 
change sign whenever the point passes from one of these zones into an adjoin- 
ing one; and that the value of any Tesseral Harmonic sin n<l>F*(fi) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on any one of the tesserae into which the surface of the sphere is 
divided by the m — n circles of latitude corresponding to the roots of PZ(fi) = 
and the 2n meridians corresponding to the roots of sin n<^ = 0, and will change 
sign whenever the point passes from one of these tesserae into an adjoining 
one. 




CHAPTER VII.* 



GTLIKDRIGAL HABMONICS (BESSEL'S FUNCTIONS). 

120. In Arts. 11 and 17 we obtained 

« = AJo(x) + BKo(x) (1) 

as the general solution of Fourier's Equation 

where j;,^^,) = i _ g + _|i. _ _g_ + . . . (3) 

and is called a Cylindrical Harmonic or BessePs Function of the zeroth order; 
and where 

jr,((r) = Jo(x) log X + 1 - 2T4-, (j + 2) + grpj, (i + 2 + 1) - • • • (*) 

and is called a Cylindrical Harmonic or BesseVa Function of the Second Elind, 
and of the zeroth order. 

In Art. 17 we found that z = J„(x) 

is a particular solution of BessePs Equation 
where if n is unrestricted in value 



«^n W 2«r(7i + 1) L 2\n + 1) "^ 2*.2 !(n + l)(w + 2) 



+ 



•] (6) 



2«.3!(n + l)(n + 2)(n + 3) 

and is called a Cylindrical Harmonic or BesseVs Function of the nth order ; 
and that unless n is an integer 

z = AJ,(x) + BJ_,{x) 

is the general solution of Bessel's Equation. 

* The student should re-read carefully Arts. 11, 17, and 18 (d) before beginning this 
chapter. 
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If n is an integer it can be shown that 
(v. Forsyth's Diff.* Eq. Art. 102), and then 
is the general solution of BessePs Equation and 

«(')}=^.w>««-l(lf2HF^(l)' 



Ve 



itaO 

£•=00 



2\2f ^(n+k)\k\L 2 3 k 



+^+l+i+"+;rTi](ir ('> 



V. M. Bdcher, Ann. Math. Vol. VI, No. 4. 

121. A useful expression for «/„(«) as a definite integral can be obtained 
without difficulty from Bessel's Equation [(5) Art. 120] by a slight modifica- 
tion of the method given by Forsyth (Diff. Eq. Art. 136). 

It was shown in Art. 17 that z ^ x^v is a solution of Bessel's Equation if 
V isatisfies the equation 

d^^ti 2yi + l dv , ^ ... 

Assume v = j Tcos (xt)dt (2) 



a 



where x and t are independent, T is an unknown function of t, and a and b 
are at present undetermined. 

h 

dv 



Then ^ "^ ~ P^ ^^^ (^^^ 



a 
b 



and ^, = -J iJ^T cos (xt)dt . 

a 

Substituting in (1) after multiplying through by x, we have 

b b 

C(l — t^)Tx cos (xO^^^ — fc^n + 1)^^ sin {xt)dt = . (3) 
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By integration by parts we find that 

b b 

C(l — f)Tx cos {xt)dt = r(l — ^*)Tsin (xt)\ 

« a 

* 

— rr (1 - ^«) ^ - 2^Tn %in (a;0<^^ , 

CI 

and (3) reduces to 

b b 

r (1 - 1^ T sin {xt) —fr (1 - f^^ + (2n - 1)^t"] sin (a^ett = 0. (4) 

If we determine T so that 

(l-^^^+(2n-l)^r=0, (6) 



(^^ 



and a and h so that (1 — ^^Tsin (xt) 



= (6) 



(4) will be satisfied and our problem will be solved. (5) gives 

T=(7(l--^^«-i, (7) 

and (6) will obviously be satisfied if a = — 1 and ^ = 1 . 

Hence t; = C j ^^ j ^ ^ — is a solution of (1), 

and « = C x-^Q—ft^J^^^ (8) 

is a solution of BessePs Equation. 
If we let ^ = cos ^ in (8) we get 



z-^Cx"^ j sin^ <^ cos {x cos ^)cf<^. 





Expand cos {x cos ^) into a series involving powers of x cos <^, integrate 
term by term by the aid of the formulas 



IT 

j r- r 






fsm" x.dx=~- )__ " ' [Int. CaL (1) Art. 99], 
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I sm* X cos™ x.dx = ; r — 

(Int. Cal. Art. 99 Ex. 2), and compare with (6) Art. 120, and we get 



•n 







X /• 

J^(x) = T^ I sin** <^ cos (x cos ^)c?^. (9) 

If » is a positive integer (9) reduces to 

'^-(*> = ;;• 1.3.5.- (2n-l) f''''" ^ COS (X 008 *)d*. (10) 



Let n = in (9) or (10) and we get » 

1 ' 

Jo(x) = — j cos (X cos <^)fl?^. (11) 

u 

EXAMPLES. 

1. .Obtain Formula (11) directly from Fourier's Equation, (2) Art. 120. 

2. Prove by integrcUion by parts that if w > — - 

V w 

j sin** ^ cos <^ sin (x cos <^)c?<^ = . | sin*"** <^ cos (x cos ^)<i^. 

u 

3. Prove by integration by parts that if n > - 

■n 

j sin^ <^ cos ^ sin (a: cos <^)f/<^ 



1 /^ 
= - 1 [2» sin*" ^ — (2?i — 1) sin** ~ * <^] cos (x cos ^)ef^ . 



122. We can now readily obtain a number of useful formulas. 
Differentiate (11) Art. 121 with respect to x and we get 



J' ' = — ,— j cos ^ sin {x cos ^d^ 






= I sin^ ^ cos (x cos ^)c?^ by Ex. 2 Art. 121, 
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Hence by (10) Art. 121 ^^ = - Ji(x). 



(1) 



In like maimer by the aid of Exs. 3 and 2, Art. 121, we can obtain the 
relations 



if n > ,^ 9 



iin>-l 



dx 



^t^^^=— -e/..,(x) (3) 



(2) can be written 



if w> o 



X 

jx''J,_,(x)dx = x-J^ix) (4) 



(2) and (3) can be written 



^'^^ + '«a--'J.(x) = x'J,_,(x) 



and ^'^^ ~ wx—-" ,7,(ar) = - x—J,^,(x), 



or 






dx » 'V / ^ 



and ^ = -'^...(')+^^«(=«^); (6) 



dx "■'■^ ' ' X 



whence 2^^ = J._,(ar) - ,7.^,(x) (7) 

and ^ J„(x) =Jn-,(x)+J,^, (x). (8) 

The repeated use of formula (8) will enable us to get from Jo(x) and Ji(x) 
any of Bessel's Functions whose order is a positive integer. For example, we 

have 

2 

J^(x) = - Ji(a;) — Jo(x) 



«^.(') = (^-l)'^l(^)-^«^(*)- 
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From a table giving the values of Jo(x) and Ji(x), then, tables for the 
functions of higher order are readily constructed. 8uch a table taken from 
Rayleigh^s Sound (Vol. I., pa^e 265) will be found in the Appendix (Table VI.). 

By the aid of (5) and (6) any derivative of «/„(«) can be expressed in terms 
of «/„(x) and «7',+i(«). For example 

If we write Jo(x) for z in Fourier's Equation [(2) Art. 120], then multiply 
through by xdx and integrate from zero to x, simplifying the resulting equa- 
tion by integration by parts, we get 



X 



^+Ja>7„(«)da: = 0; 



X 

whence by (1) j xJ^i(x)i1x = xJi(x) . (9) 

If we write Jo(x) for z in Fourier's Equation, then multiply through by 

x^ — 3^ ^ ^^^ integrate from zero to x, simplifying by integration b^y parts 
dx 

we get 

X 



whence-by (1) Jx(Jo(x))Mx = |* [(Jo(«))' + (:h{x))r\. (10) 







In like manner we can get fromBessel's Equation [(5) Art. 120] the formula 

jx{Ux)ydx = \ [_X* (^^) + (*' - «*)(.7.(X))»] (11) 



which (6) enables us to reduce to the form 

Jx(J,(x))*dx = I [(J,(;r))» + (J, ^ ,(a;))«] - nxJ,(x)J, ^ ,(*) . (12) 

Formulas (9), (10), (11), and (12) will prove useful when we attempt to 
develop in terms of Cylindrical Harmonics, . 
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Values of Jn{^) for larger values of x than those given in Table HI., ^' 
Appendix, may be computed very easily from the formula 



^•^'->=4U^-^^^^^^ 



+ 4!(8a;y T^^V 4 ":i/ 



/i^ r i'— 4>t« 

"*A'ira;L 1 ! 8a: 

V. Lommel, Studien tiber die Bessel'schen Functionen, page 69. 

The series terminates if 2n is an odd integer, but otherwise it is divergent. 
It can be proved, however, that in any case the sum of m terms differs from Jjx) 
by less than the last term included, and consequently the formula can safely 
be used for numerical computation. 

EXAMPLES. 

1. Confiriii (1), (2), and (3), Art. 122, by obtaining them from (3) and (6), 
Art. 120. 

2. Confirm (1), Art. 122, by showing that Fourier's Equation wall differ- 
entiate into the special form assumed by Bessel's Equation when n = 1. 

3. Show that (9), Art. 122, is a special case of (4), Art. 122. 

4. Show that the limit approached by J„(x) as n increases indefinitely is 
zero, and by the aid of this fact and of (8), Art. 122, prove that 

J._i(ar) = ?[7eJ,(x) - (n + 2)J-„^3(^) + (n + 4) J'„^,(x) + ..•]. 
•« 

5. Prove that 

6. Show that the substitution of 1 1 — —rA for x in Legendre's Equation 
will reduce it to the form 

and that the limiting form approached by this equation as n is indefinitely 
increased is Fourier's Equation, and hence that Jo(x) can be regarded as some 

constant factor multiplied by the limiting value approached by P„(l— ^) 
as n is indefinitely increased. 
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123. To complete the solution of the drumhead problem taken up in 
Art. 11, we found that it would be necessary to develop a given function of r 
in the form 

where ftj, /ij, /ig; &c., are the roots of the transcendental equation Jq(jjm) = ; 
and in Art. 11, Ex. the development of unity in a series of precisely the 
same form was needed. 

(a) Let us consider another problem. 

The convex surface and one base of a cylinder of radius a and length b are 
kept at the constant temperature zero, the temperature at each point of the 
other base is a given function of the distance of the point from the centre of 
the base ; required the temperature of any point of the cylinder after the 
permanent temperatures have been established. 

Here we have to solve Laplace's Equation in Cylindrical Coordinates 
([xiv] Art, 1). 

D^u + J JKh + i Dlu + /.//. = (1) 

subject to the conditions 

w = when s = 

n =f(r) »< z = b, 

and from the symmetry of the problem we know that D^n = 0. 
Assuming as usual u = B.Z we break (1) up into the equations 

dr r dr 
whence it = sinh (^fjLz)J^{fir) (2) 

and u = cosh (fiz)Jo(fir) (3) 

are particular solutions of (1). 

If ft^. is a root of '^(M^) = (4) 

u = sinh (fii:^)J^o(M'k^') 
satisfies (1) and two of the three equations of condition. 

If then /(?•) = AyToiH'if) + A^r^{ti^r) + A^^{fi^r) -\ (o) 

Ml? /^2> Ms J &c., being roots of (4), 

sinh (f i^z) N , i sinh {fi^x) x i . sinh (/Ag^r) 

satisfies (1) and all of the equations of condition, and is the required solution. 
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(b) If instead of keeping the convex surface of the cylinder at the tempera- 
ture zero we surround it by a jacket impervious to heat, the equation of 
condition u = when r = a will be replaced by D^w = when r = a, or if 

u = sinh (fiz)Jo(fir)f 

by — 2}fL2 = ' when r = a, 

that is by M'(M»*) = ^ * or (v. (1) Art. 122) 

by c7i(/xa)=0. (7) 

If now in (6) and (6) /ai, fi^, fi^, &c., are roots of (7), (6) will be the solu- 
tion of our new problem. 

(c) If instead of keeping the convex surface of the cylinder at the tempera- 
ture zero we allow it to cool in air at the temperature zero, the condition u = 
when r=^a will be replaced by D/ii + ku = when r = a , or if 

u = sinli (fiz)Jo(fir) 
by fiJo(fir) + hJo(fir) = when r = a 

that is by fiaJo'(fm) + ahJo(fia) =0 or (v. (1) Art. 122) 

by fjLaJi(fia) — a?ijQ(fjLa) = . (8) 

If now in (5) and (6) /Ai, fi^, fit, &c., are roots of (8), (6) will be the 
solution of our present problem. 

124. It can be shown that Jo(^) = (1) 

J,(or)=0 ' (2) 

and xJoXx) + \Jo(x) = (3) 

have each an infinite number of real positive roots (v. Riemann, Par. Dif. Gl., 
§ 97). The earlier roots of these equations can be computed without serious 
difficulty from the table for the values of Jo(x) (Table VI., Appendix). 

The first twelve roots of Jo(x) = and Ji(x) =0 are given in Table IV., 
Appendix, a table due to Stokes. Large roots of Jo(x) = and of Ji(x) = 
may be very easily computed from the formulas 

?5! - _ 9K -L Q^^^^^ _ . 053041 .262051 _ 
^^s .^5+ ^^_^ (45 - 1)» "•" (4s ~ 1)» '"' (^^ 

x<f _ , OK .151982 .015399 .24583 5 

V"'' + -'^^"17+T^(45 + l)» (4^ + 1)5+- W 

given by Stokes in Camb. Phil. Trans., Vol. IX., «^J representing the *th root 
of Jo(x) = 0, and x^f the sth root of Jx(r) = 0. 

♦ We shall find it convenient to use the familiar notation of /'(a;) = ^^^ (v. Dif. Cal., p. 119). 
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125. We have seen in Art 123 that 

U = sinh (fi^.«)Jo(fi^r) and F= sinh (/i|5:)t/o(/i,r) are solutions of V^/7=0 
and V*F=0 if we express Laplace's Equation in terras of Cylindrical 
Coordinates (v. (1) Art. 123). 

Hence, if /dS represents the surface integral over any closed surface, we 
have 



C{UD^V- VD^U)dS = 



by Green's Theorem (v. Art. 92). 

If we take the cylinder of Art. 123 as our surface, and perform the 
integrations and simplify the resulting equation, we find 

r -1 

I rJ^(fikryo(f^ir)dr = — -j l^kaJ^{lifi)J^{t^i,a) — /A^«/o(MAa)«^'(A*ia)] 



A*/ H'k 

Hence if /a^ and /a* are different roots of 

or of Ji(/Aa) =0, 

or of fJLaJi(fia) — XJ^^fia) = 0, ' 

I a 

then j rjQ{fi^r)J^{tiir)dr = . (2) 

EXAMPLE. 
Obtain (1) Art. 125 directly from Fourier's Equation 

126. We are now able to obtain the developments called for in Art. 123. 
Let /(r) = ^iJo(Mi^) + A^oilHT) + A^,(fjL^r) + • • • (1) 

Mi> M2J Msj &c., being roots of Jo(fi^) =0, or of Ji(fifi) =0, or of 

To determine any coefficient Af, multiply (1) by rJf^(fi/y)dr and integrate 
from zero to a. The first member will become 



a 

jrfiryo{t^k^')dr. 
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Every term of the second member will vanish by (2) Art. 125 except the 
term 







flfXl 



fr(Jo(fi,r)ydr = -i fx(Jo(x)ydx = | [(Ji(/x,a))» + (Ji(/i,a))«] 



by (10) Art. 122. 

2 r 

Hence J^==--— — ;; .., , .^ . r^p: I r/(r)^o(/ip-)rfr. (2) 

The development (1) holds good from r = to r = a (v. Arts. 24, 26, and 88). 
If /Xi, /li,^ Ms; &Cv 8-^^® roots of Jq(^) =0, (2) reduces to 

2 r ■ 



If ffri, /ia> Msj &c., are roots of Ji(/mi) =0, (2) reduces to 

a 

If /ii, /Aa, /ij, &c., are roots of fiaJiQia) — XJ^ijia) =0, (2) reduces to 



A = 



^^+;i^f^^^i;^,/'/('-K.(M*»-)rfr. (5) 



For the important case where f(r) = 1 

jrf(r)J^fij^r)dr = yJ^{i^i3r)dT = — jxJo(x)dx = -^ Ji(/tAta) (6) 



by (9) Art. 122, and (3) reduces to 

Af. = p; — r 9 ^ (7) 

(4) reduces to -4^ = except for k = l when ^t = and we have Ai = 1, 

(5) reduces to -4^ = — j-j- — j-sryT r • (8) 



i^ 



230 CY^LINDKICAL HARMONICS. [AjRT. 127. 

EXAMPLES. 

1. Show that in (12) Art. 11 any coefficient Aj^ has the value given in (3) 
Art. 126 ; and in the answer to Art. 11, Ex. the value given in (7) Art. 126. 

2. Show that if a drumhead be initially distorted so that it has circular 
symmetry, it will not in general give a musical note ; that it may be initially 
distorted so as to give a muSical note ; that in this case the vibration will be 
a steady vibration ; that the pe riod s of the various musical notes that can be 
given when the distortion has circular symmetry are proportional to the roots 
of Jo(x) = •; that the possible nodes for such vibrations are concentric circles 
whose radii are proportional to the roots of Jo(x) = 0. 

^ 3. A cylinder of radius one meter and altitude one meter has its upper 
surface kept at the temperature 100°, and its base and convex surface at the 
temperature 15°, until the stationary temperature is set up. Find the tempera- 
ture at points on the axis 25 cm., 50 cm., and 75 cm. from the base, and also 
at a point 26 cm. from the base and 60 cm. from the axis. 

• ' Ans,, 29°.6 ; 47°.6 ; 71°.2 ; 25°.8. 

4. An iron cylinder one meter long and twenty centimeters in diameter has its 
convex surface covered with a so-called non-conducting cement one centimeter 
thick. One end and the convex surface of the cylinder thus coated are kept at the 
temperature zero, the other end at the temperature of 100°. Find to the nearest 
tenth of a degree the temperature of the middle point of the axis, and of the 
points of the axis twenty centimeters from each end after the temperatures 
have ceased to change. Gliven that the conductivity of iron is 0.186 and of 
cement 0.000162 in C. G. S. units. Find also the temperature of a point on 
the surface midyjay between the ends, and of points on the surface twenty 
centimeters from each end. Find the temperatures of the three points of the 
axis, supposing the coating a perfect non-conductor, and again, supposing the 
coating absent. Neglect the curvature of the coating. * 

An^,, 15°.4 ; 40°.85 ; 72°.8 ; 15°.3 ; 40°.7 ; 72°.5 ; 0°.0 ; 0°.0 ; 1°.3. 

127. If instead of considering the cooling of a cylinder as in Art. 123 we 
have to deal with a cylindrical shell whose curved surf^es are co-axial 
cylinders, we are obliged to use the BessePs Functions of the second kind. 
Let our equations of condition be 

u = when « = 0, w = when r±=a, 

u=^f(r) " « = ft, w = " r-=c. 

Then (v. Art. 123) 

./ = sinh (,i,x[jo(fi,r) - ^^ Ko(fi,r)^ 
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where /i^ is a .root of the equation 

will satisfy Laplace's Equation [(1) Art. 123] and all of the equations of^-' 
condition except the second. 

is the required solution if 

/(»•) = S ^* ['^•('***"> - ^$j ^C'**'-)]- (3) 

The development (3) is easily obtained. 

Call the parenthesis for the sake of brevity Bn(fikr). Then by the method 
of Art. 126 we get if we integrate over our cylindrical shell 

e 

J*r i?o(/**»-) S,(^tr)dr = (4) 

a 

if /Ltjt and /x, are roots of (1); and by an easy extension of (10) Art. 122 

c 

j'rlBo(,i,r)Ydr = i {cXB,Xfi,c)y - a»[5o'(Mta)]*}. (5) 

a 

Determining the coefficients in (3) as in Art. 124 and simplifying by the 
aid of (4) we have 

J = 2 .: (6) 



EXAMPLE. 



If a membrane bounded by concentric circles of radius a and radius by and 
fastened at the edges, is initially distorted into a form symmetrical with respect 
to the centre, and then allowed to vibrate 

y = 2 ^ cos (/*,c0[ji(/**r) - ^^^ ^(M] 

its 1 

where A^ is obtained from (6) Art. 127 by replacing c by b. 
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[Art. 128. 



128. If in the cooling of a cylinder u = when « = 0, m = when « = 6, 
and u =/(«) when r = ay. the problem is easily solved. 

If in (2) and (3) Art. 123 fi is replaced by fii we can readily obtain 

z = sin (jiz) Jo(firi) 
and z = cos (fiz) Jo(firi) 

as particular solutions of Laplace's Equation [(1) Art. 123] ; and 



J(i(xi) = 1 + -g + 22 4a I" 22 42 ga "« 



(1) 



and is real. 



ibeao 



JXz) = 2 ^ sin 



b 



where 

by Art. 31 (7) and (8). 

Hence 
is our required solution. 



kirz 

kTTZ 



At, = ^Jf(z)sin'^dz 



(2) 



t«« 



u = ^At sin 



it«i 



/kirriX 
» /hrrai\ 



(3) 



EXAMPLES. 



1. If the cylinder is hollow and we have w = when « = 0, m = when 
z = bf tt = when r ^= c, and t« =/(«) when r^=a\ then 



Iraoo 



t£ 



= 2) ^4 sin 



Ajtt* 



it-i 



'•( 






n^) 






y / k7rat \ 
^/ hrrct \ 



-p-Zhrrai 



) 



^(*tO 



where Aj, has the value given in (2) Art. 128, and 
Ko(xt) = Kq(xi) — Jo(xi) log i 

= Jo(xt) log « - J/gTT^a + i) ~ 2«.4^6' (^ + i + i) /• • • 

[v. (4) Art. 120], and is real. 

2. A hollow cylinder 6 feet long whose inner surface has the radius 3 inches, 
and whose outer surface has the radius 1 foot, has its bases and outer surface 
kept at the temperature 0°, and its inner surface at the temperature 100**, until 
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the permanent state of temperatures is established ; iind the temperatures of 
two points in a plane parallel to the bases and half-way between them, one of 
which is 6 inches and the other 9 inches from the axis. Ans., 49°.6; 20°, 2, 

129. If in the problem of Art. 123 the temperatures of the points of the 
upper base of the cylinder are unsymmetrical so that u ^f(rf<t>) when « = i, 
we, have to get particular solutions of Laplace's Equation [(1) Art. 123] for 
the case where D^u is not equal to zero. We readily find that 

u = sinh (/i«)[-4 cos n4>-\- B sin w^]Ji,(/*^) 

and w = cosh (fiz)[^A cos n<^ + ^ sin w<^]«7„(/ir) 

are such solutions, and that 

^* = X 2 sinh u!^ t^"^"** ^^ "** + ^"•* ®^^ ^*]^n(M*^) (1) 

11=0 *-i 

is the solution of the given problem if 

/(^>0)=X X (^n.* COS w<^ + ^«^4 sin n<^) J„(AAtr) (2) 

where /li^ is a root of the equation 






EXAMPLES. 

1. Show that 

a 

J H'k ri 

u 

Ma /*i 

2. Show that 



n^ ftfL 



(3) 
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3. Show that in Art. 129 



Sir a 



-1- II n 



2ir a 



2ir a 

fd<tij ^/(n<^) COS n<f>J„(fiir)d7 

(I 



Sir a 






Cdi^[rf{r,4^) sin n<f>J^(fitr)d7 



s 



4. Obtain the coefficients for the case where the convex surface of the 
cylinder is impervious to heat. 

5. Obtain the coefficients for the case where the convex surface of the 
cylinder is exposed to air at the temperature zero. 

6. Show that if in a drumhead problem of Art. 11 the initial distortion is 
unsymmetricaJ, so that we have to solve the equation [xi] Art. 1 subject to 
the conditions »=/(^, <^) when ^ = 0, i>4« = when ^ = 0, « = when r=^a, 
the solution is 

n=() t=. 1 

where Aq^^, ^o.*> ^njc> ^.nd B„j^ have the values given in Ex. 3. 

7. What modifications do the statements made in Ex. 2, Art. 126, need to 
make them, apply to the unsymmetrical case treated in Ex. 6 ? 

Show that any possible nodal system in Ex. 6 is composed of concentric 
circles and of radii whose outer extremities are equidistant, v. Rayleigh's 
Sound, Vol. I., Arts. (202-207). 

8. Solve the problem of Art. 127 and of Art. 127, Ex. for the unsym- 
metrical case. Suggestioji: AJj^(x) -j- BK„(x) is a solution of Bessel's 
Equation. 

9. Solve the problem of Art. 128 and of Art. 128, Ex. 1, for the case where 
u=f(z,<l>) when r^a. Suggestion: w = sin /i«(yl cosn<^ + ^sinn^)t7],(/Lt7'i') 
is a solution of Laplace's Equation, and f(z^ <^) can be developed into a double 
Fourier's Series [v. (16) Art. 71]. 
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10. Show that in dealing with a wedge cut from a cylinder by planes 
passed through the axis, or with a membrane in the form of a circular sector, 
it may be necessary to use Bessel's Functions of fractional or incommensurable 
orders. 

11. BemouilW 8 Problem (v. Chapter IX). In considering small transverse 
vibrations of a uniform, heavy, flexible, inelastic string fastened at one end 
and initially distorted into some given curve, we have to solve the equation 
Df^i/ = c\xD^i/'{' D^l/), subject to the conditions i>,y = when ^ = 0, 
y =f(x) when f = 0, y = when x'=a; the origin being taken at the 
distance a below the point of suspension and the axis of X taken vertical. 

Show that y = 2i ^* ^^® f^i^^ ^o(f^k^) y 



k»l 



X . X^ X* 



where Bo(x) = 1 " Y^ + iTJi^ ^2^22^2+ •" 

and /i^ is a root of the equation 



a a 



and ^* = "- 







ti^a\B^{liia)Y a[Ji(2/i4V^)]^ 



12. As a simple case under Example 10 consider the vibrations of a circular 
membrane fastened at the perimeter and also along a radius and then initially 
distorted (v. Rayleigh's Sound, Art. 207). In this case we must modify the 
formula given in Ex. 6 by dropping out the terms involving cosn^ and by 

taking n=^-^^ The required solution is 

IN s ao i* a ae 



« = X X ^«'* ^^^ '^^^^ ®^^ 2 "^i^^^^ 



mal il-B 1 



where fi^ is a root of '^ ^ = 



and ^^,A = --'* 



2ir o 

P^^jVCn*) sin^e72(fitr)(£r 



2 
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For the terms in which m is odd, Jm(x) can be readily obtained from (13) 

Art. 122, which will become a finite sum. 
For example, (13) Art. 122 gives the values 

^*(^) = \ — sin X ; J^{x) =r ^— (- sin x - cos x) ; 

^l(^)=-\ — [(l+^)sinaj + ^cosaj]; &c. 

13. The question of the flow of heat in three dimensions involves a problem 
not unlike the last. 

Suppose the initial temperatures of all points in a sphere of radius c given, 
and let the surface be kept at the temperature zero. Then we have to solve 
the equation 

A« = ^' \j>r(fDrU) + ^ A(8in BD^u) + ^^ i>^] (1) 

([iv] Art. 1) subject to the conditions 

M =: when r = c, 
u =f(r, 6, ift) when ^ = 0. 

If we assume u = T.K V where T is a function of t only, E of r only, and V 
of B and 4> only, (1) can be broken up into 

^+aVr=0 (2) 

m(m + l)r+^A(8in^Ar)+^i>,T=0 (3) 



d^E , 2dE , r , w(m + l)"l^ ^ 



(4) 



Hence 2"= e-**, r= F.(/t, <^) [v. Art. 102 (2)], and £ is stUl to be found. 
If in (4) we let x=:ar and z = BSar it becomes 



S+^l+[-^^>=« 



which is satisfied by « = t^m+j(«). (v. Art. 17.) 

Therefore R = -p= J"^ + |(ar). 

yar 
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"1= « 2ir V 



f(r, ^,4>)=-^ X<jf'^S^<'''' *» ' *»)-P»(<'<^ y) sin MOi by (3) Art. 114, 



fRsO U 



ms x n= m 



= 2 Sf^'^"-^'"--^''^ °°^ *** + ^m-.^m-.W sin »<^]P:(/i). 



inbbO nssO 



where a^ is a root of the equation 



(ac)»»+* 



c 



4;s« 



N^-^m.^W = 2 -D„,,,,J«+,(ap-) 



i-»l 



where ^„,.,, = .i^^___ ^^y 



The final solution is 

ma 00 nss 111 |:sB oo 



^ = -rX X L^"'^'*^ X(^«»'«^«'~' * ^^® ^ 



m^O MsO k^l 



cf. Riemann, Par. Dif. Gl., §§ 72 and 78. 



CHAPTER VIII. 

LAPLACE'S EQUATIOi^ IN CURVILINEAR COORDINATES. 

ELLIPSOIDAL HARMONICS. 



130. Orthogonal Curvilinear Coordinates, 

If F^(x, y,z)=p, 

^2(aJ, y, «) = P2 ' (1) 

^8(aJ, y, «) = P8 J 

are the equations in rectangular co5rdinates of three surfaces that are mutually 
perpendicular no matter what the values of pi, p^, and pg, the parameters pi, 
P2, and ps, may be regarded as a set of coordinates for a point of intersection 
of the three surfaces, in the sense that when pi, pa, ps are given the point in 
question is determined, and when the point is given the corresponding values 
of pi, p2, ps, can be found. 

From equations (1) «, y, and z can be expressed in terms of pi, pj, and p,. 
Suppose this done. If now x,y,z are the rectangular coordinates of the 
point pi = a, Pi==b, pi = c, the rectangular coordinates of the pointl ^ 
Pi = a + c^Pi, P2 = ^ p8 = c, are obviously x + D^^x.dp^ + d, y + i>p^^y.c?£r+ca, 
Z'\' D^,dpi'\'€z, where ci, €2, and cs are infinitesimals of higher ordeTtEim 
dpi . Hence the squai-e of the distance between the points will differ by an 
infinitesimal of higher order than that of dpf ftom dn^ where 



Let 



dn! = i(D,^xy + (D^yy + (D^zyyipf, ^' 



^,=(^p.^r+(j\i/r+(^^'^y 







J 



(2) 



y 



Then if dui is the element of length normal to the surface pi = a, dn^ 
normal to p2 = ^> and dn^ normal to ps = c 



hi 



dn2^=-^9 



n 






y 



(3) 
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The element of surface dSi on the surface pi = a is easily seen to be 

and the element of volume do is 

dv=^^^*- ^ (6) 

EXAMPLE. 

Show that A« = (2),pi)« + (i),p,)» + (D.p^f ■ A 

A| = (D,p,r + (D,p,y + (D.p,y 
. hi = (p^p,y + (D^p,)» + (D.P.)*. 

Suggestion: If Ai has the value just given — f^S — f^> — f^ are the 

hi hi hi 

direction cosines of the normal at any given point of pi = a, (v. Int. Cal. 

page 161.) Then 

dni=.^dx+^dy + ^'dz = ^dpi. 
hi hi hi hi 

131. Lapkice's Eqiuition in orthogonal curvilinear coordinates. 
If we apply the special form of Green's Theorem 

fff"^^ Vdxdydz == Jd^ VdS (V. Art. 98) 

to the space bounded by the surfaces pi = a, p2 = b, pt=^c, pi = (i + dpi, 
P2 = b"\'dp2, pt = c-\'dpif we have 



-*^.'^+*^-.^^+^»(js;^»''K.'^i 



whence 



and Laplace's Equation in our curvilinear system is 
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If it happens that VVi==0, V=pi will satisfy (7) and we shall have 
hih2h^Df^{-rj-\ = 0, In like manner if VVa = we have -^A«(^l^)=^y 
and if Ws = we have -Op,( t^ ) = ; and therefore (7) rednces to 

h,W^J+IiiD^V+hiD,]V=0 *^ (8) 

when VVi = 0, VV2 = 0, and VVs = 0. ^ 

132. If instead of having the value of the Potential Function V given on 
the surface of a sphere as in our Spherical Harmonic problem, we have it 
given at all the points on the surface of an oblate spheroid, and are required to 
find its value at any internal or external point, we can easily get a solution by 
methods in no essential respect different from those already employed, if only 
we rightly choose our system of coordinates. 

If we take an ellipse and an hyperbola having the same foci, and revolve 
them about the minor axis of the ellipse, we shall get a pair of surfaces which 
are mutually perpendicular ; a plane through the axis of revolution will cut 
both the spheroid and the hypei^holoid orthogonally. 

The equations of the three surfaces can be written : — 

i^i(«^,y,«,A)=^; + ^^, + j;-l = (1) 

ir,(a.,2/,.,M)=j!+';^.+ (2) 

F^(x,y,z,v) = z-vx^(i, ^ (3) 

where X*> ^*> /i^, 2h being the distance between the foci. 

For all values of X, /a, and v consistent with the inequality above written 
the surfaces (1), (2), (3) intersect in real points and cut orthogonally. 

A, /i, and v can be so chosen that the surfaces will intersect in any given 
point, and therefore can be taken as a set of curvilinear co5rdinates, and 
Laplace's Equation can be expressed in terms of them by the aid of Formula 
[xv] Art. 1. 

From (1), (2), and (3) we readily get 



.2_ ^V ^ ^ 



x*' = 



b\l + y^ 






«'* = 



h\l + 1/^ ' 



V 



>- 



(4) 



\ 
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/ , ^ 1/ 

whence Ax = ^^^==. D^^-^yij^ZT]^' 2).. = ^^^^; 

1 X'-/i' ... 



[v. 130 (2)]. In like manner we get 



1 ^ x«-m' .y 
hi p-ii* *^ 



(6) 



1 _ XV i/ ,„. 

and T^ = liTT-TTira ' (') 



a; fc«(H-v«) 



and [xv] Art. 1 becomes 



i> 



and F=-7Sec""*-r, 

b 

and is a function of X which satisfies Laplace's Equation. 



A«- 



which is Laplace's Equation in terms of our Spheroidal Coordinates A, fx, and i^. 

If now in place of A, /*, and v we can introduce some function of A, some 
function of /i, and some function of v which, therefore, will represent the 
same set of orthogonal surfaces, and if we can choose thgeo functions a, /?, ^ 
and y, which of course are functions of aj, y, and «, so that V*a = 0, 
V')8 = 0, and W = ^> equation (8^ ™U?t rg^uce to the simple ^d sym- 
metrical form given in [xvi] Art. 1. /,,^ '^ ^f^ ^^'^ P^ V ^ -k-^^ ^ -«^ 

These functions a, ft, and y are easily found. Equation (8) is VT==0 
expressed in terms of A, fi, and v. Assume that F is a function of A only ; 
then 2>^r=0, and 2>^F=0, and (8) reduces to 

, I/' 

AExVx'-i*. A f^] = 

whence XVX* — J* -r- = r 

oX 
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Take this as a leaving Ci at present undetermined, so that 

- CidX Ci _ \ 

da = — , and a = — sec *7- 

In the same way we -get 

dp==-0^, and ^ = -7^ech-^^, 

(V. Int. Cal. Art. 46, Ex.) 

dy = z~, — -„9 and y = C8tan~^i;. ^ 
' 1 + ir ' 

Substituting these values in (8) and taking Ci = — r^ = ^, and Cj = 1, 
(8) reduces at once to 

1/' 
or since A. = &seca, /A = ftsech^, and i' = tany, / (10) 

to cos^ai>.'r+cosh«)8D/F+(cosh2^ — cos'''a)i>Y*F=0 V (11) 

which is Laplace's Equation in terms of what we may call Normal Oblate 
Spheroidal Coordinates. 

In using (11) it is to be noted that the point whose coordinates are (a, ^, y) 
is the point of intersection of an oblate spheroid whose semi-axes are b see a 
and b tan a, an unparted hyperboloid of revolution whose semi-axes are 
^sech)9 and 5tanh)S, and a plane containing the axis of the system and 
making the angle y with a fixed plane ; and that if the axis of revolution is 
the axis of Y and the fixed plane is the plane of XY, the rectangular coordi- 
nates of (a, ^, y) are 

x=^b sec a sech p cos y, y = ft tan a tanh p^ z=^b sec a sech p sin y (12) 

[V. (4)]. 

IT 

If now we let a range from to -^ , )8 from — oo to oo , and y from to 29r, 

we shall be able to represent all points in space ; and if we agree that negative 
values of p shall belong to points below a plane through the origin and 
perpendicular to the axis of revolution and positive values of p to points 
above that plane, not only shall we have no ambiguity, but also the rectangular 
coordinates of any point as given in (12) will have their proper signs. 
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( 



EXAMPLES. 



1. If the spheroid is a prolate spheroid, the ellipse and confoeal hyperbola 
must be revolved about the major axis of the ellipse, and the plane must con- 
tain that axis. In place of equations (1), (2), and (3) of Art. 132 we have, 
then, 






"• 5^2 — Aa ' X^ — ^i " 



2 i A,2 
^ I // I ^' 1 A 



z — vf/ = 
where X* > b^ > /x* , 



1 \S ..2* '*2 \2 ..2* ^''8 /v2 A2\ /AS 



Laplace's Equation becomes 

+ (X' -^'-x^^- /.») ^'^0- + '^-p^ n = 0. (1) 

(1) reduces to ^, + ^.+ ^^^,^=^^i,;F=0, (2) 

Where '^ = -^;j3y.' '^^ = 1^11^^' '^* = T+1^' 

a = ctnh~^7> /? = tanh~*^> and y = tan~'^i;. 

o ' 

Since X = 5ctnha, /i = itanh)3, and j/ = tany 

(2) can be reduced to 

sinh« aDiV+ cosh' pD^V+ (sinh^ a + cosh* /3)Z>/ F = 0. (3) 

In using (3) it is to be noted that the point (a, j8, y) is the point of inter- 
section of a prolate spheroid whose semi-axes are ftctnha and ftcscha, a 
biparted hyperboloid of revolution whose semi-axes are h tanh /J and b sech fi, 
and a plane containing the axis of revolution and making the angle y with a 
fixed plane. 
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If the fixed plane is that of (^Y) the rectangular coordinates of any point 
(a, A y) are 

a; = ^ctnhatanhj8, y = ft csch a sech /3 cos y , « = ftcschasech^siny, 

and a may range from oo to 0, )3 from — oo to oo, and y from to 2^. 
Negative values of p are to be taken for points lying to the left of a plane 
through the origin perpendicular to the axis of revolution. 

2. Transform Laplace's Equation in Spherical Coordinates [xiii] Art. 1 
to the symmetrical form 

a*2)/r+ cosh2)8i>/ F + cosh«)8Z)^» r= 

1 B 

where a = -> )3 = logtan-> and y = ^. 

3. Transform Laplace's Equation in Cylindrical Coordinates [xiv] Art. 1 
to the symmetrical form 

where a = log r , )3 = <A , and y = « . 

133. In each of the cases we have considered, it has been easy to pass 
from Laplace's Equation in terms of the chosen coordinates representing an 
orthogonal system of surfaces to the symmetrical form [xvi] Art. 1 ; and it is 
evident that our new coordinate a is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p^ are 
eqtdpotential surfaces; that )8 is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p, are 
equipotential surfaces ; and that y is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p» are 
equipotential surfaces. a, /3, and y are called by Lame ^^ themiometric 
parameters" 

The condition that these values should exist, for a given system of surfaces, 
that is, that the distribution described above should be possible, is readily 
obtained. We shall work it out for a. It is merely the condition that V in 
Laplace's Equation may be a function of pi alone. 

If F is a function of pi alone 

(IV dV dV 

^'^=^,^'''- ^'^=^.^v.o Ar=;^^Ap.. 
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Therefore [(Z),pO' + (I>vPd' + (Apt)*] ^ + [!>.% + D*p, + AVi]^ 



= 



whence 



or 



■P/p. + -P/Pi + AV» ^ dW .dV 

(PsPxY + (-»^Pi)* + (Api)* rfpi' • dpi ■ 



where Fi(pt) may be any function of pi alone. Our required conditions are 
then 



V»pi_ 



^ = ^i(Pi) 



V 






(1) 



and when they are fulfilled the original curvilinear co5rdinates pi, pj, pg, 
correspond to possible equipotential or isothermal surfaces, thermometric 
parameters a, fi, and y exist, and the reduction of Laplace's Equation to the 
symmetrical form [xvi] Art. 1 is possible. 

134. Returning to our Oblate Spheroid problem of Art. 132 we can proceed 
as usual to break up our equation (11) Art. 132. 

Assume that V=L.M,N, where i is a function of a only, Jlf of )3 only, 
and N oiy only. (11) Art. 132 becomes 

cos^a<£'Z QO^Yi^pd^M [cosh^jg— cos^a]<^^iNf _ 



or 



cos* a 



d^L J_ 



cosh*)8 d^M_ 1 d^N 



L cosh« fi — cos* a da^ ^ Jf cosh* )8 — cos* a rf/3* JST rfy* 



The first member is independent of y, and the second member is independent 
of a and ^, and the two members are identically equal. The second member 
is then independent of a, ^, and y and must be constant; call it n*. We have, 
then, 

^+«^V=0 (1) 
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(1) gives us iV= ^ cos ny-\' B sin ny. (3) 

(2) can be written 



cos' 



- -t:^ + n* cos* a = ?i« cosh* j3 =j^ -^^ = m(m + 1), 



L da^ ' '^ M d^ 

whence cos* a ^ + [w* cos* a — m(m + 1)]Z = • (4) 

and cosh* i^ -^ + [m(m + 1) — n* cosh* /3] Jf = 0. (5) 

If we introduce x = tanh p in (5) it becomes 

where since x = tanh )3 and p may have any value from — oo to oo , x may 
have any value between — 1 and 1. (6) is a familiar equation having for a 
particular solution 

3f = (1 - a:*)2 5?^!^^ = P:(a:) = P:(tanh /?). (7) 

{V. Arts. 101 and 102) 

If we introduce in (4) x = tan a it reduces to 

(8) is an unfamiliar equation, but it can be treated as (6) was treated if we 
take the pains to go back to the beginning and follow the steps of the treat- 
ment of Legendre's Equation. 

This labor can be saved, however, by noting that if we let a =? (8) becomes 

and is identical in form with (6). Hence 

X = P,-(y) and Z = (l-y*)1^!^^^ (V. Art. 101), 

where y = i tan a, are particular solutions of (4). 
We can avoid imaginaries if we use the values 

Z=:(— i)"»-"P;;(y) and Z = t«* + « + i(l — ^2)5^!^^. (9) 

o/y 






Chap. VIII.] SPHEROIDAL HARMONICS. 247 

Since we assumed F= X . M. N we have 

F = (u4 cos ny-\'B sin fiy)P;;(tanh )8) (— if' - '»P;*^(i tan a) 

and F = (^ cos ny + B sin 7iy)Pi(tanh ^) i« + » + ^ sec" a ^"^m^^'^^^^f^ ^ ^^^^ 

^ // TO\ f-/ (d(ttana))" 

as particular solutions of (11) Art. 132. 

If the problem is symmetricafl with respect to the axis of the spheroid 
2>*F=0, n* = and our particular solutions (10) reduce to 

F= (— t)«P^(i tan a)P^(tanh fi) ^ 
and F= i"* "^ *Q^(t tan a)P^(tanh p) 

If, then, F is* given on the surface of a spheroid as a function of p and y, 
we must express it as a function of tanhjS and y, and shall be obliged to 
develop it in terms of Spherical Harmonics of tanh /? and y by the formulas of 
Chapter VII, using the first equation in (10) for the value of F at an internal 
point, and the second for the value of F at an external point. If the problem 
is symmetrical, we must develop in Zonal Harmonics of tanh p by the formulas 
of Chapter VI. 

A convenient form for Q^(i tan a) is obtained from (2) Art. 100 ; it is 




:\ 



tan a 



Hence 



Q^i tan a) = - ij^+l^* ^ ~ *(i ~ V' ^^^^ 

Una 



EXAMPLES. 

1. A conductor in the form of an oblate spheroid whose semi-axes are 
b sec ao and h tan a^ is charged with electricity and is found to be at potential 
Fo ; find the value of the potential function at any internal or external point. 

Here F© = FoPo(tanh )3). Hence at an internal point 

and at an external point 

Since V in (2) involves a only, the equipotential surfaces are all spheroids 
conf ocal with the conductor. 
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2. The upper half of an oblate spheroid whose semi-axes are h sec a© and 
h tan ao is kept at the temperature unity, and the lower half at the tempera- 
ture zero. Find the permanent temperature at any internal point. 



Ans. u 



1 , 3 P,(ttana) x> /i. v. ox ^ ^ Ps^tana) ^ . . i. ^ i 

= o + T^TTt;^ t: Pi(tanh/8) — Q-o"HTr: ^Ps(tanh)3) + • • 

2 4Pi(ttanao) ^ '^^8 2P8(ttanao) ^ ^^ 



(v. Art. 93). u may be expressed in terms of x, y, and z without serious 
difficulty [v. (12) Art. 132]. 

_1 , 3//_7 1 l [25y'-15u(x^+i/ + z^-b^-Wi/'\ ' 
^''2'^4:c S'2'2 5c» + S6^c '^' 

if 2c = 2b tan Uq = minor axis of spheroid. 

136. Let us now find the potential function at an external point due to 
the attraction of a solid homogeneous oblate spheroid, using the method em- 
ployed in Arts. 98 and 99. 

Consider first the potential function due to a shell bounded by the spheroids 
for which a = <f> and a = <ff -{- d<f> , 

By (1) Art. 98 we have 

4,rpK = [2>„ V, - 2), r.].^ ^, (1) 

where p is the density and k the thickness of the shell, Fi the value of the 
potential function at an internal point, and V^ the value of the potential 
function at an external point. 

Let V, = XM" ^T^m(i tan a)P„.(tanh fi) 

m 

and Vt = 2)5„ t™ + 1 Q„(i tan a)P„(tanh fi) [v. (11) Art. 134]. 

Since Vi and Ft must have the same value when a = ^ 

^«-^»» P„(£tan<^) ^ ^^ ^»J (1 + a;*)[P„(xO]« <^> 

[v. (12) Art. 134]. 



Hence V, = ]gi'«B„P„(tanh /3)P„(i tan a)f-^^-^--^, 

tan0 



00 

dx 



a^d F, = S^-^^P-Ctanh p)F„(i tan a)/^^^^^^^;^-^ 



y 



(3) 



2),Fi = D.F,.2),a. D^Vt = D^Vf D,a 
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[i), Ti - 2), rj. . ^ = [2). r, - Z), r,]. . ^(D,a). . « 

= [-Da(Kx-r,)]_^[i),«]..^. 
un a 



^i - r, = ^J^'^-^m -Pm (ta'^li /3) P„ (t tan a) J- 



^^(l+x^[P„(xt)]» 



i>.( r. - K,) = 2«"'^™P«(tanh i8)[p„(t tan a) 



sec' a 



(1 + tan«a)[P„(» tan o)]» 

Un a 












tin==^ = ^ = ^!^L=^'rfX===ft8ecaVtan^^ ^) 

V. Art. 130 (3), and Art. 132 (5) and (10). 



^^ sec <^ Vtan'<^ + tanh«)8 

^» sec </> V tan^ <^ + tanh* /? ^ -^m (* ^^n <f ; 



K = [rfn]a „ ^ = ^ sec <^ Vtan* 4> + tanh^ )8. c?</> 
by (4), and (1) may be written " 

4V» sec».^(tan«<^ + tanh«i8)e£<^ = X^^^Y^^y (^ 

Since tanh^ /3 = j Po(tanh /?) + § PjC^anh p) 

by (5) Art. 95, to satisfy (5) we must give m the values and 2 and 

^0 = J 'rpZ^* sec^ <^(3 tan« 4> + V)d4> 
and J52 = Jirp62sec*</>(3tanV + l)c?<^. 
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So that by (3) 



ri = j7rp^«sec«<^(3taiiV + l)e^<^r fr 



dx 



tan 9 

- P,(tanh ^)P.(i tan «) /^,^,^^ ] (6) 

tan <^ 

and Fs = J Trp^^* sec^ <^(3 tan^ <f, + l)d<l>[iQo(i tan a) 

+ t^P2(tanh P) Q^({ tan a)] . (7) 

The potential function at an external point due to the solid spheroid for 
which a = ao is 

^ = J ^2 = J ^P*^ sec* tto tan ao[teo(* tan a) + i^P8(tanh /9) ©j(i tan a)]. (8) 

If 2a is the major axis and 2c the minor axis of the spheroid 

Jirp^* sec' Uq tan a© ^ J 



— 4 ^P^'^ -^ 



^ ^ 



where M is the mass of the spheroid. Therefore 

M 

V=j liQo(i tan a) + i»P2(tanh /3) ^^(i tan a)] (9) 

is the required value. (9) can be reduced to 

^=7{|-« + 4[(|-«)(3tan2a + l)-3tanaJ[3tanh'^~l]|. (10) 

EXAMPLES. 

1. Break up the equation (3) Ex. 1, Art. 132, for the prolate spheroid, and 
obtain particular solutions of thej^wn 

V=(A cos ny + B sin ny)P »(tanh )8)P-(ctnh a), 

V=^(A cos ny + 5 sin ny)P »(tanh fi) (— 1)' csch» a ^"^^(ctnh a) 

(d ctnh a)" 

2. Break up and solve the equations of Exs. 2 and 3, Art. 132, and show 
that they lead to familiar forms. 

3. If in Ex. 1, Art. 132, the conductor is a prolate spheroid whose semi- 
axes are 5 ctnh ao and ^cschao show that 

V= Vo at an internal point. V= To— at an external point. 
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4. Show that the potential function at an external point due to the attrac- 
tion of a homogeneous solid prolate spheroid is 

r= y [©o(ctnh a) — PjjCtanh /3) ^^(ctnh a)] . 

Ellipsoidal Harmonics, 

136. If we are dealing with an ellipsoid instead of a spheroid, we can take 
as our orthogonal system of surfaces a set of confocal quadrics ; 

A" ^ X» — 6=" ^ X" — c« 



£!+_J^ + _^! 1=0 



£'+-J^ + ^! 1 = 



(1) 



where A^> c^>/i^> 6*> i/*. Here the first surface is an ellipsoid, the 
second an unparted hyperboloid, and the third a biparted hyperboloid. Each 
of the three principal sections of the system consists of confocal conies, and it 
is well known and is easily, shown that the surfaces cut orthogonally. A, /a, 
and V will be our curvilinear coordinates, and are known as Ellipsoidal 
Coordinates. 
We find without difficulty that 

^._ (^^-^')(A^-^^ ^ ..^iH^.:z3(^iu^, ,._ (^^~0(^^-^^ ,o. 

To av oid ambiguity, we shall suppose that of the nine semi-axes in (1) 
Vc* — fi^ is to be taken with the positive sign for a point on the half of the 
unparted hyperboloid on which z is positive, and with the negative sign for a 
point on the half on which z is negative ; ^b^ — v^ is to be taken with the 
positive sign for a point on the half of the biparted hyperboloid on which y is 
positive, and with the negative sign for a point on the half on which y is 
negative ; i/ is to be taken positive for a point on the half of the biparted 
hyperboloid on which x is positive, and negative for a point on the half on 
which X is negative, and that the remaining six are to be always positive. It 
follows that our Ellipsoidal Coordinates have the disadvantage that to fully 
fix a point we need to know not merely t he values of its coordinates A, /a, and 
Vf but the signs of Vc^ — /a^, and V^* — p^ as well. 
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We shall see later, Art. 139, when we come to introduce what we may call 
the Normal Ellipsoidal Coordinates a, fi, and y that they are free from this 
disadvantage. 

It is to be observed that X may range from e to oo , ft from btoc, and v from 
— btob. 

The element of length perpendicular to the Ellipsoid is 






The element of Ellipsoidal surface is 



and the element of volume is 

^2^8 V(A* ^ b^) (X" — c-^) (/i» — b^ (c^ — /i«) (b^ — 1/») (c^ — !/«) ^ 

The surface integral of any given function of fi and i' taken over the 
ellipsoid is 

6 e 



— b b 



where fi(fijv)yA(p^,v),ft(fifV) and fi(fiyv) are the values of the given function 
on the four quarters of the ellipsoid into which it is divided by the planes of 
(XY) and (XZ). 
Laplace's Equation proves reducible to 

(/^« - v^Dl V+ (X« - v^Dl r+ (X2 - fi^D^ r= (8) 

r d\ f> r da 

where — 






>J(x:' - ^'0 (^' -- «^) r ^(^' ■" ^"^ (^' •" **) 










I 

1 
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a, fi, and y can be expressed as Elliptic Integrals of the first class and are 



•='(;'l)-'(:"'°-D' ^=KVi-?-"- \-4)- 



i-K 






whence X = — t=z r (mod-) = c (mod-)> 

sn(A — a)\ c/ cnaV c/ 

'* = dfe(^^^(^~^5*)' «' = *8ny(mod^) (11) 

(v. Int. Gal. Arts. 179, 192, and 196). 

137. If in (8) Art. 136 we assume V=L.M.N where L involves a only, 
M involves fi only, and N involves y only, (8) can be written 

(1) is too complicated to be broken up by our usual method. 
If, however, we let 

substitute in (1) and make use of the fact that the result must be identically 
zero, we find that the coefficients are zero for all values of k except yfc = and 
A: = 2, and that a© = — ^o = ^o > ^^^ a^ = — b^^^c^. 
Therefore (1) can be broken up into the three equations 

•^ = — (a« + Oj/t«)ilf 
■^ = (ao + ay)N. 
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We shall find it convenient to take a, as m(m + 1) and a© as — (&' + c')p ; 
whence 



d'L 



— , -. lm(m + 1)X2 - (b' + (^)p-\L = 



+ [m(m + 1)/^' — {h^ + c2)j^] Jf = 0. 



cm 

—^ — [w(m + l)i;« - (^^« + c^p]N= 0., 



^ 



(2) 



If now in (2) we replace a, )8, and y by their values in terms of X, /a, and 
J/, we get 

(A«-^)(X«-c«)^ + X(X«-*« + X*-c*)^ 



<i«ilf 



(/i«-i^(Ai«-c«)-^ + Ai(M^-^- + M^-c»)^^ 



- [m{m + 1)X» — (6* + (^)p]L = 



— [w(w + l)/i« — (^»« + c«)jt>] Jf = 






(3) 



Whence if i = ^£(X), it follows that M=EP(fi) and N^E^iy), andahat 



r=^£(X)^£(/i)j&^i;(i;) 

is a solution of Laplace's Equation, (8) Art. 136. 
The equation 



(4) 



cfo^ 



— [m(w + l)a^ — (^»* + c2)jo]« = (5) 



is known as Lamp's Equation, and E^(x) as a Lamina Function or an Ellip- 
soidal Harmonic, We shall suppose m a positive integer. 

To get a particular solution of (6) let z = S'^a^- Substitute in (5) and 
reduce and we get 

[k(k + 1) ~ m{m + l)]a^ - (6» + c«) [(/; + 2)» -i>]a^^, 

+ 6V(/: + 3)(A: + 4)a*^ , = 0. (6) 

We have now only to choose a sequence of coefficients satisfying (6), and we 
may take any two consecutive coefficients arbitrarily. 
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(6) which lA ordinarily a relation connecting three consecutive coefficients 
reduces to a relation between two when k = m, when Ar = — 3, and when 
A: = — 4. If we take «m+2 = ^> «»+4> <*m+e> &c., will vanish. Let a„ = l. 
If m is even the coefficient of a© in (6) will be zero ; if p has such a value 
that a_g is zero, a_4, a_e, &c., will be zero, and there will be no terms in 
the solution involving negative powers of x. 

If we write the values of a^^2 9 <*m-4> &c., by the aid of (6) we see that 
^m-8 is of the first degree in j9, «„_< of the second degree in 7?, &c., and a_2 

of the degree o- + 1 inp. There are then "o + 1 values of p which we shall 

call PiiPifPt, &c., for which a__, will vanish, and for which our solutions will 
be of the form 

^£(a^) = ^^ + ««-««"""* + «».-4a^"* +••• + «o 

if m is even. 

If m is odd, the coefficient of ai in (6) will vanish and we can choose p so 
that a_i shall be zero, and then all coefficients of lower order will vanish. 

a_i is of the degree — ^ — in p, and there will be — ^ — values pi, p^j pzy 

&c., of p for which 

Following Heine we shall call the solution just obtained iC£(a;) so that 

KP(x)=x-' + a^_,x^-^ + a^_,x-^-'+-' (7) 

terminating with a^ if m is even, and with aix if m is odd. If m is even, 
there are -^-^-1 oi these functions K^^(x), Kp*(x), &c., and there are — ^ — 
of them if m is odd. The coefficients can be computed by the aid of (6). 
If in Lamp's Equation (5) we let z = c^ar — ^ we get the equation 

— [(m + 2) (m - 1)«2 + c2 - (^»2 + d^p^v = 0. (8) 

Letting v = 2^*^* ''^c obtain the relation 

[k(k + 3) - (m + 2)(m - l)]a, -:- {(6« + c^)[(k + 2)* -/>] + c^{2k + 5)} a,^, 

+ l^<^{k + 3) (^ + 4)a^ ^ , = 0. (9) 



256 ELLIPSOIDAL HARMONICS. [Art. 137. 

m 
Proceeding exactly as before, we find that there are -^ values qi, q^f qs, ^-, 

m, -I— 1 

of 2? for which r = jr"*"~' + <'^m-8^**'~^"l" h^i^J if m is even, and — - — 

values for which v ^ a^-^ + tt„_3X'"~* H 1- «o i^ ^ is odd. 

Calling V ^x' — h^ Lj^{x) so that 

i£(a;) = Va:^-6«[x«~» + a„^3a:"-3 + a^.3a--* + ...], (10) 



terminating with aix if w is even and with a© if m is odd, we have 



m 
9" 



values of Ej^(x), namely X2»(ar), L^(x)f &c., of the form (10) if m is even 

m + 1 
and — ^ — values if w is odd. 

By interchanging h and c in (8), (9), and (10) we may show that if 

J|fi;(x)=\/x23^[ic"'-> + a^_,a-"-'+a^_3ar'«-*H ] (11) 

there are ^ values of E^^x), namely Ji^Q(x), M^(x), M^(x), &c., of the form 

m 4- 1 
(11) if m is even and — ^ — values if m is odd. 

Finally if in Lamp's Equation (6) we let z = iV(«' — ^*)(x* — c*) we get 

(^^^(^2_^)g+3^(^_^» + ^_^)^ 

— [(»i + 3)(?» — 2)x^ - (^p2 + c*)(p — l)]t; = 0. (12) 

If now we let t» = 2^*^* ^^^ obtain the relation 
lk(k + 0) — (m — 2)(7« + 3)]//^ 

- (p' + ^')[(^- + 2)(A- + 4) + 1 -i>]a,^ J + /rV(^' + 3)(^- + 4)a,^, = 0. (13) 

7/1 
Proceeding as before we find that there are -^ values «i, «,, ^gj &c., of p 

for which v = a:'""* + a^_4a^~* + a„_ear'"~''H f- «o i^ w is even, and 

— ^ — values for which v = a:"*"- + a,^_4ar'"~^ H 1- n^x if w is odd. 

Calling »V(a" — /'')(-«^ — <-•*) ■^'iS(a:) so that 



;\-i;(a:) = V(a-— A')(a:*-c«)[a— » + a..,*— « + «»_gX— « + ■ • •] (14) 

terminating with a^ if m is even and with aixii m is odd, we have — values 
of Ef^x), namely iV^„';(x), NS{x)y NS(x), &c., of the form (14) if m is even and 
— - — values if m is odd. 
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Summing up our results we see that there are 2m+l Ellipsoidal Har monics 
Ej^{x) each o f whic h is a finite su m of th e mt h degre e in x, or in x and ^x^—b^, 
or in X and V«' — c*, or in x and V^*— ^ and ^x^ — c^. 

It was proved by Lam^ that the 2m + 1 values of p, namely Pu P2^ P%y &c., 
S'lj 9'2>.^»> ^^'j ^i> **8> ^8> &c., »i, s^y «8, &c., were all real, and by Liouville that 
they were all different. 

We give tables of the Ellipsoidal Harmonics for m = 0, m = 1, m = 2, and 
m = 3. The coefficients were obtained by the aid of formulas (6), (9), 
and (13). 

Eo(x) E,(x) 





E,(x) 



Kp(x) 


= ar« — 


i[^ + '- 


•-y/(l/' 


+ e'r- 


- 3/-.V] 


Kr(x) 


= x>- 


4 [*' + <■' 


■ + V(^ 


+ <^' - 


-3i^c«] 


L,(x) 


ssxVi* 


— W 








M,(x) 
N,(x) 


— aV? 


-<? 








-V'(x» 


- li>Xx^ ■ 


-c^ 



E^(x) 



Kf^(x) = a;» - p [2(6* + c») - V4(i» + c*y - lo6V] 



j:f.(a;) = »•» - ^ [2(i» + c») + V4(6- + c»)' - 156'c«] 



Vii'- — 6»[a^ — J(^ + 2c' — ^(6' + 2c»)» — 6W)] 
v/>^^[x* - J (i' + 2c» + V(6* + 2c*)« - 5^c*)] 



Mi'(x) = 



V^^^=^[a;« - J(2^ + c^ + V'(2fi» + c«)» - 66'c*)] 
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It is to be noted that since in the solution (4) of Laplace's Equation, 

we have the same m andj9 in each of the three factors, we shall have to deal 
merely with products made up of factors of the same form, for example, 

K:\\) K:\,j:) K:*(p) , L^^X) i.'*(M) L:%v) , &c. ; 

and that in a solution of the form 

y^X^m^ m^) mf^) m^) 

we shall have for a given m just 2m + 1 terms. 

138. From the particular solution of Lamp's Equation [(6) Art. 137J 
z = ES^(x)y we can get by formula (5), Ai-t. 18, the general solution. 

It is z = AE'fx) + BES,(x) f . = (1) 

Making -4 = and B = 2m + 1 we get a second form of particular solution of 
Lamp's Equation, z = F^(x) where 

FP{x) = (2m + V)ES,(x) ( . = (2) 

We shall call Fj^(x) a Lamias Function of the seco7id kind. 

It is easily seen to approach the value zero as a; is indefinitely increased. 

EXAMPLES. 

1. If an ellipsoidal conductor is charged with electricity, and is found to 
be at potential Fi, show that since Vq = VoKo(\), 

at an internal point, and 

00 

(Ix 



V= V^„(^L)K,(v)^K,(\)f^^= 



b'Xx' - c')[_K,(x)J 






« , ^ J _ /I-, sin-* -J 
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whence 



V=Vo 



K-f)-') 



V. (10) Art. 136. 



2. Find the value of the potential function at an external point due to the 
attraction of a solid homogeneous ellipsoid (v. Art. 135). 
Observe that 

+ ifl + J' + c^ -_3 £_"] Kp(,i)Kr(i^) 






and that 






where M is the mass of the ellipsoid. 



Ans. 



3 



139. If for the sake of brevity we represent - by k, and (l ""^^j by A:' ir 
the formulas (11) Art. 136 we have 

dn a - .. b 



\ = c (mod A;), fi = 



, 1/ = ^» sn y (mod A;) 



en a ^ ' dn /8 (mod k^ 

and from these we get without difficulty (v. Int. Cal. Art. 192) 

ck^ 



0) 



)/xr^= 



V^;.-^^^ = ^^^^(modn 1 
en a (mod k) dn )3 ^ ^ 



>/b^ — v^ = bcny (mod A;), 



\/a^^=^ = — — (mod^), 



en a 



Vc2 - ^2 = ^^ (mod A;% V^c-^ - z/^ = c dn y (mod k). 



(2) 
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If we let a range from to if, and p from to 2K\ and y from to 4tKy 

where K and X* are the complete Elliptic Integrals Flky — \ and Fik*y—J 

respectively, (a, )8, y) may represent any point in space, and there will be no 
ambiguity in sign (v. Art. 136). 

W€ may note that if 0<fi<K', z is positive ; if K'<p< 2K\ z is 
negative ; if < y < ^, x and y are both positive ; if JT < y < 2Ky x is 
positive and y negative ; if 2K< y < 3K, x and y are lx)th negative ; and if 
SK<. y < AK, X is negative and y positive (v. Art. 136). 

We can write the values in (4), (5), (6), and (7), Art. 136, more neatly by- 
bringing in a, p, and y. We get 

dji = - V(A» — Ai*)(X«-i/2) da, (3) 

dS = \{n*-v^\l(\*-H*)(>?-i^)dpdy, (4) 

c 

(£t;=l(A» — /A«)(A*-^i;«)(/Lt2 — i/*)rfarfj3rfy. (o) 

For the integral of any function of a, y9, and y over the ellipsoid a = ao, we 
shall have 

JF(a, j8, y)dS = ^JdfifF(a„ /3, y) (m» - v')V(X'-/t')(A'-KOdy. (6) 



140. If we make use of the formula (2) Art. 92 

C( UD, V — VD^ U)dS=0 (1) 

and take as our closed surface any given ellipsoid, we can get a very important 
result. 

If U = ES,(k)ES,{,i)El>(y) and V=EiQC)ES(^^)Ei(y) 

then V'C/'=V*K=0. 

D,U=D^ UD,a = E>iif^)EP(u) ^^^ 



da ^(x* — ^«)(A» — i;*) 



and D,V=D^VD„a = Ei(fi)ES(p)^^^^= " 



UD„r— VD,U 



=.ES(^)Ei(v)Ei(^)ES(v)(EiiX)^-ESiX)^)^^^=^= 



^ 
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Integrating UD^V— VD^U over the whole ellipsoid, and writing the result 
equal to zero, we have 



u 

iK' AK 



Hence jdpJES,{ix)EP{y)E:{^^)ES(yX(i*-^dy = (2> 

unless ° "^,(x)^i^-^.(X)^i^ = 0. 



c?a "^ ^ c^ 



(3> 



But as our ellipsoid may be taken at pleasure, X and a are unrestricted, and 
if (3) is true it must be true identically. 
If we divide (3) by [^£(X)]* it becomes 

and this obviously cannot be true unless n = wi and y =i>. 

EXAMPLES. 
1. Show that it follows from (2) Art. 140 that 

K' K 

jdfiCEli{ii:)Ei(y)E;{^)E;(yXii.* - v>)dy = 0. 
Suggestion: 

jEi(^i)Ei(,4.Xfii* -v^dfi =Jep(^)E2(M'Xm-* - f^dfi 





+J^£(/*)-fi?(/*)(M* - «^) dB. 



If in the last integral we replace /3 by /3 + 2K' it becomes 





i JES,{,i)Ei(jLXl^* - i/^dfi 



V. Arts. 136 and 139 and Int. Cal. Art. 196. 
2. Show that 

IK' AK K' 



fdpf[Ei(^)ES,(v)y(^^* - i/^dy = zjdBjiES,{^ii.)Ei,(y)J{,x* - v^dy. 
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141. We can now solve the problem of finding the value of V at any point 
in space when it is given at all the points on the surface of the ellipsoid 
a = ajj. 

We have first to develop in Ellipsoidal Harmonics a function of fi and v or 
rather of d and 4 given at all points on the surface of the ellipsoid in question ; 
and this is now easily accomplished by our usual method, which leads us to 
the result 

msao itaSm + l 

where ^m^*=° ^- k (2) 

8 jrf)8 J[<*(/*)^:*(i/)]»(M* - ^)dy 

u 

Our final solution is 

V=X X<^,|^^:*(,.)^:*(i;) (3) 

at an internal point; 

m= 00 Its: Sm + 1 p. 

at an external point. 

Lam^ has proved rather ingeniously that 

K' K 

Jd/3j[^^»^:*(^)]«(M' - ^dy 

• 

TT 

can always be found and that it is equal to — multiplied by a rational integral 

function of the coefficients of E!^{x) and of c* and l-j • 

Of course the labor of obtaining even a few terms of the development of a 
function that is in the least complicated is enormous. 

142. If in Laplace's Equation (8) Art. 136 we let V=EZ(\)U supposing 
U to be a function of p and y only, we get after replacing — ^72 
by its value m(m + 1)A« — (^^ + €^)p [v. (2) Art. 137] 

* 

(X» - i^)Dl U+(\^ — tiF)Dl U+(fi^- v^lm(m + 1)A'' - (i* + c»)j»] U = 0; (1) 
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and since by hypothesis U is independent of X, the coefficient of X* in (1) 
must vanish. Hence 

DlU+ D^U+ (fi^ - v^m(m + 1) U= 0. (2) 

Of course U= EP(fji)ES;(v) will satisfy (2). 

EXAMPLES. 

1. Substitute U= EP(fi)Ei(v) in (2) Art. 142 and by the aid of (2) Art. 137 
show that the equation (2) Art. 142 is satisfied. 

2. Obtain (2) Art. 140 directly from (2) Art. 142. 

3. Conical Coordinates, Consider the system of coordinates defined by the 
equations 

x' + y^ + s^ = 7^ 



^ + -^+-^-=0 



(1) 



where a= C , = and B= C . '' 



where c^ > fi^ > l^ > i^. 
Show that 

Laplace's Equation is 

DlV+DlV+{fi^^i/^)D,(fD,V)^0 (2) 

If V=U.B (2) breaks up into 

i>iCr+i>p«Cr+m(m + l)(/A«-j;8)^=0. (4) 

(3) gives . R = ^y-"* + Br-'^-K 

(4) gives C^= EP(fi)EP(p) (v. Art. 142). 
So that a solution of (2) is 

V=Ar-^EP(M)EP(i;). 

But since (2) is Laplace's Equation, V= A7^Y^(fi,<l>), if expressed in 
Conical Coordinates, must satisfy it, consequently EP(^)EP(y) must be simply 
a Spherical Harmonic of the mth degree. 



' \ 



I 
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[Art. 143. 



Toroidal Coordinates, 

143. Any pair of circles belonging to the orthogonal system obtained and 
figured in Art. 46 can be represented by the equations 



2aa; _ x' + / + a' 
cosh a 

ar* + 2^ — «' 



sinha 

2ay_ 
sin)8 



cos)8 



(1) 



if we take 2a instead of 2 as the distance between the points common to the 
second set of circles. 

If we rotate the system about the axis of y we get a set of spheres and a 
set of anchor rings which cut orthogonally. These and a set of planes through 
the axis of revolution will form an orthogonal system of surfaces, and the 
parameters corresponding to them may be taken as a set of curvilinear 
coordinates and may be called Toroidal Coordinates, 

If we take the axis of the system as the axis of Z, the equations of a set of 
the surfaces may be written 



4a--(x^ + f) ^ l:^ + ,f + z' + a»] 
sinh* a cosh* a 



«^ 



2az ar + // + 5:^ 

sin p cos /J 



a^ 



y 



(2) 



t/ = x tan y 

a, p, and y being regarded as the coordinates of a point of intersection of the 
three surfaces. 

Finding Laplace's Equation in the usual manner we get 



a sinh a cos 



x = 



1., 



cosh a ip cos p 



a sinh a sin y 

^^^ ^— ^— ^M^^a^— ^^» ■ ■■■■■ I 

cosh a i^ cos)S 



y = 



asm 8 
cosh a :f cos p 



r = Viq-2^= 



a sinh a 



cosh a If cos p 



> a-\-zctnp = 



a cosh a 



cosh a ip cos p 



cosh a :r cos 8 , cosh a -r: cos 8 . c6sh a n: cos 8 . 
^ -= x c:, ^=: X d, 74=. _3L c:, 

- '" a sinh a 



a 



a 



and Laplace's Equation becomes 

Lcosh a qp cos )8 J '^Lcosh a q: cos j8 '^ J 

+ ^y[-^-Tr-? — T 5n A ^1 = 0. (1) 

^LvSinha(coshaq:cos)3) ^ J ^ ^ 
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D^(rD^ V) + D,(rD^ V) + ^-j^rZ)' r= 0. (2) 

We cannot proceed further by our usual method, for the assumption that V 
is a function of a alone, or that F' is a function of p alone, proves to be 
inadmissible. Indeed, not only are a, )8, and y not thermometrie parameters 
(v. Art. 133), but no thermometrie parameters exist, and no possible distribu- 
tion can make our anchor rings or our spheres a set of equipotential surfaces. 

We can, however, simplify (2). It can be written 

Die V)/?) + DK V\/7) + ^^ J)^( fVT) - V(D^r + D^) = 0. (3) 

I>W^'-\' -OjbV^ proves equal to — .^ > hence if ?7= V^ (3) becomes 

sinh«a(D*Cr+ DlU) + D^U-\- \ U= 0, (4) 

for which particular solutions can readily be found by our usual process. 
(4) can be broken up into the three equations 

'^^^'+ (m + i)W= (5) 



dr 



tPM 



a^ + n^M= (6) 

sinh* a -j—^ — [m(m + 1) + 7i* sinh* a]L = 0. (7) 

y-=^A cos(w + i)y + J^ sin(;w + ^)y- 
jjf = Ax cos np + Bi sin nfi. 
If we introduce into (7) x = ctnh a it becomes 

a solution of which is 

L = P:(x) = (1 - ^'^^^^ (7- Art. 102). 

It is to be noted that since ctnh a is greater than 1 



Pj(ctnh a) = t^ CBch' J'f^-f^^^} ■ 
"•^ ^ (<£ ctnh a)" 
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The constant coefficient i* can be rejected and we get 

U=IA cos(m + J)y + B sin(m + J)y](-4i cos nff + Bi sin n^)csch" a "^ , .' 
as a particular solution of (4). 

has been called a Toroidal Harmonic. 

EXAMPLES. 

1. Given the value of the potential function at all points on the surface of 
an anchor ring ; find its value at any point within the ring. 

Suggestion: If V=f(pf y) when a = ao, the function to be developed is 

and the development will be in a double Fourier's Series (v. Art. 71). 

2. Show that if we let a range from to ex, fi from — tt to tt, and y from 
to 27r, each of the double signs on page 264 may be replaced by the minus 
sign without loss of generality. 



CHAPTER IX.* 

HISTORICAL SUMMARY. 

The method of development in series which has enabled us in the preceding 
chapters to solve problems in various branches of mathematical physics, had 
its origin, as might have been expected, in the theory of the musical vibrations 
of a stretched string. It was in the year 1753* that Daniel Bernoulli 
enunciated the principle of the coexistence of small oscillations, which, in 
connection with Taylor's and John Bernoulli's theory of the vibrating string, 
led him to believe that the general solution of this problem could be put in 
the form of a trigonometric series. This principle also led him and Euler to 
treat in a similar manner the problems of the vibration of a column of air and 
of an elastic rod. The problem of the vibration of a heavy string suspended 
from one end was also treated in the same manner by these mathematicians 
and deserves special mention here as in it Bessel's functions of the zeroth 
order appear for the first time.^ In none of these cases, hoi^ever, was any 
method given for determining the coefficients of the series. 

This last remark also applies to the more complicated problems of the 
vibration of rectangular and circular membranes, which were discussed by 
Euler* in 1764, and in the last of which the general Bessel's functions of 
integral orders occur. 

It is in problems connected with astronomy that the first completely 
successful application of the method here considered occurs. Legendre in a 
paper published in the M^moires des Savants I^trangers for 1785, first 
introduced the zonal harmonics P^ and applied them to the determination of 
the attraction of solids of revolution. He was followed by Laplace, who in 
one of the most remarkable memoirs ever written * determined the potential 
of a solid differing but little from a sphere by means of the development 
according to the spherical harmonics Y^, 

^ See two articles by Bernoulli and one by Euler In the Memoirs of the Academy of 
Berlin for this year. 

3 See the Transactions of the Academy of St. Petersburg for 1732-33, 1734 and 1781. 
8 Transactions of the Academy of St. Petersburg. 

* ** Th^orie des attractions des sph^roMes et de la figure des Plan^tes " M^molres de 
Pacad^mie des sciences 1782. This article, although bearing an earlier date than that of 
Legendre, was really inspired by it. It is here that ^'Laplace^s equation*' first appears, 
occurring^ however, only in polar coordinates. 

* See preface. 
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Very closely related to this problem is Gauss's celebrated treatment of the 
theory of terrestrial magnetism,* which we will for that reason mention here, 
although it was not published until more than haJf a century later. This 
paper is particularly noteworthy as it contains a numerical application of the 
method on a larger scale than has ever been attempted before or since. 

After the researches of Legendre and Laplace there was a pause of a 
quarter of a century until in 1812 Fourier's extensive memoir : Theorie du 
mouvement de la chaleur dans lea corps solides was crowned by the French 
Academy. Although not printed until the years 1824-26,^ the manuscript of 
this work was in the meantime accessible to the other French mathematicians 
presently to be mentioned. The first part of this memoir, which was repro- 
duced with but few alterations in the Theorie analj/tique de la chaleur (1822), 
contains a treatment of the following problems and of practically all of their 
special cases : 

(a) The one dimensional flow of heat, (b) The two dimensional flow of 
heat in a rectangle, (c) The three dimensional flow of heat in a rectangular 
parallelopiped. (d) The flow of heat in a sphere when the temperature 
depends only on the distance from the centre, (e) The flow of heat in a 
right circular cylinder when the temperature depends only on the distance 
from the axis. In these problems not merely the simpler boundary conditions 
are considered but also the question of radiation into an atmosphere. In 
special cases of the first three problems just mentioned (when one or more 
dimensions become infinite) the series degenerate into " Fourier's integrals." 

More important even than any of these special problems is the great 
advance which Fourier caused the theory of trigonometric series to make. 
In a posthumous paper Euler had given the formulae for determining the 
coefficients,' but Fourier was the first to assert and to attempt to prove that 
any function, even though for different values of the argument it is expressed 
by different analytical formulae, can be developed in such a series. The fact 
that the real importance of trigonometric series was thus for the first time 
shown justifies us in associating Fourier's name with them, although, as we 
have seen, they were known long before his day. 

Fourier's results were extended by Laplace in 1820* to the general (unsym- 
metrical) case of the flow of heat in a sphere, and by Poisson* (1821) to the 
unsymmetrical flow of heat in a cylinder. * 

^ Resoltate aus den Beobachtungen des magnetischen Vereins im Jahre 1838. Leipzig, 
1839. Reprinted in Gauas's collected works, Vol. V., p. 121. 

3 M^moires de Pacad^mie des sciences for 1819-20 and 1821-22. 

s Lagrange had practically determined these coefScients long before but failed to notice 
what he had got 

^ Connaissance des Temps pour Pan 1823. 

6 Journal de P£cole Poly technique, 19* Cahier. Although the final forms to which Poisson 
reduces his results are similar to Fourier's, his methods are very different. 
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In 1835 Green published a paper ^ in which the method we are considering 
is employed to determine the potential of a heterogeneous ellipsoid. This 
paper, in which the analysis is performed at once for space of n dimensions, 
anticipates much that was subsequently done by others, but has failed to 
exert an influence proportional to its importance. 

At about this time Lam^ began a series of publications which have con- 
nected his name inseparably with the problem of the permanent state of 
temperature of an ellipsoid. In the first of these* the equation V*F=0 is 
transformed to ellipsoidal coordinates and is then broken up into three 
ordinary differential equations. The rest of the solution, however, is hardly 
touched upon. Lamp's most important work on this subject' was published 
in Liouville's Journal in 1839, and in it the complete solution of the problem 
is given, Lam^ clearly shows in this paper how he arrived at his solution, by 
considering first the simpler case of a sphere where, instead of the polar 
coordinates $ and ^, the parameters of two families of confocal cones of the 
second degree are used as coordinates. This system of curvilinear coordinates, 
which, when applied to the complete sphere, merely gives the old results of 
Laplace in a new form, is barely mentioned in Lamp's later publications. In 
the same volume of Liouville's Journal Lam^ published a second paper in 
which he applies his results to the special cases of ellipsoids of revolution. 

These two papers form the starting-point for a series of articles on the 
same subject by Heine and Liouville. Heine in his doctor dissertation* (1842) 
determined the potential not merely for the interior of an ellipsoid of 
revolution when the value of the potential is given on the surface, but also 
for the exterior of such an ellipsoid and for the shell between two confocal 
ellipsoids of revolution. Even in the first of these problems, which is 
equivalent to that of Lam^, he simplified Lamp's solution materially by 
showing that the functions used may be reduced to spherical harmonics, 
while in the other two problems he introduced spherical harmonics of the 
second kind, which were then new. Shortly afterwards* Heine and Liouville 

1 ** On the determination of the exterior and Interior attraction of ellipsoids of variable 
densities.'* Transactions of the Cambridge Philosophical Society. 

^ M^moires des Savants Strangers, Vol. V. Although the volume is dated 1838 this paper 
(which was reprinted in Liouville's Journal, 1837) must have appeared at least as early bs 1835. 

' ** Sur I'^quilibre des Temperatures dans un ellipsoide & trois axes in^ux.'' An article 
by the same author on the two dimensional potential will be found in Vol. I. of this Journal. 

* Reprinted in Crelle's Journal, Vol. 26 (1843). 
In the same Journal for 1847 F. Neumann discussed the related problem of the magnet- 
isation of a soft iron ellipsoid of revolution. 

^ Heine: Crelle's Journal, Vol. 29, 1845. Liomille: Liouville's Journal, Vol. X;, 
1846, and Vol. XL, 1846. For a treatment of the problem of the potential of an ellipsoidal 

shell by means of a development of - in terms of Lamp's functions, see a paper by Heine 

in Crelle's Journal, Vol. 42, 1851. 
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published simultaneously two papers in which they arrived independently of 
each other at about the same results. In each of these papers attention is 
called to the fact that the product of two Lamp's functions is a spherical 
harmonic^ and this fact is made use of to throw Lamp's solution of the 
problem of the permanent state of temperatures of an ellipsoid into a more 
elementary form. Besides this the second solution of Lame's equation is 
introduced for the sake of solving the potential problem for the exterior of 
the ellipsoid. 

In thus following up the theory of heat and the related potential problems, 
we have lost sight of the question of small vibrations, to which during the 
early part of the century a great deal of attention had been devoted by 
Poisson, who frequently made use of the method of development in series. 
In his memoirs ^ most of the problems left unfinished by Bernoulli and Euler 
are thoroughly treated, as well as various slight modifications of them. 
When, however, he attacked the problem of the vibration of an elastic plate 
he was unable to make much progress, owing in part to the erroneous form of 
his boundary conditions. He was, nevertheless, able to solve the problem of 
the symmetrical vibration of a free circular plate. The complete theory of the 
vibration of a free circular plate was first given by Kirchhoff.' 

Passing now to a new subject, the theory of the equilibrium of an elastic 
spherical shell, we find a solution by Lam^ in Liouville's Journal for 1854, 
and by Sir William Thomson (1862) in the Philosophical Transactions for 
1863. Both of these papers consist of an application of the spherical harmonic 
analysis to this rather complicated problem. Thomson, however, considers 
besides Lamp's problem certain related questions and the form of his analysis 
is very different from Lamp's, being of the same nature as that used in the 
Appendix B of his Natural Philosophy of which we shall have to speak 
presently. These investigations form the starting point for a number of 
recent memoirs among which those of G. H. Darwin on cosmographical 
questions deserve special mention. 

Closely related to this last mentioned problem is the theory of the small 
vibrations of an elastic sphere. While the simplest case of this problem was 
treated by Poisson in the memoir referred to above, the general solution has 
been only recently obtained by Jaerisch (1879)' and Lamb (1882).* The 
functions involved are the same as those which occur in the problem of the 
non-stationary flow of heat in a sphere as solved by Laplace. 

The Appendix B of Thomson and Tait's Natural Philosophy, * to which we 
have already referred, deserves to be regarded as one of the most important 

^ See especially the one in the M^moires de Pacad^mie des sciences, Vol. VIII., 1820. 
« Crelle'B Journal, Vol. 40, 1850. » Crelle's Journal, Vol. 88. 

* Proc. Lond. Math. Soc. « First edition, 1867. This appendix 

was evidently written as early as 1862, ajs Thomson refers to it in the memoir quoted above. 
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contributions to the general theory. The way in which spherical harmonics 
are introduced (as homogeneous functions of the rectangular coordinates) was 
then new,^ and the solution of the potential problem for a variety of new 
solids was indicated ; viz., for solids whose boundaries consist of concentric 
spheres, cones of revolution, and planes. We shall have more to say presently 
concerning the method employed for the solution of these problems. 

Although connected only indirectly with the theory we are discussing, it 
will be well to mention at this point the method of electrical images which is 
also due to Sir William Thomson (1845). This method enables us to solve 
many potential problems for the inverse of any solid when once we have 
solved it for the solid itself. By means of this method most of the solutions 
of potential problems obtained by our method may be applied at once with 
very little modification to systems of curvilinear coordinates derived by 
inversion from those we have used. It will not be necessary to mention 
separately problems of this sort, as it is clearly immaterial whether they be 
solved directly or by means of the method of inversion.* 

Returning now to the Continent, we find as the next important question 
taken up the problem of the potential of an anchor ring. The first publication 
on this subject is a monograph by C. Neumann • (1864), but in Riemann's 
posthumous papers which were not published until 1876, ten years after his 
death, will be found a short fragment on this subject, which (cf. the last page 
of Hattendorf s edition of Riemann's lectures : " Partielle Different ialglei- 
chungen ") would appear to date back to the winter 1860-61. This fragment 
is of peculiar interest, as the opening paragraphs clearly show that Riemann 
had in mind an extended article on the fundamental principles of our subject. 

We will next mention two papers by Mehler in which the functions known 
as " conal harmonics," which had already been introduced by Thomson in the 
Appendix B above mentioned, were applied to the solution of two problems in 
electrostatics. The first of these papers* (1868) deals with the solid bounded 
by two intersecting spheres, while in the second* (1870) the infinite cone of 
revolution is treated. Both of these problems are essentially different from 
those discussed in the " Appendix B," inasmuch as the infinite series which 
we usually have degenerate in these cases into definite integrals, just as they 
do in some simpler cases treated by Fourier. The later of the two papers • 
just quoted also contains valuable information concerning the nature of the 

1 The same method was used at about the same time by Clebsch. 

2 A case in point would be the potential problem for the shell between two non-intersecting 
eccentric spheres, since these spheres can be inverted into concentric spheres. This problem 
was treated directly by C. Neumann in a monograph published in Halle in 1862. 

« »* Theorie der Elektricitfits- ihid Warme-Vertheilung in einem Ringe.'* Halle. 

* Crelle's Journal, Vol. 08, 18(J8. 

^ Jahresbericht des Gymnasiums zu Elbing. 
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solution of similar problems for the hyperboloids and paraboloids of revolu- 
tion. The solutions of these problems are not, however, given. 

It remains, in order to close the history of this part of the subject, to mention 
a number of memoirs which although treating entirely new problems are of far 
less importance than most of those considered up to this point, partly because 
the solution is not brought to a point where it can be of much immediate use, 
and partly because most of the methods employed are such as could not fail 
to present themselves to any one attacking these problems. 

Of these the first is a paper by Mathieu* on the vibration of an elliptic 
membrane (1868), in which the functions of the elliptic cylinder occur for the 
first time. 

This was followed in the same year by a paper on closely allied subjects by 
H. Weber,* in which not merely the case of the complete ellipse is briefly 
considered, but also that in which the boundary consists of two arcs of 
confocal ellipses and two arcs of hyperbolas confocal with them. The special 
case in which the ellipses and hyperbolas become confocal parabolas is also 
considered, whereby the functions of the parabolic cylinder are for the first 
time introduced. 

In Mathieu's "Cours de physique math^matique " (1873) the problem of 
the non-stationary flow of heat in an ellipsoid is touched upon, and an 
elaborate though not very satisfactory treatment of the special cases where 
we have ellipsoids of revolution is given. New functions appear in all of 
these problems. 

Of late years C. Baer has supplied a number of missing links in the chain 
of problems here considered by treating in succession the potential problem 
for the paraboloid of revolution,^ the parabolic cylinder* and the general 
paraboloid.* In the first of these problems BessePs functions occur, as had 
already been stated by Mehler, while in the last we find the functions of the 
elliptic cylinder. For each of the three systems of coordinates employed the 
same author also touches upon the more general problem of the non-stationarv 
flow of heat, in which new functions occur. 

Except in the case of the anchor ring we have found so far only such solids 
treated by our method as are bounded by surfaces of the first or second 

1 Liouville's Journal, Vol. Xin. 

2 *» Ueber die Integration dee partiellen Differentialgleichung r-^ 4- t-^ + khi = 0." 

Math. Ann., Vol. I. No physical problem is mentioned in this paper. 

8** Ueber das Gleichgewicht und die Bewegung der Warme in einem Rotatioospara- 
boloid." Dissertation, Halle, 1881. 

* "Die Funktion des parabolischen Cylinders," Gymnasialprogramm CUstrin, 1883. 

* ** Parabolische Coordinaten,'* Frankfurt, 1888. See also a paper by Greenhill in the 
Proc. Lond. Math. Soc., Vol. XIX., 1889 (read Dec. 8, 1887). Also a posthamous paper by 
Lam^ in Liouville's Journal for 1874, Vol. XIX. 
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degree. Wangerin^ (1875-76) considered in connection with the theory of 
the potential, more general systems of curvilinear coordinates than had 
previously been used in physical questions, namely, cyclidic coordinates.* He 
showed, however, merely how to break up Laplace's equation into three 
ordinary differential equations.' 

An important branch of our theory which we have not yet touched upon 
dates back to the year 1836, when Sturm published a series of fundamentally 
important papers in the first two volumes of Liouville's Journal. The 
physical question which lies at the basis of these papers is the problem of the 
flow of heat in a heterogeneous bar.* The method here employed depends 
upon the fact that the functions which occur are characterized by the number 
of times they vanish in a certain interval. This same idea reappears in 
Thomson and Tait's Appendix B already referred to, but first finds its full 
expression in this more general field of the three dimensional potential in an 
article by Klein : " Ueber Korper welche von confocalen Flachen zweiten 
Grades begrenzt sind''* (1881). Still more recently (1889-90) Klein has in 
his lectures extended this theory to the treatment of solids bounded by six 
confocal eyelids, and has indicated how all the potential problems heretofore 
treated by our method are special cases of this one.* 

Of late years, especially since the year 1880, the younger English mathe- 
maticians have done a vast amount of work in the theory we are here 
considering. Although much of this work is of great value, hardly any of it 
can be regarded as being a real development of the method ; it is rather an 
application of it to a great variety of problems. We must therefore content 
ourselves with giving a mere list •of a few of the more important of these 
papers. 

Niven: On the Conduction of Heat in Ellipsoids of Revolution. Phil. 
Trans., 1880. 

Niven: On the Induction of Electric Currents in Infinite Plates and 
Spherical Shells. Phil. Trans., 1881. 

^ PreiaBchriften der Jablanowski'schen Gesellschaft, No. XVIII., and Crelle^s Journal, 
Vol. 82. See also, concerning a still further extension, the Berliner Monatsberichten 
for 1878. 

2 Cyclids are a kind of surface of the fourth order (see Salmon^s Geom. of three Dimen- 
sions, p. 627). In his first memoir Wangerin' considers only cyclids of revolution. 

8 See also a paper by this author in Grttnert's Archiv for 1878, where the problem of the 
equilibrium of elastic solids of revolution is treated. 

^ The similar problem of the vibration of a heterogeneous string under the action of an 
external force was treated by Maggi (Giomale di Matematiche, 1880). Several special cases 
are also considered here in detail. 

6 Math. Ann., 18. 

6 For an exposition of this theory see the treatise : Ueber die Heihenentwlckelungen der 
Potentialtheorie, Lelpslc, Teubner, 1894, by the writer of the present chapter. 
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Hicks: On Toroidal Functions. Phil. Trans., 1881. 

Hicks : On the Steady Motion and Small Vibrations of a Hollow Vortex. 
Phil. Trans., 1884, 1885. 

Lamb: On Ellipsoidal Current Sheets. Phil. Trans., 1887. 

Chree: The Equations of an Isotropic Elastic Solid in Polar and Cylin- 
drical Coordinates, their Solution and Application. Camb. Phil. Soc. Trans., 
XIV., 1889. 

Hobson: On a Class of Spherical Harmonics of Complex Degree with 
Applications to Physical Problems. Camb. Phil. Soc. Trans., XIV., 1889. 

Chree: On some Compound Vibrating Systems. Camb. Phil. Soc. Trans., 
XV., 1891. 

Niven: On Ellipsoidal Harmonics. Phil. Trans., 1892. 

The historical sketch we have just given would naturally require as a 
supplement some account of the work that has been done on the question of 
the convergence of the various series which occur. This, however, would 
carry us too far, and we will content ourselves with mentioning the two 
fundamental memoirs by Dirichlet in Crelle's Journal, one in 1829 on 
Fourier's series, and one, which has been criticised to some extent by subse- 
quent mathematicians, in 1837 on Laplace's spherical harmonic development. 

Another subject which naturally presents itself here is the theory of the 
various new functions we have met. Those properties of these functions, 
however, which the physicist needs have usually been investigated by the 
physicists themselves in the papers mentioned above ; while any thorough 
account of the development of the theory of these functions would lead us 
into the vast region of the modern theory of linear differential equations. 

We will therefore close by merely giving a list of books which will be 
found useful by those wishing to continue their study of the subject further. 

We begin with the books relating directly to physical questions : 

Fourier: Th^orie Analytique de la Chaleur, 1822. 

Lavie : Leqons sur les Fonctions inverses des Transcendantes et les Surfaces 
isothermes, 1857. 

Lame: Lemons sur les Coordonn^es Curvilignes et leurs diverses Applicar 
tions, 1859. 

Mathieu : Cours de Physique Math^matique, 1873. 

Eiemann: Partielle Differentialgleichungen, und deren Anwendung auf 
physikalische Fragen (edited by Hattendorf), third edition, 1882. 

F. Neumann: Theorie des Potentials und der Kugelfimktionen (edited by 
C. Neumann), 1887. 
^ Thomson and Tait : Natural Philosophy, second edition, 1879. 

Rayleigh : Theory of Sound, 1877. 

Basset: Hydrodynamics, 1888. 

Love: Theory of Elasticity, 1892. 
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Heine : Handbuch der Kugelfunktionen (second edition), 1878-81. 
^ Ferrers: Spherical Harmonics, 1881. 

Haentzschel : Reduction der Potentialgleichung auf gewohnliche Differential- 
gleichungen, 1893. 

These last three books would also belong in the following list of books 
relating to the theory of the various functions we use : 
*^ Todhunter : The Functions of Laplace, Lam^ and Bessel, 1875. 

Lommel : Studien tlber die BessePschen Funktionen, 1868. 

K Neumann : Beitrage zur Theorie der Kugelfunktionen, 1878. 

And finally concerning the question of convergence : 

C. Neumann: Uber die nach Kreis-, Kugel- und Cylinder-Functionen 
fortschreitenden Entwickelungen, 1881. 
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TABLES. 

Table I., a table of Surface Zonal Harmonics (Legendrians), gives the values 
of the first seven Harmonics Pi (cos 6)y Pj (cos &),-" P7 (cos 0) for the argument 
6 in degrees. It is taken from the Philosophical Magazine for December, 
1891, and was computed by Messrs. C. E. Holland, P. R. James, and C. G. 
Lamb, under the direction of Professor John Perry. 

Table IL, a table of Surface Zonal Harmonics (Legendrians), gives the 
values of the first seven Harmonics Pi (x), Pj (a;), • • • P7 (ar) for the argument ar. 
It is reduced from the Tables of Legendrian Functions computed under the 
direction of Dr. J. W. L. Glaisher, and published in the Report of the British 
Association for the Advancement of Science for the year 1879. 

Table III., the table of Hyperbolic Functions, gives the values of e-^, e~^y 
sinhx, cosh a;, and gda (Gudermannian of x) for values of x from 0.00 to 1.00; 
and the values of logsinhx and log cosh a: for values of x from 1.00 to 10.0. 
The values of gd a*, log sinh ar, and log cosh x are taken from the Mathematical 
Tables prepared by Professor J. M. Peirce (Boston: Ginn & Co.). 

The log sinh a and log cosh a; for values of x between 0.00 and 1.00 can be 
obtained from the values given for the Gudermannian of x in the table by the 
aid of the relations 

log sinh X = log tan (gd x) 

log cosh X = log sec (gd x). 

Table IV. gives the first twelve roots of Jq (x) = and t/i (x) = each 
divided by tt. The table is taken from Lord Rayleigh's Sound, Vol. I., 
page 274, and is due to Professor Stokes, Camb. Phil. Trans., Vol. IX., 
page 186. 

Table V. gives the first nine roots of Jq (x) = 0, Ji (ar) = 0, • • • J^ (x) = 0. 
The table is taken from Rayleigh's Sound, Vol. I., page 274, and is due to 
Professor J. Bourget, Ann. de TEcole Normale, T. III., 1866, page 82. 

Table VL, the table of Bessel's Functions, gives the values of the Bessel's 
Functions Jq (x) and c7i (x) for the argument x from x = to aj = 16. It is 
taken from Rayleigh's Sound, Vol. I., page 265, and from Lommel's BessePsche 
Functionen. 
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TABLE I. — Surface Zonal Harmonics. 



e 


Pi (cos ^) 


P2(C08^) 


Pi {cob 6) 


P4(C08^) 


P6(C08^) 


Pe(co8^) 


f 

P7(C08«) 


0° 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 


1 


.9998 


.9995 


.9991 


.9985 


.9977 


.9967 


.9955 


2 


.9994 


.9982 


.9963 


.9939 


.9909 


.9872 


.9829 


3 


.9986 


.9959 


.9918 


.9863 


.9795 


.9713 


.%17 


4 


.9976 


.9927 


.9854 


.9758 


.9638 


.9495 


.9329 


5 


.9962 


.9886 


.9773 


.9623 


.9437 


.9216 


.8%1 


6 


.9945 


.9836 


.9674 


.9459 


.9194 


.8881 


.8522 


7 


.9925 


.9777 


.9557 


.9267 


.8911 


.8476 


.7986 


8 


.9903 


.9709 


.9423 


.9048 


.8589 


.8053 


.7448 


9 


.9877 


.9633 


.9273 


.8803 


.8232 


.7571 


.6831 


10 


.9848 


.9548 


.9106 


.8532 


.7840 


.7045 


.6164 


11 


.9816 


.9454 


.8923 


.8238 


.7417 


.6483 


.5461 


12 


.9781 


.9352 


.8724 


.7920 


.6966 


.5892 


.4732 


13 


.9744 


.9241 


.8511 


.7582 


.6489 


.5273 


.3940 


14 


' .9703 


.9122 


.8283 


.7224 


.5990 


.4635 


.3219 


15 


.%59 


.8995 


.8042 


.6847 


.5471 


.3982 


.2454 


16 


.%13 


.8860 


.7787 


.6454 


.4937 


.3322 


.1699 


17 


.9563 


.8718 


.7519 


.6046 


.4391 


.2660 


.0961 


18 


.9511 


.8568 


.7240 


.5624 


.3836 


.2002 


.0289 


19 


.9455 


.8410 


.6950 


.5192 


.3276 


.1347 


— .0H3 


20 


.9397 


.8245 


.6649 


.4750 


.2715 


.0719 


.1072 


21 


.9336 


.8074 


.6338 


.4300 


.2156 


.0107 


—.1662 


22 


.9272 


.7895 


.6019 


.3845 


.1602 


.0481 


—.2201 


23 


.9205 


.7710 


.5692 


.3386 


.1057 


—.1038 


—.2681 


24 


.9135 


.7518 


.5357 


.2926 


.0525 


.1559 


.3095 


25 


.9063 


.7321 


.5016 


.2465 


.0009 


—.2053 


.3463 


26 


.8988 


.7117 


.4670 


.2007 


.0489 


—.2478 


—.3717 


27 


.8910 


.6908 


.4319 


.1553 


.0964 


—.2869 


.3921 


28 


.8829 


.6694 


.3964 


.1105 


.1415 


—.3211 


.4052 


29 


.8746 


.6474 


.3607 


.0665 


— . 1839 


.3503 


.4114 


30 


.8660 


.6250 


.3248 


.0234 


.2233 


—.3740 


—.4101 


31 


.8572 


.6021 


.2887 


—.0185 


.2595 


—.3924 


—.4022 


32 


.8480 


.5788 


.2527 


.0591 


—.2923 


—.4052 


.3876 


33 


.8387 


.5551 


.2167 


.0982 


.3216 


.4126 


.3670 


34 


.8290 


.5310 


.1809 


.1357 


.3473 


.4148 


—.3409 


35 


.8192 


.5065 


.1454 


—.1714 


—.3691 


—.4115 


.3096 


36 


.8090 


.4818 


.1102 


.2052 


—.3871 


—.4031 


—.2738 


37 


.7986 


.4567 


.0755 


.2370 


—.4011 


—.3898 


—.2343 


38 


.7880 


.4314 


.0413 


—.2666 


.4112 


—.3719 


.1918 


39 


.7771 


.4059 


.0077 


.2940 


.4174 


.3497 


.1469 


40 


.7660 


.3802 


—.0252 


.3190 


—.4197 


—.3234 


.1003 


41 


.7547 


.3544 


—.0574 


—.3416 


.4181 


.2938 


—.0534 


42 


.7431 


.3284 


—.0887 


.3616 


—.4128 


—.2611 


—.0065 


43 


.7314 


.3023 


.1191 


—.3791 


—.4038 


—.2255 


.0398 


44 


.7193 


.2762 


.1485 


—.3940 


—.3914 


—.1878 


.0846 


45° 


.7071 


.2500 


.1768 


—.4062 


.3757 


.1485 


.1270 
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TABLE I. — Surface Zonal Harmonics. 



e 


• 


P2(co&e) 


P8(C08^) 

» 


Pi (cos 0) 


P^icosS) 


PeicoBd) 


P7(C08^) 


45° 


.7071 


.2500 


.1768 


.4062 


—.3757 


.1485 


.1270 


46 


.6947 


.2238 


—.2040 


—.4158 


.3568 


—.1079 


.1666 


47 


.6820 


.1977 


—.2300 


—.4252 


—.3350 


.0645 


.20.54 


48 


.6691 


.1716 


—.2547 


.4270 


—.3105 


—.0251 


.2349 


49 


.6561 


. 1456 


.2781 


—.4286 


—.2836 


.0161 


.2627 


50 


.6428 


.1198 


.3002 


.4275 


—.2545 


.0563 


.2854 


51 


.6293 


.0941 


.3209 


.4239 


—.2235 


.0954 


.3031 


52 


.6157 


.0686 


—.3401 


.4178 


.1910 


.1326 


.3153 


53 


.6018 


.0433 


—.3578 


—.4093 


.1571 


.1677 


.3221 


54 


.5878 


.0182 


—.3740 


—.3984 


.1223 


.2002 


.3234 


55 


.5736 


.0065 


.3886 


—.3852 


—.0868 


.2297 


.3191 


56 


.5592 


—.0310 


.4016 


.3698 


.0510 


.2559 


.3095 


57 


.5446 


.0551 


.4131 


.3524 


.0150 


.2787 


.2949 


58 


.5299 


.0788 


.4229 


.3331 


.0206 


.2976 


.2752 


59 


.5150 


— . 1021 


—.4310 


.3119 


.0557 


.3125 


.2511 


60 


.5000 


—.1250 


—.4375 


—.2891 


.0898 


.3232 


.2231 


61 


.4848 


—.1474 


—.4423 


.2647 


.1229 


.3298 


.1916 


62 


.4695 


—.1694 


.4455 


.2390 


.1545 


.3321 


.1571 


63 


.4540 


—.1908 


—.4471 


.2121 


.1844 


.3302 


.1203 


64 


.4384 


—.2117 


—.4470 


.1841 


.2123 


.3240 


.0818 


65 


.4226 


.2321 


.4452 


—.1552 


.2381 


.3138 


.0422 


, 66 


.4067 


.2518 


-.4419 


—.1256 


.2615 


.2996 


.0021 


67 


.3907 


.2710 


.4370 


.0955 


.2824 


.2819 


.0375 


68 


.3746 


.28% 


—.4305 


—.0650 


.3005 


.2605 


.0763 


69 


.3584 


—.3074 


—.4225 


—.0344 


.3158 


.2361 


.1135 


70 


.3420 


—.3245 


.4130 


—.0038 


.3281 


.2089 


.1485 


71 


.3256 


.3410 


—.4021 


.0267 


.3373 


.1786 


.1811 


72 


.3090 


.3568 


.3898 


.0568 


.3434 


.1472 


—.2099 


73 


.2924 


.3718 


.3761 


.0864 


.3463 


.1144 


—.2347 


74 


.2756 


.3860 


.3611 


.1153 


.3461 


.0795 


- .2559 


75 


.2588 


—.3995 


.3449 


.1434 


.3427 


.0431 


.2730 


76 


.2419 


.4112 


.3275 


.1705 


.3362 


.0076 


.2848 


77 


.2250 


.4241 


—.3090 


.1964 


.3267 


.0284 


.2919 


78 


.2079 


—.4352 


—.2894 


.2211 


.3143 


.0644 


—.2943 


79 


.1908 


—.4454 


—.2688 


.2443 


.2990 


—.0989 


—.2913 


80 


.1736 


—.4548 


—.2474 


.2659 


.2810 


—.1321 


.2835 


81 


.1564 


.4633 


—.2251 


.2859 


.2606 


—.1635 


.2709 


82 


.1392 


.4709 


—.2020 


.3040 


.2378 


— . 1926 


2536 


83 


.1219 


—4777 


.1783 


.3203 


.2129 


—.2193 


.2321 


84 


.1045 


.4836 


—.1539 


.3345 


.1861 


.2431 


.2067 


85 


.0872 


.4886 


—.1291 


.3468 


.1577 


—.2638 


.1779 


86 


.0698 


.4927 


—.1038 


.3569 


.1278 


—.2811 


.1460 


87 


.0523 


—.4959 


—.0781 


.3648 


.0%9 


.2947 


.1117 


88 


.0349 


—.4982 


—.0522 


.3704 


.0651 


—.3045 


.0735 


89 


.0175 


—.4995 


—.0262 


.3739 


.0327 


—.3105 


.0381 


9QP 


.0000 


—.5000 


.0000 


.3750 


.0000 


—.3125 


.0000 
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TABLE 11. 


— Surface Zonal Harmonics. 




X 


Pi(x) 


P2(X) 


Pz{x) 


P*{x) 


PfiW 


P6(X) 


P7(x) i 

1 


0.00 


0.0000 


.5000 


0.0000 


0.3750 


0.0000 


—.3125 


0.0000 i 


.01 


.0100 


.4998 


—.0150 


.3746 


.0187 


—.3118 


—.0219 ' 


..02 


.0200 


.4994 


.0300 


.3735 


.0374 


—.3099 


.0436 


.03 


.0300 


.4986 


— .(H49 


.3716 


.0560 


.3066 


—.0651 


.04 


.0400 


.4976 


—.0598 


.3690 


.0744 


.3021 


.0862 


.05 


.0500 


.4962 


.0747 


.3657 


.0927 


.2%2 


—.1069 


.06 


.0600 


—.4946 


.0895 


.3616 


.1106 


.2891 


—.1270 


.07 


.0700 


—.4926 


.1041 


.3567 


.1283 


.2808 


—.1464 I 


.08 


.0800 


.4904 


.1187 


.3512 


.1455 


.2713 


.1651 


.09 


.0900 


.4878 


.1332 


.3449 


.1624 


.2606 


.1828 ' 


.10 


.1000 


—.4850 


.1475 


.3379 


.1788 


.2488 


—.1995 


.11 


.1100 


.4818 


—.1617 


.3303 


.1947 


.2360 


.2151 


.12 


.1200 


—.4784 


.1757 


.3219 


.2101 


.2220 


.2295 1 


.13 


.1300 


.4746 


.1895 


.3129 


.2248 


.2071 


.2427 


.14 


.1400 


.4706 


—.2031 


.3032 


.2389 


.1913 


— .2545 


.15 


.1500 


—.4662 


.2166 


.2928 


.2523 


.1746 


.2649 , 


.16 


.1600 


—.4616 


.2298 


.2819 


.2650 


—.1572 


.2758 ' 


.17 


.1700 


.4566 


—.2427 


.2703 


.2769 


.1389 


.2812 


.18 


.1800 


.4514 


.2554 


.2581 


.2880 


.1201 


-.2870 i 


.19 


.1900 


.4458 


—.2679 


.2453 


.2982 


.1006 


—.2911 


.20 


.2000 


—.4400 


—.2800 


.2320 


.3075 


.0806 


—.2935 


.21 


.2100 


.4338 


—.2918 


.2181 


.3159 


.0601 


.2943 1 


.22 


.2200 


.4274 


.3034 


.2037 


.3234 


—.0394 


.2933 . 


.23 


.2300 


—.4206 


.3146 


.1889 


.3299 


.0183 


—.2906 


.24 


.2400 


.4136 


—.3254 


.1735 


.3353 


.0029 


—.2861 1 


.25 


.2500 


.4062 


.3359 


.1577 


.3397 


.0243 


.2799 


.26 


.2600 


.3986 


.3461 


.1415 


.3431 


.0456 


.2720 ' 


.27 


.2700 


.3906 


—.3558 


.1249 


.3453 


.0669 


.2625 , 


.28 


.2800 


.3824 


—.3651 


.1079 


.3465 


.0879 


.2512 


.29 


.2900 


.3738 


.3740 


.0906 


.3465 


.1087 


.2384 


.30 


.3000 


—.3650 


.3825 


.0729 


.3454 


.1292 


.2241 


.31 


.3100 


.3558 


—.3905 


.0550 


.3431 


.1492 


.2082 


.32 


.3200 


.3464 


.3981 


.0369 


.3397 


.1686 


.1910 i 


.33 


.3300 


—.3366 


—.4052 


.0185 


.3351 


.1873 


.1724 


.34 


.3400 


.3266 


.4117 


—.0000 


.32^ 


.2053 


.1527 


.35 


.3500 


.3162 


.4178 


.0187 


.3225 


.2225 


.1318 


.36 


.3600 


—.3056 


—.4234 


—.0375 


.3144 


.2388 


.1098 


.37 


.3700 


—.2946 


—.4284 


—.0564 


.3051 


.2540 


.0870 


.38 


.3800 


.2834 


—.4328 


.0753 


.2948 


.2681 


.0635 


.39 


.3900 


—.2718 


.4367 


.0942 


.2833 


.2810 


—.0393 


.40 


.4000 


.2600 


.4400 


.1130 


.2706 


.2926 


.0146 


.41 


.4100 


—.2478 


.4427 


.1317 


.2569 


.3029 


.0104 


.42 


.4200 


.2354 


.4448 


.15(H 


.2421 


.3118 


.0356 


.43 


.4300 


.2226 


—.4462 


—.1688 


.2263 


.3191 


.0608 


.44 


.4400 


—.20% 


.4470 


—.1870 


.2095 


.3249 


.0859 


.45 


.4500 


—.1962 


.4472 


.2050 


.1917 


.3290 


.1106 


.46 


.4600 


.1826 


.4467 


.2226 


.1730 


.3314 


.1348 


.47 


.4700 


—.1686 


.4454 


—.2399 


.1534 


.3321 


.1584 


.48 


.4800 


—.1544 


.4435 


.2568 


.1330 


.3310 


.1811 


.49 


.4900 


.1398 


.4409 


.2732 


.1118 


.3280 


.2027 


.50 


.5000 


.1250 


—.4375 


.2891 


.0898 


.3232 


.2231 
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TABLE II. — Surface Zonal Harmonics. 



1 


Kw 


Pa (a:) 


P3(x) 


P4(.C) 


AW 


A(x) 


P7(x) 


' .50 


.5000 


.1250 


.4375 


—.2891 


.0898 


.3232 


.2231 


.51 


.5100 


.W)^ 


—.4334 


—.3044 


.0673 


.3166 


.2422 


.52 


.5200 


.0944 


.4285 


.3191 


.0441 


.3080 


,2596 


.53 


.5300 


.0786 


.4228 


.3332 


.0204 


.2975 


.2753 


.54 


.5400 


.0626 


.4163 


.3465 


—.0037 


.2851 


.2891 


; .55 


.5500 


.0462 


.4091 


—.3590 


—.0282 


.2708 


.3007 


.56 


.5600 


—.0296 


—.4010 


—.3707 


.0529 


.2546 


.3102 


' .57 


.5700 


—.0126 


—.3920 


.3815 


—.0779 


.2366 


.3172 


.58 


.5800 


.0046 


.3822 


.3914 


—.1028 


.2168 


.3217 


.59 


.5900 


.0222 


.3716 


—.4002 


—.1278 


.1953 


.3235 


.60 


.6000 


.0400 


.3600 


.4080 


.1526 


.1721 


.3226 


1 .61 


.6100 


.0582 


—.3475 


.4146 


—.1772 


.1473 


.3188 


' .62 


.6200 


.0766 


—.3342 


.4200 


.2014 


.1211 


.3121 


.63 


.6300 


.0954 


.3199 


—.4242 


—.2251 


.0935 


.3023 


.64 


.6400 


.1144 


—.3046 


—.4270 


—.2482 


.0646 


.2895 


.65 


.6500 


.1338 


—.2884 


—.4284 


—.2705 


.0347 


.2737 


.66 


.6600 


.1534 


—.2713 


—.4284 


—.2919 


.0038 


.2548 


.67 


.6700 


.1734 


.2531 


—.4268 


.3122 


.0278 


.2329 


' .68 


.6800 


.1936 


—.2339 


.4236 


—.3313 


.0601 


.2081 


.69 


.6900 


.2142 


.2137 


.4187 


.—.3490 


.0926 


.1805 


I .70 


.7000 


.2350 


.1925 


—.4121 


.3652 


—.1253 


.1502 


.71 


.7100 


.2562 


.1702 


.4036 


—.3796 


.1578 


.1173 


.72 


.7200 


.2776 


—.1469 


—.3933 


.3922 


.1899 


.0822 


.73 


.7300 


.2994 


.1225 


.3810 


—.4026 


—.2214 


.0450 


.74 


.7400 


.3214 


—.0969 


—.3666 


.4107 


—.2518 


.0061 


.75 


.7500 


.3438 


—.0703 


.3501 


—.4164 


—.2808 


—.0342 


.76 


.7600 


.3664 


—.0426 


.3314 


.4193 


.3081 


.0754 


.77 


.7700 


.3894 


.0137 


.3104 


—.4193 


—.3333 


.1171 


.78 


.7800 


.4126 


.0164 


—.2871 


—.4162 


—.3559 


.1588 


, .79 


.7900 


.4362 


.0476 


—.2613 


—.4097 


.3756 


— . 1999 


.80 


.8000 


.4600 


.0800 


—.2330 


—.3995 


—.3918 


—.2397 


.81 


.8100 


.4842 


.1136 


—.2021 


—.3855 


.4041 


—.2774 


.82 


.8200 


.5086 


.1484 


.1685 


.3674 


.4119 


.3124 


.%7> 


.8300 


.5334 


.1845 


.1321 


—.3449 


.4147 


—.3437 


, .84 


.8400 


.5584 


.2218 


—.0928 


—.3177 


—.4120 


.3703 


' .85 


.8500 


.5838 


.2603 


.0506 


.2857 


.4030 


.3913 


.86 


.8600 


.6094 


.3001 


.0053 


.2484 


.3872 


.4055 


.87 


.8700 


.6354 


.3413 


.0431 


—.2056 


.3638 


.4116 


.88 


.8800 


.6616 


.3837 


.0947 


—.1570 


.3322 


.4083 


.89 


.8900 


.6882 


,4274 


.1496 


—.1023 


.2916 


-^.3942 


.90 


.9000 


.7150 


.4725 


.2079 


—.0411 


—.2412 


.3678 


.91 


.9100 


.7422 


.5189 


.2698 


.0268 


—.1802 


— .3274 


.92 


.9200 


.7696 


.5667 


.3352 


.1017 


—.1077 


—.2713 


1 .93 


.9300 


.7974 


.6159 


.4044 


.1842 


—.0229 


.1975 


' .94 


.9400 


.8254 


.6665 


.4773 


.2744 


.0751 


.1040 


.95 


.9500 


.8538 


.7184 


.5541 


.3727 


.1875 


.0112 


•96 


.9600 


.8824 


.7718 


.6349 


.4796 


.3151 


.1506 


.97 


.9700 


.9114 


.8267 


.7198 


.5954 


.4590 


.3165 


.98 


.9800 


.9406 


.8830 


.8089 


.7204 


.6204 


.5115 


.99 


.9900 


.9702 


.9407 


.9022 


.8552 


.8003 


.7384 


1.00 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 


1.0000 ! 
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TABLE III. — Hyperbolic Functioxs. 



2 


e' 


e-' 


8inhx 


coshx 




gdx 


0.00 


1.0000 


1.0000 


0.0000 


1.0000 


o!oooo 


.01 


1.0100 


0.9900 


.0100 


1.0000 


0.5729 


.02 


1.0202 


.9802 


.0200 


1.0002 


1.1458 


.03 


1.0305 


.9704 


.0300 


1.0004 


1.7186 


.04 


1.0408 


.9608 


.0400 


1.0008 


2.2912 


.05 


1.0513 


.9512 


.0500 


1.0012 


2.8636 


.06 


1.0618 


.9418 


.0600 


1.0018 


3.4357 


.07 


1.0725 


.9324 


.0701 


1.0025 


4.0074 


.OS 


1.0833 


.9231 


.0801 


1.0032 


4.5788 


.09 


1.0942 


.9139 


.0901 


l.OCHO 


5.1497 


.10 


1. 1052 


.9048 


.1002 


1.0050 


5.720 , 


.11 


1.1163 


.8958 


.1102 


1.0061 


6.290 


.12 


1.1275 


.8869 


.1203 


1.0072 


6.859 


.13 


1.1388 


.8781 


.13(H 


1.0085 


7.428 


.14 


1.1503 


.8694 


.1405 


1.0098 


7.995 


.15 


1.1618 


.8607 


.1506 


1.0113 


8.562 


.16 


1.1735 


.8521 


.1607 


1.0128 


9.128 


.17 


1.1853 


.8437 


.1708 


1.0145 


9.69+ 


.18 


1.1972 


.8353 


.1810 


1.0162 


10.258 


.19 


1.2092 


..8270 


.1911 


1.0181 


10.821 


.20 


1.2214 


.8187 


.2013 


1.0201 


11.384 


.21 


1.2337 


.8106 


.2115 


1.0221 


11.945 


.22 


1.2461 


.8025 


.2218 


1.0243 


12.505 . 


.23 


1.2586 


.7945 


.2320 


1.0266 


13.06^ 


.24 


1.2712 


.7866 


.2423 


1.0289 


13.621 


.25 


1.2840 


.7788 


.2526 


1.0314 


14.177 


.26 


1.2%9 


.7711 


.2629 


1.0340 


14.732 


.27 


1.3100 


.7634 


.2733 


1.0367 


15.285 


.28 


1.3231 


.7558 


.2837 


1.0395 


15.837 


.29 


1.3364 


.7483 


.2941 


1.0423 


16.388 


.30 


1.3499 


.7408 


.3045 


1.0453 


16.937 


.31 


1.3634 


.7334 


.3150 


1.0484 


17.484 


.32 


1.3771 


.7261 


.3255 


1.0516 


18.030 


.33 


1.3910 


.7189 


.3360 


1.0549 


18.573 


.34 


1.4049 


.7118 


.3466 


1.0584 


19.116 


.35 


1.4191 


.7(H7 


.3572 


1.0619 


19.656 


.36 


1.4333 


.6977 


.3678 


1.0655 


20.195 


.37 


1.4477 


.6907 


.3785 


1.0692 


20.732 


.38 


1.4623 


.6839 


.3892 


1.0731 


21.267 


.39 


1.4770 


.6771 


.4000 


1.0770 


21.800 


.40 


1.4918 


.6703 


.4108 


.1.0811 


22.331 


.41 


1.5068 


.6636 


.4216 


1.0852 


22.859 


.42 


1.5220 


.6570 


.4325 


1.0895 


23.386 


.43 


1.5373 


.6505 


.4434 


1.0939 


23.911 


.44 


1.5527 


.6440 


.4543 


1.0984 


24.434 


.45 


1.5683 


.6376 


.4653 


1.1030 


24.955 


.46 


1.5841 


.6313 


.4764 


1.1077 


25.473 


.47 


1.6000 


.6250 


.4875 


1.1125 


25.989 


.48 


1.6161 


.6188 


.4986 


1.1174 


26.503 


.49 


1.6323 


.6126 


.5098 


1.1225 


27.015 


0.50 


1.6487 


0.6065 


0.5211 


1.1276 


27?524 
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TABLE III. — Hyperbolic Functions. 



X 


e* 


e-^ 


sinh X ' 


cosh X 


gdx 


0.50 


1.6487 


0.6065 


0.5211 


1.1276 


27?524 


.51 


1.6653 


.6005 


.5324 


1.1329 


28.031 


.52 


1.6820 


.5945 


.5438 


1.1383 


28.535 


.53 


1.6989 


.5886 


.5552 


1.1438 


29.037 


.54 


1.7160 


.5827 


.5666 


1.1494 


29.537 


.55 


1.7333 


.5770 


.5782 


1.1551 


30.034 


.56 


1.7507 


.5712 


.5897 


1.1609 


30.529 


.57 


1.7683 


.5655 


.6014 


1.1669 


31.021 


.58 


1.7860 


.5599 


.6131 


1.1730 


31.511 


.59 


1.8040 


.5543 


.6248 


1.1792 


31.998 


.60 


1.8221 


.5488 


.6367 


1.1855 


32.483 


.61 


1.8404 


.5433 


.6485 


1.1919 


32.965 


.62 


1.8589 


.5379 


.6605 


1.1984 


33.444 


.63 


1.8776 


.5326 


.6725 


1.2051 


33.921 


.64 


1.8965 


.5273 


.6846 


1.2119 


34.395 


.65 


1.9155 


.5220 


.6%7 


1.2188 


34.867 


.66 


1.9348 


.5169 


.7090 


1.2258 


35.336 


.67 


1.9542 


.5117 


.7213 


1.2330 


35.802 


.68 


1.9739 


.5066 


.7336 


1.2402 


36.265 


.69 


1.9937 


.5016 


.7461 


1.2476 


36.726 


.70 


2.0138 


.4966 


.7586 


1.2552 


37.183 


.71 


2.0340 


.4916 


.7712 


1.2628 


37.638 


.72 


2.0544 


.4867 


.7838 


1.2706 


38.091 


.73 


2.0751 


.4819 


.7966 


1.2785 


38.540 


.74 


2.0959 


.4771 


.8094 


1.2865 


38.987 


.75 


2.1170 


.4724 


.8223 


1.2947 


39.431 


.76 


2.1383 


.4677 


.8353 


1.3030 


39.872 


.77 


2.1598 


.4630 


.8484 


1.3114 


40.310 


.78 


2.1815 


.4584 


.8615 


1.3199 


40.746 


.79 


2.2034 


.4538 


.8748 


1.3286 


41.179 


.80 


2.2255 


.4493 


.8881 


1.3374 


41.608 


.81 


2.2479 


.4449 


.9015 


1.3464 


42.035 


.82 


2.2705 


\4404 


.9150 


1.35.S5 


42.460 


.83 


2.2933 


.4360 


.9286 


1.3647 


42.881 


.84 


2.3164 


.4317 


.9423 


1.3740 


43.299 


.85 


2.33% 


.4274 


.9561 


1.3835 


43.715 


.86 


2.3632 


.4232 


.9700 


1.3932 


44.128 


.87 


2.3869 


.4190 


.9840 


1.4029 


44.537 


.88 


2.4109 


.4148 


.9981 


1.4128 


44.944 


.89 


2.4351 


.4107 


1.0122 


1.4229 


45.348 


.90 


2.4596 


.4066 


1.0265 


1.4331 


45.750 


.91 


2.4843 


.4025 


1.0409 


1.4434 


46.148 


.92 • 


2.5093 


.3985 


1.0554 


1.4539 


46.544 


.93 


2.5345 


.3946 


1.0700 


1.4645 


46.936 


.94 


2.5600 


.3906 


1.0847 


1.4753 


47.326 


.95 


2.5857 


.3867 


1.0995 


1.4862 


47.713 


.% 


2.6117 


.3829 


1.1144 


1.4973 


48.097 


.97 


2.6379 


.3791 


1.1294 


1.5085 


48.478 


.98 


2.6645 


.3753 


1.1446 


1.5199 


48.857 


.99 


2.6912 


.3716 


1.1598 


1.5314 


49.232 


1.00 


2.7183 


0.3679 


1.1752 


1.5431 


49?605 
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TABLE III.- 


- Hyperbolic Functions 


■ 






X 


I siiili X 


Icoahx 


X 


I Binli X 


1 

I cosh X 


X 


I sinh X 


Zcoshz 




1.00 


0.0701 


0.1884 


1.50 


0.3282 


0.3715 


2.00 


0.5595 


1 0.5754 




1.01 


.0758 


.1917 


1.51 


.3330 


.3754 


2.01 


.5640 


.5796 




1.02 


.0815 


.1950 


1.52 


.3378 


.3794 


2.02 


.5685 


.5S3S 




1.03 


.0871 


.1984 


1.53 


.3426 


.3833 


2.03 


.5730 


.5880 


4 


1.04 


.0927 


.2018 


1.54 


.3474 


.3873 


2.04 


.5775 


.5922 




1.05 


.0982 


.2051 


1.55 


.3521 


.3913 


2.05 


.5820 


.5964 




1.06 


.1038 


.2086 


1.56 


.3569 


.3952 


2.06 


.5865 


.6006 




1.07 


.1093 


.2120 


1.57 


.3616 


.3992 


2.07 


.5910 


.6048 , 




1.08 


.1148 


.2154 


1.58 


.3663 


.4032 


2.08 


.5955 


.6090 




1.09 


.1203 


.2189 


1.59 


.3711 


.4072 


2.09 


.6000 


.6132 




1.10 


.1257 


.2223 


1.60 


.3758 


.4112 


2.10 


.6044 


.6175 




1.11 


.1311 


.22S8 


1.61 


.3805 


.4152 


2.11 


.6089 


.6217 




1.12 


.1365 


.2293 


1.62 


.3852 


.4192 


2.12 


.6134 


.6259 




1.13 


.1419 


.2328 


1.63 


.3899 


.4232 


2.13 


.6178 


.6301 1 




1.14 


.1472 


.2364 


1.64 


.3946 


.4273 


2.14 


.6223 


' .6343 




1.15 


.1525 


.2399 


1.65 


.3992 


.4313 


2.15 


.6268 


.6386 ' 




1.16 


.1578 


.2435 


1.66 


.4039 


.4353 


2.16 


.6312 


.6428 




1.17 


.1631 


.2470 


1.67 


.4086 


.4394 


2.17 


.6357 


.6470 1 




1.18 


.1684 


.2506 


1.68 


.4132 


.4434 


2.18 


.6401 


.6512 




1.19 


.1736 


.2542 


1.69 


.4179 


.4475 


2.19 


.6446 


.6555 




1.20 


.1788 


.2578 


1.70 


.4225 


.4515 


2.20 


.6491 


.6597 




1.21 


.1840 


.2615 


1.71 


.4272 


.45.S6 


2.21 


.6535 


.6640 




1.22 


.1892 


.2651 


1.72 


.4318 


.4597 


2.22 


.6580 


.6682 , 




1.23 


.1944 


.2688 


1.73 


.4364 


.4637 


2.23 


.6624 


.6724 ' 




1.24 


.1995 


.2724 


1.74 


.4411 


.4678 


2.24 


.6668 


.6767 




1.25 


.2(H6 


.2761 


1.75 


.4457 


.4719 


2.25 


.6713 


.6809 




1.26 


.2098 


.2798 


1.76 


.4503 


.4760 


2.26 


.6757 


.6852 




1.27 


.2148 


.2835 


1.77 


.4549 


.4801 


2.27 


.6802 


.6894 




1.28 


.2199 


.2872 


1.78 


.4595 


.4842 


2.28 


.6846 


.6937 




1.29 


.2250 


.2909 


1.79 


.4641 


.4883 


2.29 


.6890 


.6979 




1.30 


.2300 


.2947 


1.80 


.4687 


.4924 


2.30 


.6935 


.7022 


i 


1.31 


.2351 


.2984 


1.81 


.4733 


.4965 


2.31 


.6979 


.7064 




1.32 


.2401 


.3022 


1.82 


.4778 


..5006 


2.32 


.7023 


.7107 




1.33 


.2451 


.3059 


1.83 


.4824 


.5048 


2.33 


.7067 


.7150 




1.34 


.2501 


.3097 


1.84 


.4870 


.5089 


2.34 


.7112 


.7192 




1.35 


.2551 


.3135 


1.85 


.4915 


.5130 


2.35 


.7156 


.7235 




1.36 


.2600 


.3173 


1.86 


.4%1 


.5172 


2.36 


.7200 


.7278 




1.37 


.2650 


.3211 


1.87 


.5007 


.5213 


2.37 


.7244 


.7320 




1.38 


.2699 


.3249 


1.88 


..S052 


.5254 


2.38 


.7289 


.7363 




1.39 


.2748 


.3288 


1.89 


.5098 


.52% 


2.38 


.7333 


.7406 




1.40 


.2797 


.3326 


1.90 


.5143 


.5337 


2.40 


.7377 


.7448 




1.41 


.2846 


.3365 


1.91 


.5188 


.5379 


2.41 


.7421 


.7491 




1.42 


.2895 


.3403 


1.92 


.5234 


.5421 


1 2.42 


.7465 


.7.534 




1.43 


.2944 


.3442 


1.93 


.5279 


.5462 


, 2.43 


.7.S09 


.7577 




1.44 


.2993 


.3481 


1.94 


.5324 


.55(H 


1 2.44 

1 


.7553 


.7619 




1.45 


.3041 


.3520 


1.95 


.5370 


.5545 


2.45 


.7597 


.7662 




1.46 


.3090 


.3559 


1.% 


.5415 


.5687 


2.46 


.7W2 


.7705 




1.47 


.3138 


.3598 


1.97 


.5460 


.5629 


' 2.47 


.7686 


.7748 




1.48 


.3186 


.3637 


1.98 


.5505 


.5671 


2.48 


.7730 


.7791 




1.49 


.3234 


.3676 


' 1.99 


.5550 


.5713 


2.49 


.7774 


.7833 




1.50 


0.3282 


0.3715 


2.00 


0.5595 


0.5754 


2.50 

1 


0.7818 


0.7876 


1 
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TABLE III. — Hyperbolic Functions. 



X 


I sinh X 


I cosh X 


X 


I sinh X 


Zcoshx 


X 


Zsinhx 


Zcoshx 


2.50 


0.7818 


0.7876 


2.75 


0.8915 


0.8951 


3.0 


1.0008 


1.0029 


2.51 


.7862 


.7919 


2.76 


.8959 


.8994 


3.1 


1.0444 


1.0462 


2.52 


.7906 


.7962 


2.77 


.9003 


.9037 


3.2 


1.0880 


1.0894 


2.53 


.7950 


.8005 


2.78 


.9046 


.9080 


3.3 


1.1316 


1.1327 


2.54 


.7994 


.8048 


2.79 


.9090 


.9123 


3.4 


1.1751 


1.1761 


2.55 


.8038 


.8091 


2.80 


.9134 


.9166 


3.5 


1.2186 


1.2194 


2.56 


.8082 


.8134 


2.81 


.9178 


.9209 


3.6 


1.2621 


1.2628 


2.57 


.8126 


.8176 


2.82 


.9221 


.9252 


3.7 


1.3056 


1.3061 


2.58 


.8169 


.8219 


2.83 


.9265 


.9295 


3.8 


1.3491 


1.3495 


2.59 


.8213 


.8262 


2.84 


.9309 


.9338 


3.9 


1.3925 


1.3929 


2.60 


.8257 


.8305 


2.85 


.9353 


.9382 


4.0 


1.4360 


1.4363 


2.61 


.8301 


.8348 


2.86 


.9396 


.9425 


4.1 


1.4795 


1.4797 


2.62 


.8345 


.8391 


2.87 


.9440 


.9468 


4.2 


1.5229 


1.5231 


2.63 


.8389 


.8434 


2.88 


.9484 


.9511 


4.3 


1.5664 


1.5665 


2.64 


.8433 


.8477 


2.89 


.9527 


.9554 


4.4 


1.6098 


1.6099 


2.65 


.8477 


.8520 


290 


.9571 


.9597 


4.5. 


1.6532 


1.6533 


2.66 


.8521 


.8563 


2.91 


.%15 


.9641 


4.6 


1.6%7 


1.6968 


2.67 


.8564 


.8606 


2.92 


.%58 


.9684 


4.7 


1.7401 


1.7402 


2.68 


.8608 


.8649 


2.93 


.9702 


.9727 


4.8 


1.7836 


1.7836 


,2.69 


.8652 


.8692 


2.94 


.9746 


.9770 


4.9 


1.8270 


1.8270 


2.70 


.8696 


.8735 


2.95 


.9789 


.9813 


5.0 


1.8704 


1.8705 


2.71 


.8740 


.8778 


2.96 


.9833 


.9856 


6.0 


2.3047 


2.3047 


2.72 


.8784 


.8821 


2.97 


.9877 


.9900 


7.0 


2.7390 


2.7390 


2.73 


.8827 


.8864 


2.98 


.9920 


.9943 


8.0 


3.1733 


3.1733 


2.74 


.8871 


.8907 


2.99 


.9964 


.9986 


9.0 


3.6076 


3.6076 


2.75 


0.8915 


0.8951 


3.00 


1.0008 


1.0029 


10.0 


4.0419 


4.0419 
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TABLE IV. — Roots of Bessel's Functions. 





-fOTJo{X)—0 


-for/i(a;)— 




- for Jo{x) = 


- for Ji{z) — 


1 

2 
3 

4 
5 
6 


0.7655 
1.7571 
2.7546 
3.7534 

4.7527 
5.7522 


1.2197 
2.2330 
3.2383 
4.2411 
5.2428 
6.2439 


7 

S 

9 

10 

11 

12 


6.7519 
7.7516 
8.7514 
9.7513 
10.7512 
11.7511 


7.2448 

8.2454 

9.2459 

10.2463 

11.2466 

12.2469 







TABLE V. Roots 


OF Jn(x) -^ 0. 






n = 


n = l 


n— 2 


n — 3 


n = i 


n = 5 


1 


2.405 


3.832 


5.135 


6.379 


7.586 


8.780 


2 


5.520 


7.016 


8.417 


9.760 


11.064 


12.339 


3 


8.654 


10.173 


11.620 


13.017 


14.373 


15.700 


4- 


11.792 


13.323 


14.796 


16.224 


17.616 


18.982 ! 


5 


14.931 


16.470 


17.960 


19.410 


20.827 


22.220 ' 


6 


18.071 


19.616 


21.117 


22.583 


24.018 


25,431 


7 


21.212 


22.760 


24.270 


25.749 


27.200 


28.628 , 


8 


24.353 


25.903 


27.421 


28.909 


30.371 


31.813 


9 


27.494 


29.047 


30.571 


32.050 


33.512 


34.983 
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TABLE VI. — Bessel's Functions. 



1 

X 


Jo(x) 


1 
Ji(x) 


X 


Mx) 


Ji(x) ' 


1 

X 


Mx) 


1 

Jl(X) 

1 


0.0 


1.0000 


0.0000 


5.0 


.1776 


—.3276 ■ 


\ 10.0 


.2459 


.0435 


0.1 


.9975 


M99 


5.1 


.1443 


.3371 


10.1 


.2490 


.0184 


, 0.2 


.9900 


.0995 


5.2 


.1103 


.3432 


10.2 


—.24% 


.0066 


0.3 


.9776 


.1483 


5.3 


.0758 


—.3460 


10.3 


—.2477 


—.0313 


0.4 


.9604 


.1960 


5.4 


.0412 


.3453 


10.4 


.2434 


.0555 


0.5 


.9385 


.2423 


5.5 


.0068 


.3414 


10.5 


.2366 


—.0789 


0.6 


.9120 


.2867 


5.6 


.0270 


.3343 


10.6 


.2276 


.1012 


0.7 


.8812 


.3290 


5.7 


.0599 


.3241 


10.7 


.2164 


—.1224 


0.8 


.8463 


.3688 


5.8 


.0917 


.3110 


10.8 


—.2032 


—.1422 


0.9 


.8075 


.4060 


5.9 


.1220 


.2951 


10.9 


.1881 


—.1604 


1.0 


.7652 


.4401*' 


6.0 


.1506 


.2767 


11.0 


.1712 


.1768 


1.1 


.71% 


.4709 


6.1 


.1773 


.2559 


11.1 


.1528 


—.1913 


1.2 


.6711 


.4983 


6.2 


.2017 


—.2329 


11.2 


.1330 


—.2039 


1.3 


.6201 


.5220 


6.3 


.2238 


.2081 


11.3 


—.1121 


.2143 


1.4 


.5669 


.5419 


6.4 


.2433 


.1816 


11.4 


—.0902 


—.2225 


1.5 


.5118 


.5579 


6.5 


.2601 


.1538 


11.5 


—.0677 


—.2284 


1.6 


.4554 


.5699 


6.6 


.2740 


.1250 


11.6 


.0446 


.2320 


1.7 


.3980 


.5778 


6.7 


.2851 


.0953 


' 11.7 


—.0213 


—.2333 


1.8 


.3400 


.5815 


6.8 


.2931 


.0652 


11.8 


.0020 


.2323 


1.9 


.2818 


.5812 


6.9 


.2981 


—.0349 


' 11.9 


.0250 


.2290 


2.0 


.2239 


.5767 


7.0 


.3001 


.0047 


12.0 


.0477 


—.2234 


!2.1 


.1666 


.5683 


7.1 


.2991 


.0252 


12.1 


.0697 


.2157 


2.2 


.1104 


.5560 


7.2 


.2951 


.0543 


12.2 


.0908 


—.2060 


2.3 


.0555 


.5399 


7.3 


.2882 


.0826 


12.3 


.1108 


—.1943 


2.4 


.0025 


.5202 


7.4 


.2786 


.1096 


12.4 


.12% 


—.1807 


2.5 


—.0484 


.4971 


7.5 


.2663 


.1352 


12.5 


.1469 


—.1655 


2.6 


— .0%8 


.4708 


7.6 


.2516 


.1592 


12.6 


.1626 


—.1487 


2.7 


.1424 


.4416 


7.7 


.2346 


.1813 


12.7 


.1766 


.1307 


2.8 


.1850 


.4097 


7.8 


.2154 


.2014 


12.8 


.1887 


—.1114 


2.9 


—.2243 


.3754 


7.9 


.1944 


.2192 


12.9 


.1988 


—.0912 


3.0 


.2601 


.3391 


8.0 


.1717 


.2346 


13.0 


.2069 


—.0703 


3.1 


.2921 


.3009 


8.1 


.1475 


.2476 , 


13.1 


.2129 


—.0489 


3.2 


.3202 


.2613 


8.2 


.1222 


.2580 


13.2 


.2167 


—.0271 


3.3 


—.3443 


.2207 


8.3^ 


.0960 


.2657 


13.3 


.2183 


—.0052 


3.4 


.3643 


.1792 


.0692 


.2708 


13.4 

1 


.2177 


.0166 


3.5 


—.3801 


.1374 


8.5 


.0419 


.2731 


1 13.5 


.2150 


.0380 


3.6 


—.3918 


.0955 


8.6 


.0146 


.2728 


13.6 


.2101 


.0590 


3.7 


—.3992 


.0538 


8.7 


.0125 


.2697 


13.7 


.2032 


.0791 


3.8 


.4026 


.0128 


8.8 


—.0392 


.2641 


13.8 


.1943 


.0984 


3.9 


—.4018 


.0272 


8.9 


.0653 


.2559 


13.9 


.1836 


.1166 


4.0 


.3972 


.0660 


9.0 


.0903 


.2453 


14.0 


.1711 


.1334 


4.1 


—.3887 


—.1033 


9.1 


—.1142 


.2324 


14.1 


.1570 


.1488 


4.2 


—.3766 


.1386 


9.2 


—.1367 


.2174 


14.2 


.1414 


.1626 


4.3 


—.3610 


.1719 


9.3 


.1577 


.2004 


14.3 


.1245 


.1747 


4.4 


.3423 


.2028 


9.4 


—.1768 


.1816 


14.4 


.1065 


.1850 


4.5 


—.3205 


.2311 


9.5 


.1939 


.1613 


14.5 


.0875 


.1934 


4.6 


—.2961 


.2566 


9.6 


—.2090 


.1395 


14.6 


.0679 


.1999 


4.7 


—.2693 


.2791 


9.7 


.2218 


.1166 


14.7 


.0476 


.2043 


4.8 


—.2404 


.2985 


9.8 


-.2323 


.0928 


14.8 


.0271 


.2066 


4.9 


.2097 


—.3147 


9.9 


—.2403 


.0684 


14.9 


.0064 


.2069 


5.0 


—.1776 


—.3276 


10.0 


—.2459 


.0435 


15.0 


.0142 


.2051 
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